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Abstract

We consider a multi-step algorithm to approximate a common element of the set of solutions of monotone
and Lipschitz-type continuous equilibrium problems, and the set of common fixed points of a finite family
of set-valued mappings satisfying condition (E). We prove strong convergence theorems of such an iterative
scheme in real Hilbert spaces. This common solution is the unique solution of a variational inequality
problem and it satisfies the optimality condition for a minimization problem. The main result extends
various results exiting in the literature. (©2016 All rights reserved.
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1. Introduction

Let C be a nonempty closed convex subset of a real Hilbert space H. Let f be a bifunction from C x C
into R, such that f(z,x) = 0 for all z € C. The equilibrium problem for f : C x C — R is to find z € C
such that

f(z,y) >0, vy € C.

The set of solutions is denoted by Sol(f,C). Such problems arise frequently in mathematics, physics,
engineering, game theory, transportation, electricity market, economics and network. In the literature, many
techniques and algorithms have been proposed to analyze the existence and approximation of a solution to
equilibrium problem; see [6, 10} [13].
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If f(x,y) = (Fz,y — x) for every z,y € C, where F is a mapping from C into H, then the equilibrium
problem becomes the classical variational inequality problem which is formulated as finding a point z* € C
such that

(Fa*,y —2*) >0, Vy € C.

The set of solutions of this problem is denoted by VI(F,C).

It is well known that variational inequalities cover many branches of mathematics, such as partial dif-
ferential equations, optimal control, optimization, mathematical programming, mechanics and finance, see
16, [20].

We recall the following well-known definitions. A bifunction f : C' x C' — R is said to be (i) strongly
monotone on C' with a > 0 iff f(z,y) + f(y,z) < —alz — y||*, Vz,y € C; (ii) monotone on C iff f(z,y) +
fly,z) <0, Vz,y € C; (iii) psedumonotone on C iff f(z,y) > 0= f(y,z) <0, Vz,y € C; (iv) Lipschitz-
type continuous on C with constants ¢; > 0 and cg > 0 iff f(z,y)+ f(y,2) > f(x,2) —ci||lz—y|* —e2|ly— 2%,
for all x,y,z € C.

A subset C' C H is called proximal if for each x € H, there exists a y € C such that

| # —y ||=dist(z,C) = inf{[| z — 2z [|: 2 € C}.

We denote by CB(C), K(C) and P(C) the collection of all nonempty closed bounded subsets, nonempty
compact subsets, and nonempty proximal bounded subsets of C' respectively. The Hausdorff metric h on
CB(H) is defined by
h(A, B) := max{sup dist(z, B),sup dist(y, A) },
€A yeB
for all A, B € CB(H).
Let T : H — 2™ be a set-valued mapping. An element = € # is said to be a fixed point of T, if z € T'z.

Definition 1.1. A set-valued mapping T : H — CB(H) is called

(i) nonexpansive if
[](TLZZ,Ty) < HSIJ - y”? T,y € H.

(ii) quasi-nonexpansive if F(T') # () and h(Tz, Tp) < ||z — p|| for all z € H and all p € F(T).

Recently, J. Garcia-Falset, E. Llorens-Fuster and T. Suzuki [15] generalized the concept of a nonexpansive
single valued mapping by introducing a new condition, called condition (E). Very recently, Abkar and
Eslamian [I], modified the condition (E), for set-valued mappings as follows:

Definition 1.2. A set-valued mapping 7' : H — C'B(#H) is said to satisfy condition (E) provided that
h(Tx,Ty) < pdist(x,Tz) + ||z —y||, z,y € H,
for some p > 0.

The theory of set-valued mappings has applications in control theory, convex optimization, differential
equations and economics. Fixed point theory for set-valued mappings has been studied by many authors, see
[, 2, 110, 12) [14], 19, 22] 23], 32] and the references therein. In the resent years, iterative algorithms for finding
a common element of a set of solutions of equilibrium problem and the set of fixed points of nonexpansive
mappings in a real Hilbert space have been studied by many authors (see, e.g., [3, 4[5, [7, 8, 9] 29, 30, 31, [33)
35, 36, 137]). The motivation for studying such a problem is in its possible application in mathematical models
whose constraints can be expressed as fixed-point problems and/or equilibrium problems. This happens, in
particular, in practical problems as: signal processing, network resource allocation, image recovery; see, for
instance, [17, [18] 25| 26].

In 2007, Takahashi and Takahashi [35], introduced an iterative scheme, by the viscosity approximation
method, for finding a common element of the set of solutions of the equilibrium problem and the set of fixed
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points of nonexpansive mappings in the setting of Hilbert spaces. They also studied strong convergence of
the sequences generated by their algorithm for a solution of the equilibrium problem, which are also fixed
points of a nonexpansive mapping defined on a closed convex subset of a Hilbert space.

Motivated by fixed point techniques of Takahashi and Takahashi in [35] and an improvement set of
extragradient-type iteration methods in [21I], Anh [3], introduced a new iteration algorithm for finding a
common element of the solution set of equilibrium problems with a monotone and Lipschitz-type continuous
bifunction and the set of fixed points of a single valued nonexpansive mapping.

Here we consider a multi-step iterative scheme to approximate a common element of the set of solutions
of monotone and Lipschitz-type continuous equilibrium problems and the set of common fixed points of a
finite family of set-valued mappings satisfying condition (E). We prove strong convergence theorems of such
iterative scheme in a real Hilbert space. This common solution is the unique solution of a variational in-
equality problem and it satisfies the optimality condition for a minimization problem. Our results generalize
and improve the results of Anh, Kim and Muu [5], Anh [3], and many others.

2. Preliminaries

Throughout the paper, we denote by A a real Hilbert space with inner product (.,.) and norm ||.||. Let
{z,} be a sequence in H and x € H. Weak convergence of {x,} to = is denoted by x,, — z, and strong
convergence by x, — x. Let C be a nonempty closed convex subset of H. The nearest point projection
from H to C, denoted P¢, assigns to each x € H, the unique point Pox € C with the property

|z — Pex| := inf{|[z —yl|, Vy € C}.
It is known that Pg is a nonexpansive mapping and that for each x € H
(x — Pox,y — Pox) <0, Yy € C.

Definition 2.1. A bounded linear operator A on H is called strongly positive if there exists ¥ > 0 such
that

(Az,z) > 7|, (z € H).
For a nonexpansive mapping 7' from a nonempty subset C' of H into itself, a typical problem is to
minimize the quadratic function

1
min —
z€F(T) 2

over the set of all fixed points F'(T') of T (see [27]).

(Ax,z) — (x,b),

Lemma 2.2 ([27]). Let A be a strongly positive linear bounded self-adjoint operator on H with coefficient
¥>0and0<p<| A"t Then |[I —pA| <1 - p7.

Lemma 2.3 ([34]). For z,y € H and « € [0,1], we have:

(i) ||z +yl|? < ||z||® + 2{y, = + y), (subdifferential inequality);
(it) oz + (1 = a)yl? = aflz]* + (1 — o)y — a(l — a) |z — y||*.

Lemma 2.4 ([4]). Let C be a nonempty closed convex subset of a real Hilbert spaces H and let f : CxC — R
be a psedumonotone and Lipschitz-type continuous bifunction. For each x € C, let f(x,.) be convex and
subdifferentiable on C. Let {xy}, {zn}, and {w,} be sequences generated by x¢ € C and by

wy, = argmin{\, f(xn,,w) + %Hw — x| we Y,
zn = argmin{, f(wn,z) + %Hz — anQ : z € CY.

Then for each z* € Sol(f,C),

l|2n — x*H2 < |@wn — x*HQ — (1 =2\, c1)||xn — wnH2 — (1 =2\, c2)||wy, — anz, Vn > 0.
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Lemma 2.5 ([38]). Assume that {a,} is a sequence of nonnegative real numbers such that
An+1 S (1 - nn)an + 77n6n7 n Z 07

where {n,} is a sequence in (0,1) and {,} is a sequence in R such that
o0
(1) 2 Nn = 00,
n=1

(7) limsup d, <0 or > |nydn| < co.
n=1

n—oo
Then lim a, = 0.

n—o0
Lemma 2.6 ([25]). Let {t,} be a sequence of real numbers such that there exists a subsequence {n;} of
{n} such that t,, < tn,+1 for alli € N. Then there exists a nondecreasing sequence {T(n)} C N such that
7(n) — oo and

tr(n) < ZL/‘r(n)Jrla ln < t‘r(n)Jrl'

for all (sufficiently large) n € N. In fact

7(n) = max{k <n:ty < tpi1}.

Lemma 2.7 ([2]). Let C be a closed convex subset of a real Hilbert space H. Let T : C — CB(C) be a
quasi-nonezpansive set-valued mapping. If F(T) # 0, and T'(p) = {p} for allp € F(T), then F(T) is closed
and convez.

Lemma 2.8 ([2]). Let C be a nonempty closed convex subset of a real Hilbert space H. Let T : C' — K(C)

be a set-valued mapping satisfying condition (E). If x, converges weakly to z* and lim dist(x,,Tx,) =0,
n—oo

then x* € Tx*.

3. Algorithm and its convergence analysis

For solving the equilibrium problem, let a bifunction f satisfy:

(A1) f is Lipschitz-type continuous on C,
(A2) f is monotone on C,
(A3) f(x,.) is subdifferentiable and convex on C for every x € C.

Now we state our main result.

Theorem 3.1. Let C be a nonempty closed convexr subset of a real Hilbert space H and let f : C x C — R
be a bifunction satisfying (A1)-(A3). Let T; : C — K(C),(i = 1,2,...,m) be a finite family of set-valued
mappings, each satisfying condition (E). Assume that T' = (2, F(T;) (N Sol(f,C) # 0 and T;(p) = {p}, (i =
1,2,...,m) for each p € I'. Let h be a k-contraction of C into itself and A be a strongly positive bounded
linear self-adjoint operator on H with coefficient ¥ < 1 and 0 < v < % Let {xn}, {wn} and {z,} be
sequences generated by xg € C' and by

w, = argmin{X, f(zn, w) + 3||lw — 2, []* : w e C},

Zn = argmin{ Ay, f(wn,z) + 3|z — z,||> : z € C},

Yni =0 1Zn + (1 —ani1)un,

Yn2 = 0n2zn + (1 —an2)un2, (3.1)
Ynom = Onm2n + (1 — Q) Unm

Tpt1 = O yh(zn) + (I — 0 A)Ynm., Yn > 0,

where up1 € Tizn,Unk € Thynk—1,(k = 2,...,m) and the sequences {on;}, {A\n} and {0,} satisfy the
following conditions:
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(i) {6n} C (0,1), lim 6, =0, 3 6, = o0,

n=1
(ii) {\n} C [a,b] C (0, 1), where L = max{2c1,2¢s},
(111) {an i} C [e,d] C (0,1) for all1 <i < m.
Then, the sequence {x,} converges strongly to z* € (. F(T;) () Sol(f,C) which solves the variational
nequality

(A=~h)x*,z—2*) >0, Vz eT. (3.2)

Proof. First, we note that Pr(I — A + ~h) is a contraction from C into itself. By the Banach contraction
principle, there exists a unique element z* € C' such that 2* = Pp(I — A+ vyh)z*. Now, we show that {z,}
is bounded. Since lim 6, = 0, we can assume that 6,, € (0,]||.4||~!), for all n > 0. By Lemma we have

n—oo
Il —60,A] <1-6,7. From Lemma we have
lzn — 27| < [lzn — 2]].

By our assumption on 7;, we have

Hyn,l | = ||an,1zn +(1— an,l)un,l — x|

IN
)
S
=
~
3
|
8
2
_|_
—~
—_
|
Q
S
—_
3
S
—_
|
8

anllzn — 2| + (1 — an

(
an1llzn — ||+ (1 — an
(

< h(Tyzp, Thz*)
< apillzn — 2| + (1 — o)z — 2|
< flwn — 2%,
and
lyn2 — ¥ = llan2zn + (1 = an2)ung — 2|
< ampellzn — 2|+ (1 = ang2)llunz — 2|

Oén,QHZn - flf*” + (1 — Qp 2 dist(unyg, Tgl’*)

)
)
)
)

(
an2llzn — ||+ (1 — ap 2
(

< b(Toyn,1, Tox™)
< angllzn — 2| + (1 = ang)l[yna — 2|
< lzn — a7
By continuing this process we obtain
[Ynm — 2| < |z — 2|
Consequently,
[#ni1 — 2| = [|0n(yh(zn) — Az*) + (I = 00 A) (ynm — 27|

< Onllyh(zn) — Az*|| + I = O Allllynm — 2™

< Onllvh(zn) — Az*|| + (1 = 0,7) |2 — 27|

< Onyl[h(zn) = h(z)|| + Onllyh(2*) — Az*[| + (1 = On)7]l2n — 2]
< Onvkllan — 2% + Onllyh(z*) — Apll + (1 = On )|z — 27|

< (1= 00(7 = k) llzn — ¥ 4 On[lvh(z*) — Az||

= (1= 00(F = 7k)) [l — 2*|| + 0 (7 — ) HEIZA
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T

< maX{on — 2| M}.

’ F—k
This implies that {x,} is bounded and we also obtain that {z,}, {h(z)} and {u,;} are bounded.
Next, we show that lim dist(zy,,T;z,) = 0 for each 1 < i < m. Indeed, by Lemma we have
n—oo

2n = 22 < Jlam — 2*12 = (1 = 20w e1) 2 — wall2 = (1 = 220 o) [0 — 2% (3.3)
By our assumption, we have that
|un1 — || = dist(up 1, T1z*) < b(Tizn, Tiz™) < ||z, — z*]|.
Also for k = 2,3,...,m, we have that
[k — 2| = dist(unk, Tex™) < b(Tkyn k-1, Tkz™) < |Ynp—1 — 2.

Using Lemma [2.3] we get

Yn1 — T = [|Gn,1%n — On1)Un1 — T
| 1F =1 + (1 ) 17

< anallzn = 22 + (1= ana) Juny = 27 = ana (1 = an1)ll2n — unaf?

< anallzn — 2> + (1 - an1)||lzn — a*[|* - a1 (1= ana)llzn — un,1||2
= [l2n — 212 = a1 (1 = an1) |20 — unalf?,
consequently,
lyn2 = 2*[I = llomzzn + (1 — an2)unz — 2|

IN

anllzn = 2*|7 + (1 = ana)llun2 — 2*|* = an2(1 = an2)llzn — un 2|

*HQ *||2

< anallzn — = a1 = ang)llzn — una?

+ (1 —an2)llyng —
*||2

< lzn = 272 = an2(1 — an2)llan — un2l® — (1 — an2)an1 (1 — an)llzn — un

By continuing this process and applying (3.3]), we obtain that

|Ynm — 2 = lanmzn + (1 — Qnm)tnm — 2|2
< ammllzn = 211 + (1 = @) [tmm = ¥ = G (1= O m) |20 = e[
< apmllzn — 22 4 (1 = ) [ Ynam—1 — 252 = Qnm (1 = Q)20 — tnm 12
< lzn — 2|12 = anm (1 — anm)l|2n — tnmll® — (1 = anm)@nm—1(1 — @nm—1)l12n — tnm—1]?
— o= (1= )1 = anm—1) - (1 — an1)onalzn — un1l?
< Jlan = I = an (1 = o) lzn — thnll” = (1 = @, m)tnm 1 (1 = @) 2 = |
)

= (1= anm)(1 —anm-1) - (I —an1)anllzn — Un,1||2

— (1 =2 pc)||lzn — wn|)? — (1 = 2X\, c2)[Jwy — 222

Consequently, utilizing Lemma we conclude that

[Zn1 — 2*1> = [0n(vh(20) — Az*) 4+ (I = 00 A) (Ynm — ) |12
< 0,%|]7h(xn) - Ax*H2 +(1- Qnﬁ)zuyn,m - x*Hz + 20, (1 — 0,7) |7 (xn) — Ax*HHyn,m — |
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H%H’Vh(xn) Az*[| + (1 = 007)? |20 — 2*[[* 4 200(1 = 0,7)[[vh(2n) — Az*||||2n — 2|
(1= 0,921 = 200 e)ln — wa2 = (1= 0,79)2(1 — 20 &3) | — 202
—(1- ) O‘n,m(l - an,m)Hzn - “n,mH2

- (1 =027’ (1 = anm)(1 = anm-1) -+ (1 = anp)omalzn — tna]*.

It follows

(1- 9n7)2an,m(1 - O‘n,m)Hzn - un7m||2 < [Jzn — x*HQ *Hz
+ 20, (1 = 0,7) Ivh(zn) — Ax*||[lzn — 2| + 02 Ivh(2,) — Az*||.

(3.4)

— |z —

In order to prove that x, — x* as n — oo, we consider the following two cases.
Case 1. Assume that {||z,, — 2*||} is a monotone sequence. In other words, for ny large enough,
{l|zn — x*||}n>n, is either nondecreasing or nonincreasing. Since {|z, — z*||} is bounded, it is convergent.

Since li_>m 0, =0 and {h(x,)} and {z,} are bounded, from (3.4)) we obtain

lim (1 — any) A (1 — o) |l2n — un,mHQ =
n—oo

Since {anm} C [e,d] C (0,1), we get that

nh_{n [2n = tn,ml| = (3.5)
By similar argument, we can obtain that
lim ||z, —upkl| =0, (1 <k<m-—1) (3.6)
n—oo
and
lim |z, —wy| = lim |Jw, — z,|| = 0.
n—oo n—oo
Hence
lzn — znll < ||Xn — wpl|| + |Jwn — 20| = 0, as n — co. (3.7)
From ({3.6) we have
lim dist(zp, Thzn) < hm |z — unal| =0,
n—oo
and
lim dist(zn, Tkynk—1) < hm lzn —unill =0, (k=2,...,m).
n—oo
From . and . we get
m ||z — ynkll < Im (1 — app)l|2n — unil =0, 1 <k <m.
n—oo n— o0
Using the above inequality for k = 2,..., m, we have

dist(zn, Thzn) < dist(zn, Teynk—1) + b(Te¥n k-1, Thzn)
< dist(zn, Tynk—1) + pdist(Yn k-1, TkYnk—1) + |Unk—1 — znl
< ( -+ Vdist (e Tigmp1) + (1 + Dllgns 1 — 20
< (4 D)llzn — gl + 1+ Dllgmsr = 20l > 0, 1 00, (3.8)

Next, we show that
lim sup ((A —~vyh)z*, 2" — z,) < 0.

n—oo
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For that, we choose a subsequence {x,,} of {x,} such that

lim ((A — vyh)z*, 2" — x,,) = lim sup ((A — vh)z*, 2" — x,).

100 n—00

Since {x,,} is bounded, there exists a subsequence {l’m]} of {zp,} which converges weakly to z*. Without
loss of generality, we can assume that z,, — z*. From we have z,, — z*. Applying and
Lemma [2.8 we conclude that 2* € ()2, F(T;). Now we show that z* € Sol(f,C). Since f(z,.) is convex on
C for each z € C, we see that

. 1
wy, = argmin {)\nf(xn,y) + 5”9 —z?: g€ C}

if and only if
1
0€ 02 (FCns) + gl = anl?) (wn) + Nofuw,).

where N¢(x) is the (outward) normal cone of C' at x € C. This implies that
0= v+ wp — Ty + Up,,
where v € Oy f (2, wy,) and u, € No(wy,). By the definition of the normal cone N¢, we have
(W, — T,y — wy) > v, wy, —y), Yy € C. (3.9)

Since f(xp,.) is subdifferentiable on C, by the well-known Moreau-Rockafellar theorem [2§], there exists
v € Oof (T, wy) such that
f(xrwy) - f($n;wn) > <U,y - wn>7 vy eC.

Combining this with (3.9)), we get
)\n(f(mnay) - f(xnawn)) 2 <wn — Tp, W — y>7 vy € C

Hence

1

f(xnwy) - f(xmvwni> > o

(Wny, — Xy, Wp; — YY), Yy € C.

s

Since lim |xn, — wp| = 0, we have that w,, — x*.

{\n} C [a b] C (0, 1) we have

Now by continuity of f and the assumption that

fla",y) 20, vy € C.
This implies that z* € Sol(f,C). Thus, it is clear that * € I". Since z* = Pr(I — A+ vh)z* and z* € T,

we have

lim sup (A — yh)*,a* - 2,) = lim (A - yh)a*, 2" — 2,) = ((A - yh)e*,a* — 2} < 0.

n—00 100

Using Lemma and our assumption, we have

nsr = 212 < T = 0nA) g — )2 + 280 (rhrn) — A, st — 2%)

< (1= 09220 — 2% + 200y(h(2n) — h(z*), Tpy1 — %) + 20, (yh(z*) — Az*, 2501 — %)
(1 = 027) [z — 2*[* + 20 k7llzn — a*[||lznt1 — 2% + 200 (yh(z*) — Az*, 2y 41 — o)
(1= 027) [z — 2*|* + Onky ([l — 2*||* + lzngr — 2*[%) + 205 (vh(2*) — Az*, 2niq — 2%)
(1= 027)% + Ok lzn — 2*|1* + Onvkl|zns1 — 2*)* + 200 (yh(q) — Az*, 2ni1 — 2*).

INIA

IN
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This implies that

1-20,7+(0079) 2 +0nvk n
|zngr — 2 < 2T ) g2 4 B (yh(3¥) — A2, 2 — )
2 k 071, n
= (1— 280y | — 4|2 4 B0y, — )% + 122 (yh(2*) — Ax?, 2 — 2¥)
2 k 2 k)0, n M
< (1= B o — |+ B (ST + s Oh() = Ae* s = 27))
= (1= ) |2n — 7| + 0udy,
where 27 k)
M = sup{||z, — 2| :n > 0}, 1, = YTW,
and g =2
~ VM 1
Op = (0n7") + (vhq — Ax*, xpiq — 7).

2 —k) v-k
[ee]
It is easy to see that n, — 0, > 1, = oo and limsupd,, < 0. Hence, by Lemma [2.5 the sequence {z,}

n=1 n—00
converges strongly to z*. Now, since lim |z, — wy,|| = lim ||w, — z,|| = 0, we have that {w,} and {z,}
n—oo n—oo

converge strongly to z*.
Case 2. Assume that {||z, — z*||} is not a monotone sequence. Then, we can define a sequence {7(n)}
of integers for all n > ng (for some n( large enough) by

7(n) :=max{k € Nik <n: |z — 2| < ||lwg+1 — 2"}
Clearly, 7 is a nondecreasing sequence such that 7(n) — oo as n — oo and for all n > ny,
HxT(n) - l'*H < HmT(n)—‘rl - ‘T*H
From (3.4) we obtain
Iim [zr) = 2l = T ler) = wel = o [z ) = Tizrml| = 0.

Following an argument similar to that in Case 1, we have

2y 1 = 2% < (1= ) |2r(ny = 217 + 1))
where 7.,y — 0, Z Nrn) = o0 and lim_>sup dr(ny < 0. Therefore, by Lemma we get that
n—oo

hm HxT(n -z = 0 and hrn |Z7(n)+1 — 2*[| = 0. Now Lemmaimplies
0 < [lzn — 2| < max{|lz-n) — 27, [lon — 2™} < [[27(n)41 — 2.
Thus {x,} converges strongly to 2* = Pp(I — A+ vh)z*. This completes the proof. O

Now, following Shahzad and Zegeye [32], we remove the restriction T'(p) = {p} for all p € F(T). Let
T :C — P(C) be a multivalued mapping and

Pr(z)={y €Tz : |z —vy| =dist(x,Tz)}.

We have Pr(p) = {p} for all p € F(T). Now, by using an argument similar to the one in the proof of
Theorem we obtain the following result.

Theorem 3.2. Let C be a nonempty closed convex subset of a real Hilbert space H and let f: C x C — R
be a bifunction satisfying (A1)—(A3). Let T; : C — K(C), (i = 1,2,...,m) be a finite family of set-valued
mappings, such that each Pr, satisfies condition (E). Assume that T = (", F(T;) (" Sol(f,C) # 0. Let h
be a k-contraction of C into itself and A be a strongly positive bounded linear self-adjoint operator on H
with coefficient ¥ < 1, and 0 < v < }. Let {zn}, {wn} and {z,} be sequences generated by xo € C and by:
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w, = argmin{X, f(zn,w) + 3llw —z,|?: we C},

Zn = argmin{\, f(wn,2) + 3|z — 2?1 2 € C},

Yni = 0p1Zn+ (1 —an1)uni,

Yn2 = Qn2zn + (1 — an2)un 2, (3.10)
Ynm = OpmZn + (1 — Q) Un,m.,

Tnt1 = Opyh(xn) + (I — 00 A)Ynm, Yn >0,

where un1 € Pr(2n), Unk € Pr,(Ynk—1), (K =2,...,m). Let {ani}, {\n} and {6,} satisfy

(i) {6,} C (0,1), lim 6, =0, > 6, = o,
n—oo n=1

(ii) {Mn} C [a,b] C (0, 1), where L = max{2cy,2cs},
(111) {an i} Cle,d) C (0,1) for all1 <i<m.

Then, the sequence {x,} converges strongly to x* € (\i2; F(T;) () Sol(f,C), which solves the variational
mnequality
(A—~h)x*,z —z*) >0, Vx € T. (3.11)

As a consequence of Theorem for a family of single valued mappings we have the following result:

Corollary 3.3. Let C be a nonempty closed convex subset of a real Hilbert space H and let f: C x C — R
be a bifunction satisfying (A1)—(A3). Let T; : C — C,(i = 1,2,...,m) be a finite family of single valued
mappings, satisfying condition (E) such that T' = (\; F(T;) () Sol(f,C) # 0. Let h be a k-contraction of
C into itself and A be a strongly positive bounded linear self-adjoint operator on H with coefficient 7 < 1,
and 0 <y < % Let {zy,}, {wn} and {z,} be sequences generated by xo € C and by

w, = argmin{, f(zn,w) + 3w —z,[*: weC},

Zn = argmin { A, f(wn,2) + 3|z —z,|?: 2 € C},

Yni = op12n + (1 —an1)Ti2n,

Yn2 = n2zn + (1 —an2)Toyn1, (3.12)
Ynm = pmZn + (1 — ) TnYn,m—1,

Tnt1 = Opyh(zn) + (I — 00, A)yn,m, ¥n > 0.

Let {an;i},{\n} and {0,} satisfy

(i) {6n} C (0,1), lim 6, =0, 3 6, = o0,

n=1
(ii) {\n} C [a,b] C (0, 1), where L = max{2c1,2¢s},
(111) {an i} C le,d) C (0,1) for all1 <i < m.
Then, the sequence {x,} converges strongly to x* € (2 F(T;) () Sol(f,C), which solves the variational

nequality

(A=~h)x*,z—2*) >0, Vz eT. (3.13)

4. Application

In this section, we consider the particular equilibrium problem corresponding to the function f defined
for every z,y € C by f(z,y) = (F(z),y — x), with F' : C' — H. Then, we obtain the classical variational
problem:
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Find z € C such that (F(z),y —2) >0, Vy € C.

The set of solutions of this problem is denoted by VI(F,C). In this case, the solution y,, of the minimization
problem

. 1
argmzn{)\n f(xmy) + §||y - $71”2 tye C}a

can be expressed by

Let F be L-Lipschitz continuous on C. Then

f($7y)+f(y,2)—f($,2) = <F($)—F(y)7y—2’>, r,Y,z € C.

Therefore
|(F(z) — F(y),y — 2)| < Lllz — yllly — z|| < (Ilw—yH2+Hy z|?),

hence f satisfies the Lipschitz-type continuous condition with ¢; = ¢ = %

As a consequence of Theorem we have the following strong convergence results for approximate
computing of the common element of the set of common fixed points of a finite family of set-valued mappings
and the solution set of the problem VI(F,C).

Theorem 4.1. Let C' be a nonempty closed convexr subset of a real Hilbert space H and let F' be a function
from C to H such that F is monotone and L-Lipschitz continuous on C. Let T; : C — CB(C),(i =
1,2,...,m) be a finite family of set-valued mappings, each satisfying condition (E). Assume that I' =
Nty F(T) N VI(F,C) # 0 and T;(p) = {p}, (i =1,2,...,m) for each p € T. Let h be a k-contraction of C
into itself and A be a strongly positive bounded linear self-adjoint operator on H with coefficient ¥ < 1, and
0<y< % Let {x,} be sequence generated by xg € C and by

wy, = Po(x, — MF(xy)),

Zn = Po(xyn — A F(wy)),

Un1l = n1zn + (1 —ap1)un,

Yn2 = n2Zp + (1 — an2)un2, (4.1)
Ynm = OnpmZn + (1 — Q) Un,m,

Tnt1 = Opyh(zn) + (I — 0, A)Yn,m, Yn >0,

where un1 € T12n, Unk € Thyn k-1, (k =2,...,m). Let {on;},{\} and {0,} satisfy

(i) {6,} C (0,1), hm 0, =0, Zén— 00,

n=1
(ii) {\n} C [a,b] C (0, 1), where L = max{2c1,2¢s},
(1it) {om;i} C e, d] € (0,1) for alll <i<m.
Then, the sequence {x,} converges strongly to x* € (2 F(T;) () Sol(f,C), which solves the variational

nequality

(A=~h)z*,z —x*) >0, Vo eT.

As a consequence of Theorem we also have the following strong convergence results for computing
the approximate common solution of VI(F,C) and F(T) for a set-valued mapping in real Hilbert space.
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Theorem 4.2. Let C' be a nonempty closed convex subset of a real Hilbert space H and let F' be a function
from C to H such that F' is monotone and L-Lipschitz continuous on C. Let T : C — K(C), be a set-valued
mapping, such that Pp satisfies condition (E). Assume that T = (F(T)NVI(F,C) # 0. Let h be a
k-contraction of C into itself. Let {x,} be sequence generated by x¢ € C' and by

Wp, = PC(xn - )\nF($n>)7
Yn = apzp + (1 - an)uny ‘

Tp+1l = enh(xn) + (1 - Hn)yna vn > 07
where u, € Przy,. Let {an}, {\n} and {6,,} satisfy

(Z.) {971} C (07 1)7 ILm en =0, Z Hn = o0,
n—o00 =1

(ii) {\n} C [a,b] C (0, 1), where L = max{2c1,2¢s},
(iii) {an} C le,d] C (0,1).

Then, the sequence {x,} converges strongly to x* € T' which solves the variational inequality
(I —h)z*,x—a*) >0, Vzel.

Remark 4.3. Theorems [3.1| and [4.1| generalize the result of Anh [3] and Anh, Kim and Muu [5], respectively,
for a single valued nonexpansive mapping to a finite family of set-valued mappings satisfying condition (F).
We also weaken or remove some control conditions on parameters.
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