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Abstract

This paper is concerned with the existence and exponential stability of anti-periodic solutions of a neutral
BAM neural network with time-varying delays in the leakage terms. Using some analysis skills and Lyapunov
method, a series of sufficient conditions for the existence and exponential stability of anti-periodic solutions
to the neutral BAM neural networks with time-varying delays in the leakage terms are presented. Our
results are new and complement some previously known ones. (©2016 All rights reserved.
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1. Introduction

In the last three decades, considerable attention has been paid to BAM neural networks as well as various
generalizations for their essential applications in classification, pattern recognition, optimization, signal and
image processing, parallel computation, associative memory and nonlinear optimization problems and so on
[, 2}, i, 9L 1T, 13, [15] 177, 21 251 28] 29) 30, B3], B34, 37, B8, [B39] 40, [41), 42]. Recently, Li and Li [16] studied
the following neutral delay BAM neural networks with time-varying delays in leakage terms
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B by 0yt~ B5(0) + 3 bt — &5(0))
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+ 3 a0kt = 5i5(1))) + Ti(1),
i=1
where i =1,2,--- ,n;5 =1,2,--- ,m,t € R,n,m are the number of neurons in layers, z;(t) and y;(t) denote

the activations of the i-th neuron and the jth neuron at time ¢; a; and b; represent the rate with which the ith
neuron and jth neuron will reset their potential to the resting state in isolation when they are disconnected
from the network and the external inputs at time ¢; f;, g;,h; and k; are the input-output functions (the
activation functions); o, 85, 7ji, 0ji, & and ;; are transmission delays at time ¢; aj; and pj; are elements of
feedback templates at time ¢ and b;;, g;; are elements of feed-forward templates at tiem ¢; I;, J; denote biases
of the ith neuron and the jth neuron at time t, ¢ = 1,2,...,n,7 = 1,2,...,m. By using the exponential
dichotomy of linear differential equations, fixed point theorems and constructing a Lyapunov functional, Li
and Li [16] obtained some sufficient conditions to guarantee the existence and exponential stability of almost
periodic solution for model .

We know that the existence and stability of anti-periodic solutions play a key role in characterizing
the behavior of nonlinear differential equations [3, 4, 10, 14, 18, 19, 20} 22, 23| 24l 26l 27, BT, 32], 35], 36].
For example, the signal transmission process of neural networks can often be described as an anti-periodic
process. In recent years, the anti-periodic problems of neural networks have been investigated by numerous
scholars [3], [4} 10} [18] 19l 20} 22| 23| 24} 26, 31, [35]. Considering that a typical time delay called Leakage (or
“forgetting”) delay may exist in the negative feedback term of the neural networks system (these terms are
variously known as forgetting or leakage terms), some authors discussed the anti-periodic solution of neural
networks with delays in the leakage terms (see [5) 6 [8, 12l 14, 20} 24] 27, [36]). Very recently, another type
of time-delays, namely, neutral-type time-delays which always appears in the study of automatic control,
population dynamics and vibrating masses attached to an elastic bar, etc., has recently drawn considerable
attention [16].

To the best of our knowledge, up to now, there are very few papers that focus on the existence and
stability of anti-periodic solution to neutral BAM neural networks with time-varying delays in the leakage
terms. Thus, it is important and necessary to investigate the existence and stability of anti-periodic solution
for neutral BAM neural networks with time-varying delays in the leakage terms.

The purpose of this paper is to focus on the existence and exponential stability of anti-periodic solution
of system . By the fundamental solution matrix, Lyapunov function and constructing fundamental
function sequences based on the solution of networks, we establish a series of sufficient conditions of existence
and global exponential stability of anti-periodic solutions of the neutral BAM neural network with time-
varying delays in the leakage terms. Our results not only can be applied directly to many concrete examples
of neural networks, but also extend, to a certain extent, some previously known ones. In addition, an
example is given to illustrate the feasibility and effectiveness of our main results. Our results are a good
complement of Li and Li [16].

The organization of the rest of this paper is as follows. In Section [2| we give some notations and pre-
liminary results. In Section [3 we present some sufficient conditions for the existence and global exponential
stability of anti-periodic solution of the neutral BAM neural network with time-varying delays in the leakage
terms. In Section[d] an example is given to illustrate the feasibility and effectiveness of our main theoretical
findings in previous sections.
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2. Preliminary results

In this section, we shall present some notations and introduce some lemmas which are used in the
following sections.
For any vector V = (v1,vs,...,v,)" and matrix D = (dij)nxn, we define the norm as

1 1
n 2 n 2

IlvH:(E v?) ,HDH=<§ d%) :
i=1 =1

T = {sup max o;(t),sup  max = 7j(t),sup  max  0ji(t),

respectively. Let

ter 1<i<n teRr 1<i<n,1<j<m teR 1<i<n,1<j<m
up s A0, e GO g, max  sal®)
§0< ) (301( ) 902( )7" 7§0n( ))T7¢(S) = (¢1(3)7¢2<3>7"' 7¢m(8))Ta
where ¢;(s) € C([—1,0], R),v(s) € C([-7,0],R),i=1,2,--- ,n,j =1,2,--- ,m. We define

1

lell=sup (D le(s)I” ] Lllwll= sup (> Ii(s)” ] -
—7<s<0

—7<s=0 \jo1 j=1

We assume that system (|1.1]) always satisfies the following initial conditions:

xio = ¢i(s),s € [-7,0],
{ yjo = ;(s),s € [=,0]. (2.1)

Let 2(t) = (z1(t),22(t), - , 2o ()T, y(t) = (y1(t),y2(t), -+ ,ym(t))T be the solution of system with
initial conditions (2.I)). We say the solution z(t) = (z1(t), z2(t), -+, 2 ()T, y(t) = (Y1 (t), y2(t), -, ym(t))T
is T-anti-periodic on R"™™ if z;(t + T) = —x;(t),y;(¢t + T) = —y;(t) forall t € Rand i = 1,2,...,n,j =
1,2,...,m, where T is a positive constant.

Throughout this paper, for ¢ = 1,2,--- ,n,j = 1,2,--- ,m, it will be assumed that there exist constants
such that
ai =supa;(t), bj = sup b;(t), a; = sup aﬂ(t),p;- = suppji(t),lj' = sup I;(t),
teR teR teR teR
b;; = supbij(t),qj]'- =supq;;(t),a; = inf a;(t),b; = inf b;(t), J;” = sup J;(t).

teR teR teR teRr teR
We also assume that the following conditions hold.
(H1) For i = 1,2,--- ,n,j = 1,2,--- ,m, there exist constants Lj; > 0,Ljs > 0, L;, > 0, Ly, > O,M]f >
0, MY >0, M} >0 and M} > 0 such that

|f5(w) = £ ()| < Lyglu—vl, | f5(u)] < M7,
|95 () — g;(v)| < Liglu— |, |g;(u)] < MY,
|hi(u) — hi(v)] < Linlu — v, |hi(u)| < M,
|ki(u) — ki(v)] < Liglu — v, ki ()| < MF

for all u,v € R.
(H2) For all t,u € Rand i =1,2,--- ,n,j =1,2,--- ,m,

aji(t +T)fj(u) = —aji(t) fi(—u), pji(t + T)gj(u) = —pji(t)g;(—u),

bij(t + T)hi(u) = —=bi;(t)h ( w), gij (t + T)ki(u) = J(t)k (—uw),
ai(t+T)=0;(t), 7t +T) =15(t), 051t +T) = O'ﬂ(t) L(t+T)=—-I),
Bit+T) = Bi(t),&;(t +T) = & (1), it + T) = c55(t), it + T') = = Ji(2),
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where T is a positive constant.
(H3) The following inequality holds.

f((aﬂ of +W)8) <1

where oo = minj<j<ni<j<mi{a; ,b: },i=1,2,...,n,7=1,2,....m

'L’j

Definition 2.1. The solution (x*(t),y*(t))” of system (I.1)) is said to be globally exponentially stable if
there exist constants § > 0 and M > 1 such that

D lai(t) — = |2+Z|yg —y;(OF < Mem™[llo — "I + |l — *||7]
i=1

for each solution (z(t),y(t))” of system (I.1J).

Next, we present three important lemmas which are necessary for proving our main results in Section

Lemma 2.2. Let

1<i<n

—a; 0
A:( 0 _bj_>a_m1n{al,J}

then we have

|| exp At]] < v2e™

—a; 0
A= ( 0 —b; )
fa;t
exp At = (eO e_(zf_t )

By the definition of matrix norm, we get

HeprtH _ (e—Qa;t+ —2b; t) < \/’e—at

for allt > 0.

Proof. Since

it follows that

Lemma 2.3. Assume that

(

m m
- +.+ | .+ +r% + 727
—2a; ta; o5 |a +ZaﬂLjf Z ﬂLJg

J=1

m m
+72¢ + 727 + 3.t 72(1—€i)

+Z“J%Ljfj Z pjiLjy’ +Zb 6jb’ULJh

" g 2(1—

2(1—¢; ; )

+ZbZSLﬂ§ ”+Zq25L?Z+Zb+/3+ Gl <o,

_ 2, 2
—2b + bf BT (b;”erj;Lz,f +Zq+LL>

=1

n
+72¢ + ot ot 7 20e; +7201-¢5)
+waszi +Zai @; aﬂLJf /) +Z J%Ljf ’

n
+ + 2(1=75) + 72(1=75) +72(1=¢&5)
+Za & pﬂ ]9 ’ +ijing ’ Z ﬂLJf 2 <0,

\ =1

(H4)
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where 0 < &j,7j,€i,65,4 < 1(1=1,2,--- ,n,j =1,2,--- ,m) are any constants. Then there exists § > 0
such that

m
_ 2
B-2a; +afa] | q +Zaﬁ%ff 2 ity

m
at 2¢ + 727 + 5 p+ 72(1—<) BT
+Z JZL]fJ Z JZLJQJ +Zb 5]bZJL]h

B —2b; +bipF <b+ + Z bELL + Z q;;Lf,f;>

=1

n
+ 1265 +to ot 20—e) + 72(1-¢5)
+Z%Lu§ +Za oty e Yy e
21— (1—
+Za+a+p;LJ; o 5T+Zpﬂ Jg o BT+Z ;Ljf “ T < 0.

Proof. Let

m m
_ 2, 2
01i(B) =B — 2a; +a; o | af + Z ;La? + Z PiiLsy
j=1 j

m m
+72€ + 727 + 3.+ 72(0=ei) _pr
+ZaJ1LJfJ Z JZLJQJ +Zb fBJbZJLJh €

2(1— 21 i
L W Yol
7=1

02;(8) =B — 2b7 + bt (bj + Z bELL + Z q;SL?;le)

=1
+ 7 2¢; +totat 2(1—¢j) ,3 + 72(1-¢5) 57_
+ZbuLzh +Za ﬂLJf e Z ﬂLJf ’

2(1— 1 1
ML D T LS ST
=1

Obviously, 01:(8), 02;(8)(j = 1,2,--- ,n;j = 1,2,--- ,m) is continuously differential function. We can easily
check that

do1i(B) .
0, 1 ; = (0 0
dﬁ > 7,3~1>T00 012(6) +OO7Q1”L( ) <y,
do2;() .
——~ >0, 1 i = (0 0.
By using the intermediate value theorem, there exist constants §; > 0(i = 1,2,--- ,n),,é’;k > 0(j =

1,2,---,m) such that

le(ﬁl):()aZ:l:Q: , 1, 923(6 )_0]_1 2
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Let fop = min{B1, B2, , Bn, BT, B3, -, B}, then it follows that Sy > 0 and
Qli(lBO) S 07Z - 1727"' 7n792j(50) S 07.7 - 1727" ,m
This completes the proof of Lemma O
Lemma 2.4. Assume that (H1) and (H3) are satisfied. Then for any solution (xi(t),x2(t), -, xn(t),
Y1, Y2, "+ ,ym)T of system there exists a constant
-1
* V2 NG
o = [1— V2 (@ yad + @ 7280) | 3 Vallel? + [[0lP) + Y2
e !
{ Fol (D aiM ++> phim? +Ij)
j=1 j=1
+bf Bt (Z bEMP +) g MF + Jj“)
i=1 i=1
+Za+Mf + Y phEMI A LY M+ g M+ Jj] }
j=1 i=1 i=1
such that
lzi(t)] < o*,|y;(t)| <o*,i=1,2,--- ,n,j=1,2,--- ,m
for all t > 0.
Proof. From (L.1]), we have
dl’i(t i
0 as0il0) + as®ls®) — it — s )] + D (st 7(1)
j=1
+ ) pjilt)g;(y;(t — 05i(t)) + Li(t),
(1) j=1 (2.2)
Y, (¢
cjlt = —b;(t)y;(t) + b;(D)]y;(t) — y;(t — B; (1)) + Zblj —&ij(1)))
+qu 21t — iy (1)) + (1),
Then we have
dx(t) t ’ Ui
i = e ) [ s+ Y a0l -7 0)
—a =
+ 3 pji(t)g;(y;(t — oji(1) + Li(t),
= t (2.3)
Wilt) _ ey (t) + b, s)d by
—— = =bj(V)y;(t) + b;(t) s+ Z i ( = &;(1)))
dt 0
"’ZQU §2]( ))) +Ji(t)-
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Thus ‘o 0
i t t
2 = —ai(ai(t) + ailt) /t » [— ai(s)zi(s — ai(s))
D asils) (w5 = 7ia()) + D pii(0)g (s — 030(s))) + Li(s) | ds
2 =
E S 5wt — 7)) + S prs it — o(e) + L),
) t " 24)
W) —bjit>yj<t>+bj<t>/tﬂj(t) [~ bys)us(s — B5(s)
+Zbij(3)hi(x' (s — &ij(s +Z%J 3_%( )))"‘Ji(s)}ds
=1
—l-zbij(t)hi(iﬁ —&ij(t) +Z% t_CzJ( )+ Ji(t).
\ i=1
Let
x;(t) _( —a; O
0= (i ) 4= b )
I ENCIONTO _ (L)
a0 = (a0 ) o= (56 ),
where
Fi(aa(), (1)) =ai(t) / | = ails)ils — ails)) + D ajils) (s (s = 73a(s))
t—ay(t) j=1
+ > 295 w3 (s = 03i(5)) + Lils) | ds
j=1
+ 3 agi() f (i (= 756(0) + D pjs(0)g (¢ — 054(1))
j=1 j=1
zi(t),y;(t)) =bj(t b bij (s ij
falwi(t) y; (1)) <>/tw[ () +Z —&4(s)

—1-2611] 5 _glj( ))) +J1(S)]d8
+ Z bij(t) =& (1)) + Z qi; (t —<ij(1))),
then system (|1.1]) can be written as the following equivalent form

2i(t) < Azig(t) + f(@i(t), y; (1) + Lij (1)

Solving the inequality ([2.5]), we have
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2i5(8) < M2y (0) + / A (i(5), 4 (5)) + Loy (£)]ds.

0

Tt follows from Lemma 2.2] that

1235 (£)]| <v2e™]|35(0) H+\f/ | £ (i(s), yi ()] + 11 (s) s

<V2(llel* + [I¥11%) + \f (1—e™)

afof [ at|mi(t — ou(t) \+Za+Mf++Zp+M9+I+
—|—b+ﬁ+ <b+|yg |+Zb+Mh+Zq+Mk+J+>
m n
DITIES ST SO WAL SR
= i=1

§ﬂ<|w\|2+||w|2>+f

m m
x ooy aﬂlzz‘jH+Za;M}C++2pﬁMf+U

j=1
+b7 7 (bﬂyz,]y\ + Zb+Mh + Zq+Mk + J+>
=1
+Za+Mf Zp]ZMg+I++Zb+Mh qu]Mk—kJ”L
: P :
Then
- -1
V2 V2
Iz ()] < 11— — ((af)za? + (bj)Qﬂy*) V2(llell? + [19]17) + -
a;roz;r ZaﬁMjf++ZpﬁM]-g+Ii+
I = j=1
h k
+bf BT (Z bEMP! + " g M] +Jj+>
=1 =1
+Za;;Mf+Zp+M9+I++Zb+M’”‘+Zq+M’“+J+ }
Let

-1
a*zllf(mm?a + (b >ﬁ+)] {\@(Ilwll2+l\wll2)+\f
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m
{ Fait (Za*MerJrzpjiM;Urlj)

j=1

—|—b+,8+ <Zb+Mh + Zq—l-Mk + J+>
m n

+> ahml + Zp;Mg + I+ Zb*Mh +) giMf T }
j=1

=1

Then it follows that |z;(t)] < o, |y;(t)| < o*,i =1,2,--- ,n,j = 1,2,--- ,m for all ¢ > 0. This completes
the proof of Lemma O

3. Main results

In this section, we present our main result that there exists the exponentially stable anti-periodic solution

of .

Theorem 3.1. Assume that (H1)-(H4) hold true. Then any solution (x*(t),y*(t))T of system (L.1]) is
globally exponentially stable.

Proof. Let u;(t) = zi(t) — x7(t),v;(t) = y;(¢) —yj(),i=1,2,--- ,n,j =1,2,--- ,m. It follows from system

(2.4) that

dui(t) _ o o V(s — o
L2 = —ai(tuilt) + ailt) /tai(t){ ai(8)ui(s — ai(s))

- Zaﬂ Wi = 72(9))) = (w5 (s = 734(5))]
+ Zpﬂ 195 (43 (s = 03i())) = 95" (5 = o30(s)))] s
+ Z azi(t)[fi(y;(t — 75:(t))) — fi(y; (t — 75 (1)))]

+ Zpﬂ 9 (y; (t = 05i(£))) = g (95" (t = 033(1)))].

t (3.1)
d”ét(t) = —bj(t)vj(t) + b;(t) /t e { —bj(s)vj(s — B;(s))
+ Z bij(s —&ij(5))) — hi(z] (s — &;5(s)))]
+ qu —<ij(s))) — i@ (s — §z‘j(3)))}d8
+ wa —&ij (1)) — hi(z} (t — &;(2)))]

+Z(m it =i (1)) = kil (t = si5(1)))],
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which leads to

((ldw®) _ _ Oud) [ = ai(syusls — o
ot __am2<>+a,<)1<t>/t_%(t){ as(s)us(s — ai(s))

+Zaﬂ )55 = 75(0)) = £3(5 (5 = 734(5)))]
+2pﬂ )95 (u(s = 730(5)) — g5y (s = 03i()))] }ds
Tt Zaﬂ )it = (8) = f5(55(t = 750(0)]

+ui(t Zpﬂ 195y (t = 053(t))) = g (" (t = 05a(E)))],

a2t t (3.2)
3 = OB O 00 [ {=ne - 5(6)
+ wa (@il = 5())) = halwi (s = &5(5))]
+ qu (5 = 5is(s))) =kl (s = 55(s))) pds
+ ;1 me = &) — hile} (t = &;(0))]
+ ot qu (= iy (6))) = il (¢ = siy ()
Then 2 (1) .
udiit = —2a;(t)ui (t) + 2a;(t)ui(t) /t_a,-(t) { — ai(s)ui(s — ai(s))
+ Za]l f] y] Tji(s))) - f](y;(s - Tji(s)))]
+ Zpﬂ 193 (935 = 75())) = 93 (4" (5 = 730(5)))] pds
+ 2u;(t Z azi(t)[f5(y;(t = 75a(t))) — fi(y5 (¢ = 753 (1)))]
+ 2u;(t Zpﬂ )i (y; (t — 0i (1) — gy, (t — 05()))],
w0 t (3.3)
22 = b (0)2(0) + 2050050 >/t_ﬂj(t){—bj<s>vj<s—ﬁj<s>>
+ wa = &i5(s))) = hilai (s = €5 (9)))]
+ qu (5 = 533 ())) = il (5 = 5(s))) bds
+ 20t Zbu — &5(1))) = hi(@ (t = &5(1))]

+ 20 (t qu (=i () — kil (t — i (1)))].
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In view of the condition (H1), we get

)

u?(t

where 0 < &, 7,6, < 1,i=1,2,--- ,n
Now we consider the following Lyapunov function

£) = Z“ N Z

£ aataniie)
i=1 j=1

£ ata
=1 j=1

LS [
i=1 j=1 =

LY [

t—

=1 j=1

+iibw+b

j—1 i=1

+ZZW+

J=111=1

i7" 7h

+7r2(1—
Zijh

+L (1—ei)

7j:1a27"'7m

aji(

2

~/t T]i(t)

t
+7201- w)/ B(s+0ji(t)),,2
p; ZL e 31y 2(s)ds
Jigf A j ( )

7 < —2a; u ()4—a+oz+ a*(u ~|—u(t—al(t)))
+Zaﬂ Lu3(t) + L2903 (¢ - 7(1))
+ij1 T0ud(t) + LY TR (- oji(t))
+Zaﬂ L2u3(t) + L2903t — ()]

m 2 1—
+ 3 pHILE W) + LY TR~ ogi(t)],
=1 (3.4)

dv?(t _

O < o)+ b B B 02 4020 - By (0)
+Zb+ LE o3 (t) + L a2 (t - 5(1)))
+Zq” (L2502 () + Lo Du(t - 5(t))
- Z bEILE W (t) + LI (e — €5(t))]
+qu L2002 (t) + L u(t — (1),

753 (1)

) 65(84-(7]'1'(75))@;2 (s)ds

t
/ Pt )2 (5)ds
t—&i; (1)

t
/ 65(s+<ij(t))u;2(8)ds
t—ci;(t)



C. Xu, P. Li, J. Nonlinear Sci. Appl. 9 (2016), 1285-1305 1296

P / O
ij

Jl'Ll

+ZZ ZL]hl Ll) 6/6(5+§ij(t))u;2(5)d5’ (35)

7j=11i=1 t—<ij(t)

where 3 is given by Lemma Differentiating V' (¢) along solutions to system (1.1)), together with (3.3,
we have

) < et [Zn: ui(t) +i%2- (t>]

+emz{ 0 +a+a+[ 2 4 2(t - (1)
+Zaﬂ £) + L3 02(t — (1))
+Zpﬂ L) + 120 <t—aﬂ<t>>>]
+Zaﬂ LFud(t) + L3903t = ()]
+Zpﬂ LEu3(t) + L3 (t—aﬂ(t))]}
+eﬁtz{ — 265 w3 (t) + b B [b+(v +0i(t = Bj(t)))
+Zb+ (LZw? (1) + L3 (- &5(1)))

+qu (L2o2(t) + L (t—%](t)))]
+Zb+ L2 02() + L2002t — (1)

+qu] L2002 () + L2 L”u?(t—cij(t))]}

+ Z Z a+a+a+L (1- 51)[ 5(t+7ji(t))vj2(t) — eﬂtvjz(t — Tji(t))]

jiif
i=1 j=1
30 S atat p L0 O 2 - P2 o)
i=1 j=1
(1- Tj4 ! '
N Z Z ;ZLJ 53 B+ jz(t))vf(t) — eﬁtvf(t — 75i(1))]
i=1 j=1

1 Oii / /
+ZZ pHLI T [P O 2 (1) — P 2( — 0yi(1))]

=1 j=1
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+ Z Z bF B b LA T PTG D2 (1) — Pl (t — £45(t))

jlzl

1 Ll . / /
+ Z Z bF B g Lo [P O (1) — PR (t — 6i5(1))]
7j=11i=1

N Z Z b:;L]hl i) 1B(t+€ii (1), (t) — e'Btu?(t —&ij(1))]
j=11i=1

(1—¢;) . / ’
3OS T gL TP D2 (1) — Pru(t - gi(t)]
1

7j=1 4=
W
o3 [o- et (ot + Sy + Sy
i=1 j=1 =
2(1—¢; 1 i
DT RS SRS WL LT e Wt et
720t
+wz2ywwwzwm”v”1u>
=1 =
n
+eﬂtz B —2b; +bf Bt <b++ijijgz+Zq;Lf;)
j=1 =1 =
+ 1 2¢5 +otat 20— pr +72(1-¢ 2
TS T zﬂ%~ﬂ]ww

t + 4+ 72(1-7) Br +72(1=v5) Br + 7r2(1-¢5) 9
+ef Z Za & pﬂLJg i Z JzLJg i Z JZLJf 7 ]vj (t)
j=1 Li=1

n m m
t - o+ | 4T + 725 ot 27;
<ef Z [B —2a; +aj o [a + Z afLy + Y phLY
) j=1 1

+72€ + 72 + 5 p+ r2(1-2) +72(0-e)
+ZaﬂLJfJ ZpﬂLJgJ +Zb *BwaLJh B7+2szLjh o

(1=
Y

—l—eﬂtz

+ 72 +otat 20 + 7201=¢;)
+Z%LZZ +Za o Ly MZ @il

(1)

—2b7 + b/ B <b+ Zb;;Lf,fl + ZqZL?,?)

=1

(1- - 2(1— r (1— |~
Y e e +ZP;L]; e +Z Ly ﬁ]lw(t»?- (36)

where

4(8) | = max{us(8)| [ (0) 1} 153 (0] = max{lo; (O], 1)
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It follows from Lemma [2.3| that J < 0, which implies that V(t) < V(0) for all ¢ > 0. Thus

PACESBHOIESIRHORPA
=1

=1 i=1 =1
0
T
i=1 j=1 ~73i(0)
n m t
St [ e,
pat jfl —0i(0)
+ZZ Ly / 0 SO
i=1 j=1 Tt
n m 0
D)l / 0 et Oy 2 (s)ds
i—1 j:l X
£35S gL PHE Oy (5)ds
j—li 1 ~a(0)
0
- Z Z by B as Loy Y et ON 2 (5)ds
o e —35(0)
0
+ Z Z b:;L]hl &3 / 66(8+£ij (0))ul2(8)ds
j=1i=1 —£is (0)
" Z Z q:J_LZ(l Li / B(S+gij (0))u;2(8)d8
j 1i=1 *{u(o)

<||<P—s0*||2+ 19 — 9™

(1-¢,) 1 X
S aratanndo 3¢l —vrl?

i=1 j=1

n m
2(1- T *
+ 3> afafpiLl eﬂ 1 — ||
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2(1-¢;) 1
+ 2D ey e -
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1l
DT 3¢l — vl

=1 j=1

St 2(1—e; T *
+ 33 v srehL ‘”ﬂ el — |2
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+ZZb*ﬁ+ gL’} )ﬁ "l — ¢*|I?

jl’Ll

1 7, T
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— 1+§:Zb+ﬁ+sz]hl €i)

j=1i=1

D D7 ek Mzz

7j=11i=1 7j=1 =1

j=11=1

zg jh

1 1
b St L Y a0 e
=1 j=1

=1 j=1

n

+;§:
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1
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Pjiljy
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1 7j=11i=1

BT+ZZ

7j=11i=1
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ij " jh L

95 jn ’

=1 i=1 i=1

BWZZ

i=1 j=1

+ 72(1=;)
JZL]f

+ (1- 5] ,BT
JZLJf

i=1 j=1

<

and choose
M = max{pi, p2} > 1.

Then Eq.(3.7) can be rewritten as

E”: ul(t) +
i=1

i=1
for all t > 0. Then
n
> fa(t) — 25 (1) + Z ly; (1)
i=1

5T+Zzb+5+

+L (1- 7])1

+72(1—u)
’L]Ljh

=1
m

+.+ 21&)1 Faipt j
S atataf i oSS arappad 0 L

+ r2(1- LZ)
UL]h ﬁ

+L (1- LZ) 8T

3¢ e — ©*|I?

BT

Tl — w2 (3.7)

8

1
B

1 'Y])l BT

Yok < Me ™ [llo = %17 + [l — ¢*|1?]

OF < Me 7 [llo — @112 + |l — ¢*|1?]

for all + > 0. Thus the solution (z(t),y(t))? of system (1.1]) is globally exponentially stable. O

Theorem 3.2. If (H1)—~(H4) are fulfilled, then system (1.1) has exactly one T-anti-periodic solution which

1s globally stable.
Proof. Tt follows from system (1.1) and (H2) that for each k € N, we have
d
DM (e + (1)) =(-)F | -

dt
+ Z a]z

+(k+1)

+ Zpﬁ(t + (k4 V)T g (y; (¢ + (k+ DT — ojilt +

j=1

)T) fi(y;(t+ (k+1)T

a;(t + (k+ )T)x;(t + (k + )T — as(t + (k + 1)T))

- Tji(t + (k? + 1)T)))

(k+1)T7)))
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+ Lt + (k+1)T)
= —a;(t) (= 1) zi(t + (k+ )T — ai(1))

m

+ Z aji(t) f; (1) y;(t+ (k + 1)T — 754(t)))
=1

+ iji(t)gj((* oyt + (b + DT = 05i(t)) + Li(t), (3.8)

004 (b )] =08 = byt (k+ DTyt + (kDT = Byt + (k + 1)T)

+ Zn: bij(t+ (k+ 1)T)hi(xi(t + (K + 1T — &;(t + (K+1)T)))
=1

£ gt (k4 DDR((+ (k4 DT — st + (k + DT))
=1

it + (k+ 1)T)]
:_b()( Dyt + (k4 DT — B(t))

+wa Dt + (k+ 1T — &;(t)))

+qu DRt + (k + 1T — (1)) + Ji(t). (3.9)

Let
2(t) = (=D a1 (¢ + (k+ 1)), (1) M ag(t + (k+ 1)T), -+, (1) M, (t + (k+ 1D)T))7,

g(t) = (=Dt + (k+ DT, (=) ot + (k+ DT), -+, (1) g (¢ + (k+ 1)T))".

Obviously, for any k& € N, (Z(t),y(t)) is also the solution of system (1.1). If the initial functions ¢;(s),
Yi(s)(i=1,2,---,n,j=1,2,--- ,m) are bounded, it follows from Theorem that there exists a constant
~ > 1 such that

(=) i (t+ (k+ D)T) — (=1)*z(t + kT)| < Me PR qup Z|xlt+T)+x2( )2

7T<3<0

< ye UK, (3.10)

where t + kT > 0,9 =1,2,--- ,n. Since for any k € N we have

k .
(=D it 4+ (k+1)T )+ D> (=1 a4 (+ DT) — (=1 (¢ + 5T)]. (3.11)
7=0
Then
k: . .
(=1 it + (b + 1D)T) < [ai(t)] + D (=17 as(t + (G + DT) = (1) zi(t + 5T (3.12)
§=0

By Lemma we know that the solutions of system (1.1) are bounded. In view of (3.10) and (3.12]),
we can easily see that {(—1)**1x;(t + (k + 1)T)} uniformly converges to a continuous function z*(t) =
(z3(t), 25(t), - , 2% (t))T on any compact set of R™. In a similar way, we can easily prove that {(—1) 1y, (t+
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(k+1)T)} uniformly converges to a continuous function y*(¢) = (yi(t),y5(t), -,y ()T on any compact
set of R™.
Now we show that z*(t) is T-anti-periodic solution of (1.1)). Firstly, *(¢) is T-anti-periodic, since

7H(t+T) = lim (=1)Fz(t+ T + kT)

=— lim (—D)"z@t+(k+1D)T) = —2*(t). (3.13)
(k+1)—o0
Then we can conclude that x;(t) is T-anti-periodic on R. Similarly, y;(¢) is also T-anti-periodic on R. Thus

we can conclude that (z*(t),y*(t))? is the solution of system (I.1)).
In fact, together with the continuity of the right side of system (|1.1)), let £ — oo, we can easily get

dx¥
szt) = —ai(t)z(t Zaﬂ ORITAGEO))
+ iji(t)gj(yj*(t —0ji(t)) + Li(t),
i n (3.14)
yét = —b; ()i (t — Bi(1)) + D by (H)ha(} (t — &i5(2)))
i=1
+ Zq” — () + Ji(D).

Therefore, (z*(t),y*(t))” is a solution of (I.1)). Finally, by applying Theorem it is easy to check that
(z*(t),y*(t))T is globally exponentially stable. This completes the proof of Theorem O

4. An example

In this section, we give an example to illustrate our main results derived in previous sections. Consider the
following neutral BAM neural network with time-varying delays in the leakage terms

D0 sttt -t +;aﬂ )15t = 7 (6))
2
+ ijl(t)gj(y;‘(t —0j1(t)) + (1),
dws(t) "~ 2
;t = —ap(t)za(t — 2(t) + D aja(t) fi(y;(t — my2(1)))
j=1
2
+ 3 pp(t)gi(y;(t — oja(t)) + Ia(1),
j=1 (4.1)
WO by 0yt~ r(0) + Zbﬂ (@it — € (1))
+Zqz1 it — (1)) + Ji(8),
W) — b (Ouate — 5a(0) + wa it~ €(t)
+ZQZ2 i(t — ia(t))) + Ja(t),
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where
ai(t) ao(t) | | 0.04]sint| 0.04|sint|
| Bi(t) Pa(t) | | 0.03|cost| 0.03]cost|
[ an(t) (112(75) 0.2| sint| 0.2]sint]
| a21(t) aa(t) 0.3| cost| 0.3|cost]|
[ p11(t) pia(t) 0.02|sint| 0.02|sint|
| p21(t) paa(t) 0.03|cost| 0.03]cost|
[ bll(t) blz(t) . O.2|Sint| 0.2\sint\
| Doi(t) bao(t) | | 0.3[cost| 0.3|cost| |’
g (t)  qua(t) 0.02|sint| 0.02|sint|
| q21(t)  ga2(t) 0.03|cost| 0.03]cost|
[ Li(t) Lx(t) | [ 0.5cost 0.5cost ap ax | [ 2 2
| i(t) () | T [ 05sint 05sint [T by by | |2 2

Set fj(u) = gj(u) = hi(u) = k;i(u) = %(|u+ 1| —|u—1|),4,5 = 1,2. Then Ljy = gjg = Lin = gir, = Mjf =
M{ = M} = M} = 1,0 = of = 0.04,87 = 85 = 0.03,a]; = afy = 0.2,a5, = a3, = 0.3,b); = by, =
0.2 b3y = byy = 0.3,pl+1 = pfy = 0.02,p3, = pgy = 0.03,¢f; = ¢ = 0.02,¢5; = g3, = 0.03,7 = 0.03. It is easy
to verify that

2 )
V2 ((cﬁ)?aj + (bj)gﬁj) - ‘2[(4 % 0.04 + 4 x 0.03) = 0.12726 < 1

a 2

and
9 + 2£g + 2%
—2a; —|—a1 al Z L Z L
DI R WTAES UL

720-e1) 2 1,20-
+ Z bl] jh 4t Z tiJLJfLLl + Z b+,6’+qu jh )
ji

:—2><2+2><0.04>< (2+0.5+0.06)—|—0.5+0.05+2><0.03
Xx02x24044+0.04+2x0.03x0.02x2=-27796 <0,

2
—2ay +ayaf a2—|—2aj+2L +Z EL%
7=1

Z +L2§J Z +L273 + ZbJr,ij;r]L?;(ll €2)

+sz; L3 52’+Z $L§ZQ+Zb*5* ah Ly = 204 <0,

:—2><2+2><0.04><(2+0.5+0.06)+0.5—|—0.05—|—2><0.03
><03><2+06+006+2x003><003><2:—2.5788<0,

_ 2b + b+ﬁl <b+ 4 Z b:ELQEZ Z +L2Lz>

=1
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2
WL TR Wt
] =1

+Za+a Phng —71) +Z Eng —71) +Z EL (1-¢1)
=1 =1

:—2><2+2><0.03>< (2 + 0.5+ 0.05) + 0.5 + 0.05 + 2 x 0.04
x 0.3+ 0.6 +2 x 0.04 x 0.02 X 2+0.04+0.4: —2.2798 < 0,

_ 2b2 + b+62 (b-‘r Z b—‘y—LZE-L Z +L2Lz>

=1

2
-l—ZbEL%l—i-ZaJra ag Ly~ 82)+Z af Ly %)

+Za+a p22L2gl 72) +ZerL (1—2) +ZG+L2(1 &2)
=1
:—2><2—|—2><0.03><(2+0.5+0.05)+0.5—|—0.05+2><0.04

x 0.340.6+2 x0.04 x0.03 x 2+ 0.06 4+ 0.6 = —2.0582 < 0.

Then all the conditions (H1)-(H4) hold. Thus system (4.1) has exactly one m-anti-periodic solution which
is globally exponentially stable.

5. Conclusions

In this paper, we investigated the asymptotical behavior of a neutral BAM neural networks with time-
varying delays in the leakage terms. Applying the fundamental solution matrix of coefficient matrix, we
derive a series of new sufficient conditions to guarantee the existence and global exponential stability of an
anti-periodic solution for the neutral BAM neural networks with time-varying delays in the leakage terms.
The obtained conditions are easily to check in practice. Finally, an example is given to illustrative the
feasibility and effectiveness.
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