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Abstract

We introduce a modified asymmetric G* (¢p)-contractive mapping with respect to a general family of
functions G* and establish asymmetric type fixed point results for such mappings. As an application of
our results, we deduce Suzuki type fixed point results via these mappings. We also derive certain fixed
point results for asymmetric type mappings in partial G-metric spaces. Moreover, we discuss an illustrative
example to highlight the realized improvements. (©)2016 All rights reserved.
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1. Introduction

The study of fixed points of given mappings satisfying certain contractive conditions has been at the
center of vigorous research activity. There are many concepts of generalized metric spaces. For example,
in 2005, Mustafa and Sims introduced a new class of generalized metric spaces (see [4, 5]), which are called
G-metric spaces. A G-metric assigns a real number to every triplet of a set. Many fixed point results on
such spaces, for mappings satisfying various contractive conditions appeared in [1I, 2] [6].

Recently, Samet et al. [8] and Vetro and Vetro [9], used a semicontinuous function to establish new fixed
point results. As consequences, we deduce some results on fixed point in the setting of partial metric spaces.
In this paper, we use the ideas from [8] [9] and the notion of modified asymmetric type mapping to establish
existence and uniqueness of fixed points in the setting of G-metric spaces. As consequences, we deduce some
results on fixed point in the setting of partial G-metric spaces. An example is furnished to demonstrate the
validity of the obtained results.

*Corresponding author
Email addresses: m.paknazar@cfu.ac.ir (M. Paknazar), mkutbi@yahoo.com (M. A. Kutbi ), martanoir91@hotmail.it
(M. Demma), salimipeyman@gmail.com (P. Salimi)

Received 2015-07-06



M. Paknazar , M. A. Kutbi, M. Demma, P. Salimi, J. Nonlinear Sci. Appl. 9 (2016), 845-859 846

2. Preliminaries

In this section, we present necessary definitions and results in G-metric and partial G-metric spaces,
which will be useful further on; for more details, we refer to [4, Bl [7]. Denote by N the set of all positive
integers.

Definition 2.1. Let X be a nonempty set. A function G : X x X x X — [0, +00) is called a G-metric if
the following conditions are satisfied:

(Gl) If 2 = y = 2, then G(x,y,2) = 0;

(G2) 0 < G(z,y,y), for any x,y € X with z # y;

(G3) G(x,z,y) < G(x,y, z) for any points z,y,z € X, with y # z;
(G4) G(z,y,2) = G(x,z,y) = G(y,z,x) = - - -, symmetry in all three variables;
(Gh) G(z,y,2) < G(z,a,a) + G(a,y,z) for any z,y,z,a € X.

Then the pair (X, G) is called a G-metric space.

Definition 2.2. Let (X, G) be a G-metric space and {z,} a sequence in X.

(i) {z,} is a G-Cauchy sequence if for any € > 0, there is an N € N such that for all n,m,l > N,
G(xp, Tm,x)) < €.

(ii) {x,} is G-convergent to z € X if for any ¢ > 0, there is N € N such that for all n,m > N,
G(z, T, Tm) < €.

A G-metric space (X, G) is said to be complete if every G-Cauchy sequence in X is G-convergent in X.
Proposition 2.3. Let (X, G) be a G-metric space. The followings are equivalent:
(1) (xy,) is G-convergent to x;
(2) G(zpn,xn,x) = 0 as n — 4o0;
(8) G(zp,z,2) = 0 as n — +00.
From (G5) and (G3), we obtain the following lemma.

Lemma 2.4 ([3]). Let (X,G) be a G-metric space and 1,2, y1,Y2, 21, 22,6 € X where r1 # x2, Y1 # Yo
and z1 # z3. Then the following inequality holds.

G(z1,y1,21) < G(z1,22,a) + G(y1,y2,a) + G(21, 22, a).

Definition 2.5 ([7]). Let X be a nonempty set. A function P: X x X x X — [0, +00) is called a partial
G-metric if the following conditions are satisfied:

o =y =2 then P(x,y,2) = P(r,2,2) = P(y,,5) = P(2,2,2);
tP(z,z,7) 4+ 2P(y,y,y) < P(z,y,y) for all 2,y € X with z # y;

)
)
)
P4) P(z,z,y) — %P(w,x,x) < P(z,y,2) — %P(z,z,z) for all z,y,z € X, with y # z;
) P(x,y,z) = P(z,2,y) = P(y,z,x) = - -+, symmetry in all three variables;

)

P(z,y,2) < P(z,a,a) + P(a,y,2) — P(a,a,a) for any z,y,z,a € X.
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Then the pair (X, P) is called a partial G-metric space (in brief PGMS).
The following lemma shows that to every partial G-metric, we can associate one G-metric.

Lemma 2.6 ([7], Lemma 2.2). Let (X, P) be a PGMS. Define Gp: X x X x X — [0,400) by
Gp(z,y,2z) =3P(x,y,2) — P(z,z,z) — P(y,y,y) — P(z, z,2).
Then G, is a G-metric function on X and the pair (Gp, X) is a G-metric space.
Example 2.7 ([7], Example 2.3). Let X = [0,+00) and define P(x,y,z) = %(max{a:,y} + max{y, z} +
max{z, z}), for all x,y,2 € X. Then (X, P) is a PGMS.

The following proposition gives some properties of partial G-metric.

Proposition 2.8 ([7], Proposition 2.4). Let (X, P) be a partial G-metric space; then for any z,y,z,a € X
the following properties hold:

(i) If P(x,y,z) = P(z,xz,z) = P(y,y,y) = P(z,2,2), then x =y = z;
(ii) If P(z,y,z) =0, then x =y = z;
(iii) If x # vy, then P(z,y,y) > 0;
(iv) P(z,y,z
(v) P(z,y,y

( z) < P(x,z,y) + P(x,z,2) — P(x,z,x);

( ) <
(vi) P(z,y,2) < P(z,a,a) + P(y,a,a) + P(z,a,a) — 2P(a,a,a);

( ) <

(

2P(xz,z,y) — P(x,x,x);
(vii) P(z,y,z) < P(z,a,2) + P(a,y,z) — 2P(a,a,a) — 1 P(z,z,2) with y # z;
(UZZZ) P xayay) < P(a:,y,a) + P(a7y7y) - §P(a7a7 CL) - %P(yaya y) with x 7é Y.
Definition 2.9. Let (X, P) be a PGMS and {z,} a sequence in X.

(1) {zn} is P-G-convergent to x € X if and only if

P(z,z,x) = lim P(z,z,z,)= lim P(x,z,,x,).
n—-4o0o n—-+4o0o

(2) {xn} is a (PG)*-Cauchy sequence if

lim  P(xp,xm,2) = lim P(zn, Tn, Tn) + P(Tm, Tm, Tm) + Pz, 71, 71)

m,n,l—40oco m,n,l——+o00 3

(3) (X, P) is said to be a (PG)*-complete partial G-metric space if and only if every (PG)*-Cauchy
sequence in X is P-G-convergent to a point € X such that lirf P(xp, xp, zy) = P(z, 2, 2).
n—-+0oo

Lemma 2.10. Let (X, P) be a partial G-metric space, z,y € X and {x,} a sequence in X. Assume that
lim P(z,xn,z,) = hEIrl P(zpn,y,y) =0; then x = y.
n—-+0oo

n—-+o0o

Proof. By (P6), we have
P(xvya y) S P(.’L’,.ﬁlﬁ‘n,l’n) +P(xn7y7y>

Letting n — 400, we get that P(z,y,y) = 0 and so by (ii) of Proposition we deduce that x = y. O



M. Paknazar , M. A. Kutbi, M. Demma, P. Salimi, J. Nonlinear Sci. Appl. 9 (2016), 845-859 848

Lemma 2.11. Let (X, P) be a partial G-metric space such that P(z,z,x) < P(z,y,y) for all z,y € X.
Then P(x,x,x) is lower Gp-semicontinuous in (Gp, X).

Proof. Let {z,,} be a sequence in the G-metric space (G, X) with z, — x as n — +o00. Then,

0= lim Gp(z,zn,x,) = lm [3P(x,x,,z,) — P(z,x,2) — 2P (2, Tn, Tp)],

n—-+oo n—-+o0o

which implies
3 lim P(z,zp,xy) = P(z,z,2) +2 lm P(zy,,Tn, Ty).

n—-+oo n—-+oo
Now since P(z,x,z) < P(x,y,y) for all z,y € X, then
3P(z,z,x) <3 lim P(x,zn,zy) = P(x,z,z)+2 lim P(x,,z,,T,),
n—-+00

n—-+o00

that is

P(x,z,x) < lm Pz, Tn,Ty).
n—r—+oo

O

Lemma 2.12. If (X, P) is a (PG)*-complete partial G-metric space, then (X, G,) is a complete G-metric
space.

Proof. Let (X, P) be a (PG)*-complete partial G-metric space. Assume that {z,} is a Cauchy sequence in
(X,Gp). We have

lim G,(xn, Tm,2z) =0
400 p( nyLm, l) )

which implies,

lim P(xmxmyl’l) = lim P(l’n, xn’x”) + P(wm’ xmaxm> + P(xhxl,l'l)

m,n,l—+oo m,n,l—400 3

Thus {x,} is a (PG)*-Cauchy sequence in the partial G-metric space (X, P). Completeness of (X, P) ensures
that there exists an z € X such that

P(z,x,x) = ngrfmp(x, T, Xy) = nll}rfoo P(z, 2, ),

where lim P(z,,zn,2,) = P(z,z,x). Hence,

n—+o0o
ngrfoo Gp(z,z,2,) = BnEIJquoo P(z,z,z,) — P(z,z,x2) — P(x,z,2) — ngr—lr-loo P(zy, xpn, xy)

=3P(z,z,z) — P(z,x,x) — P(x,z,x) — lirf P(zy, Tn, xy)
n——+0oo

= P($7$a$) - nginoop(xnal'ml’n) =0,

that is, {x,,} converges to z with respect to G-metric G. O

3. Main result

We denote by G* the set of continuous functions G* : [0, 4+00)* — [0, +0c0) satisfying the following
conditions:

(G*1) max{a,b} < G*(a,b,c,d) for all a,b,c,d € [0, +00);
(G*2) if G*(a,b,c,d) = 0, then a = 0;
(G*3) G* is nondecreasing in fourth variable.

As examples, the following functions belong to G*:
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e G*(a,b,c,d) = (a+b+c)(d+1);

)

e G*(a,b,c,d) =a+b+c+d;
o G* )
)

o G*(a,b,c,d

+00
We denote by ¥ the set of nondecreasing functions ¢ : [0,4+00) — [0,+00) such that > 9"(¢) < +oo for
n=1

each t > 0, where 9" is the n-th iterate of .
It is not difficult to show that if ¢» € ¥, then ¥ (¢) < t for every t > 0.

Definition 3.1. Let (X,G) be a G-metric space, T : X — X and a,7n: X2 — [0, +00). We say that T is
an a-admissible mapping with respect to n if «(Tx,Ty) > n(Tx,Ty) whenever a(z,y) > n(x,y).

Definition 3.2. Let (X,G) be a G-metric space, T : X — X, a,n: X2 — [0,+00) and ¢ : [0, +00) —
[0,400). We say that T is a modified asymmetric G* (¢p)-contractive mapping if there exist ¢ € ¥ and
G* € G* such that for all z,y € X with a(z,y) > n(x, Tx) we have

G* (G(Tw, T, Ty), ¢(Ta), o(T%0), ¢(Ty)) < ¥ (GX(Glw, Ta,y), o(@), ¢(Ta), 9()) )
Our main result is given by the following theorem.

Theorem 3.3. Let (X, G) be a G-complete G-metric space and ¢ : X — [0,400) a lower G-semicontinuous
mapping. Let T : X — X be a self-mapping satisfying the following assertions:

(i) T is an a-admissible mapping with respect to n;
(i) T is a G-continuous modified asymmetric G* (1p)-contractive mapping;
(iii) there exists an xo € X such that a(xg, Txo) > n(xo, Txo).

Then T has a fized point z € X such that ¢(z) = 0. Moreover, T has a unique fized point whenever
a(xz,y) > n(z,z) for all z,y € Fix(T).

Proof. Let xg € X be such that a(zg, Tz¢) > n(zo, Tzo) and let {x,} be the sequence of Picard starting at
xg, that is, x, = T"x9 = Tx,—1 for all n € N. Now, since 7" is an a-admissible mapping with respect to 7,
we deduce that

afxy,0) = a(Txg, T?xo) > n(Txo, T?x0) = n(x1, Tx1).

By continuing this process, we get
a(Tp-1,2n) > n(xp—1,Try_1) foralln € N.

Now if, for some ng € N, we have z,, = xp,+1, then x,, is a fixed point of 7" and we have nothing to prove.
Hence, we assume z,,_1 # x, for all n € N. Therefore, using condition (ii) with x = x,—; and y = x,,, we
obtain that

G* (G(T"Unfl, TQfEnfla Tzn), o(Tryn-1), SO(TQ"Enfl)a @(Txn))
< ¢ (G*(Glwn-1, Ton1,20), 9(@n-1), (Tn 1), (@)
which implies

G* (G(:L‘n, Ln+1, xn+1)> 90($n)7 Qp(l‘nJrl)a Qp(xn+1))
< (GX (G120, 20), p(wn-1), olwn). olw0))
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By using monotony of the function 1, we obtain that

G* (G(.’L‘n, Tn+1, xn-‘,-l)? (,0(1'”), 90(37n+1)7 (p(xn+1))
<" (G*(Glan,ar 1), p(@0), (@), (1)) )

for every n € N. Finally, by (G*1), we get

max{G(Tn, Tnt1, Tn+1), p(Tn)} < G* (G(Zns Tnt1, Tnt1), P(Tn)s P(Tnt1), 0(Tnt1))
<" (G*(Glao,a1,21), 0 (0), (1), (1)) (3.1)

for every n € N.
Note that, if G*(G(xo,z1,71),0(0), ¢(x1), p(x1)) = 0, by (G*2), G(xg,z1,71) = 0 and by (G2), we
have xg = x1 = Txg. Then zg is a fixed point of T and we have nothing to prove. Therefore, we assume

G*(G(l’o, I, .%'1), 90(.%'0), 90('%'1)? 30('%'1)) > 0.
Fix ¢ > 0 and let h = h(e) be a positive integer such that

+oo
> yn (G*(G(:co,:cl,xl),cp(xo),w(m),(ﬂ(m))) <e.
n=h

Let m > n > h. Using condition (G5) and (3.1)), we obtain

m—1

G(xmmmvxm) < Z G(xkaa:kJrl;karl)
k=n

+oo
<Y u (G*(Glao v m), pleo), i), o))
n=h

<e.

Consequently, {z,} is a G-Cauchy sequence. Since (X, G) is G-complete, there exists an z € X such that
Ty — z as n — +o00. Finally, the G-continuity of T" implies that z = T'z. The lower G-semicontinuity of ¢

and (3.1)) give ¢(z) = 0.
The uniqueness of the fixed point follows from the hypothesis that 7' is a modified asymmetric G* (¢p)-
contractive mapping. In fact, if y € Fix(T) with y # z and G(z, z,y) > 0, then

G* (G(z,2,y), 0(2), 0(2), ¢(y)) > 0.

Since a(z,y) > n(z, z), we deduce that

G* (G2, 2,9), 0(2), 0(2), 0(y)) < ¥ (G*(G(z, 2,y),(2),¢(2), cP(y)))
<G* (G(z,2,9),9(2), 9(2), 2(1)) -
This is a contradiction and hence G(z, z,y) = 0, which implies z = y by condition (G2). O]
In the following theorem, we omit the G-continuity hypothesis of T

Theorem 3.4. Let (X, G) be a G-complete G-metric space and ¢ : X — [0,400) be a lower G-semicontinuous
mapping. Let T : X — X be a self-mapping satisfying the following assertions:

(i) T is an a-admissible mapping with respect to n;
(ii) T is a modified asymmetric G* (1)-contractive mapping with respect to a continuous ¢ € V;

(iii) there exists an xg € X such that a(xo, Txo) > n(zo, Txo);
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w) if {xn} is a sequence in X such that a(zyn, Tni1) > N(Tp, Tpt1) with x, — z as n — 400, then either
+
T xn, T?xp) < (Tn,z)  or n(T?z,, T3x,) < a(T?z,, 2)
holds for all m € N.

Then T has a fized point z € X such that ¢(z) = 0. Moreover, T has a unique fized point whenever
a(z,y) > n(z,x) for all z,y € Fix(T).

Proof. Let xg € X such that a(xg, T'zg) > n(xo, T'zg). As in the proof of Theorem we can conclude
that the Picard sequence {z,}, starting at zg, satisfies the following conditions:

a(rp-1,2n) > n(xn-1,Trn-1), lim z,=2€ X and ¢(z)= lim ¢(z,) =0. (3.2)

n—-+o0o n—-+o0o

So, from condition (iv), either
N(Txn, T?xn) < Ty, z) or n(T?x,, T3z,) < a(T?z,, 2)
holds for all n € N. This implies that either
N(Tni1, Tnt2) < a(@ng1,2)  or N(Tni2, Tnys) < a(Tni2, 2)
holds for all n € N. Equivalently, there exists a subsequence {zy, } of {z,} such that
(@, TTn, ) = 0T, Tnyt1) < axy,,z) for all ke N.
Now, from (ii), we obtain
G* (G(Ta:nk,T%nk, Tz),p(Txy,), go(TQ:cnk), gD(Tz))
< (G* (Gl Ty, 2), @(@n,)s 9(Tn,), 9(2)) )
that is,
G* (G2t 1, Try2, T2), (T 1), 9 (g 12), 9(T2))

< (G (Gl Tug1:2), (0, ), @(0,41),0))

Now, we claim that z is a fixed point of T'. Assume G(z, z, Tz) > 0; this implies that G* (G(z, z,T2),0,0,0) >
0. Letting k — +o0 in the above inequality, by the continuity of the functions G*, G and ¢ and (3.2)), we
get

G* (G(2,2,T2),0,0,9(T2)) < ¥ (G* (G(2,2,T2),0,0,0))
< G*(G(z,2,T%),0,0,0).

This is a contradiction since G* is nondecreasing and so G(z, z,Tz) = 0. Consequently, z = T'z, that is, z
is a fixed point of T'. O

Example 3.5. Let X = [0, +00). Define, G : X3 — [0, +00) by

Gy, 2) = 0, ifr =y =z,
Y2 = max{z,y} + max{y, z} + max{z, z}, otherwise.

Clearly, (X,G) is a G-complete G-metric space. Define T : X — X, a,n : X? — [0,+00), ¥ : [0, +00) —
[0, 4+00), G* : [0, +00)* — [0, +00) and ¢ : X — [0, +00) by

%x7 if.’EE [07]‘]7
T{L‘ = sin
z +2\172!x—3lln(r+1)7 if x € (1, +00),
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to 1
_ 2 ifz,y€ [071]> U(ﬂf,y):@
alz,y) = { 0, otherwise,
Y(t) = % G*(a,b,e,d)=a+b+c+d and ¢(t) =t

Let a(x,y) > n(x,Tx); then z,y € [0,1]. At first, we assume that x <y. Then

G*(G(z, Tx,y), o(x), o(Tx), o(y))

1
= max{x, Tz} + max{Tx,y} + max{z,y} + = + 37 +y

17

and

G*(G(Tw, T2, Ty), p(Tx), o(T?z), o(Ty))
= max{Tz, T?z} + max{T%z, Ty} + max{Tx, Ty} + p(Tz) + o(T?z) + o(Ty)

Next, assume that y < . Then

G*(G(z, Tz,y), o(x), o(Tz), o(y))

1
= max{z, Tz} + max{T'z,y} + max{z,y} + o+ sz +y
25 1
=37 +y+ max{gm, v},

and
G*(G(Tw,T%x, Ty), ¢(Tx), o(T%z), o(Ty))
= max{Tz, T?z} + max{T%z, Ty} + max{Tz, Ty} + Tx + T?z + Ty
—§x+1 —i—lma {lw }
Tt TRV TR

Therefore,

G*(G(Tx, T, Ty), p(Tx), p(T?z), p(Ty)) < (G*(G(z, Tz, y), p(2), p(T), (y))).

Now, if a(z,y) > n(z,y), then z,y € [0,1]. On the other hand, for all w € [0,1], we have Tw € [0, 1].
Hence a(T'z,Ty) > n(Tx,Ty). This implies that T is an a-admissible mapping with respect to 7. Clearly,
a(0,70) > n(0,70). If {z,} is a sequence in X such that a(zy,,zn+1) > N(Tn, Tpe1) with x, — z as

n — +oo, then Tx,, T?x,, T3z, € [0,1] for all n € N and hence
N(Txn, T?zy) < a(Txy, z) and n(T?z,, T3z,) < a(T?z,, )

hold for all n € N. Thus all of the hypotheses of Theorem hold and T has a fixed point.

4. Consequences

In this section, if we choose opportunely the function G*, then we obtain different kinds of contractive
conditions. By taking G*(a,b,c,d) = (a + b+ c)(d + 1) in Theorem we deduce the following result.

Corollary 4.1. Let (X,G) be a G-complete G-metric space, ¢ : X — [0,+00) be a lower G-semicontinuous
mapping and o,n: X? = [0,4+00). Let T : X — X be a self-mapping satisfying the following assertions:
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(i) T is a G-continuous a-admissible mapping with respect to n;
(ii) there exist xz[a] 1 € ¥ such that for all z,y € X with o(z,y) > n(x,Tz), we have

G(To 1207y < LUCETT) +¢f§?ﬁ TN iy iy,

(iii) there exists an xo € X such that a(xg, Txo) > n(zo,Tzo).

Then T has a fized point z € X such that ¢(z) = 0. Moreover, T has a unique fized point whenever
a(z,y) > n(z,z) for all z,y € Fix(T).

By taking G*(a,b,c,d) = (a + b+ c)(d + 1) in Theorem we deduce the following result.

Corollary 4.2. Let (X,G) be a G-complete G-metric space, ¢ : X — [0, +00) be a lower G-semicontinuous
mapping and o,n : X? = [0,4+00). Let T : X — X be a self-mapping satisfying the following assertions:

(i) T is an a-admissible mapping with respect to n;
(ii) there exists a continuous ¥ € W such that for all x,y € X with a(zx,y) > n(z,Tz), we have

G(Tz, T?z, Ty) <
( ) e(Ty) +1

(iii) there exists an xo € X such that a(xg, Txo) > n(zo, Txo);
() if {xn} is a sequence in X such that a(xn, Tpi1) > 9T, Tni1) with T, — x as n — +oo, then either
N(Txn, T?zy) < &(Txp,z)  or n(T?z,, T3z,) < o(T?z,, x)
holds for all n € N.

Then T has a fized point z € X such that ¢(z) = 0. Moreover, T has a unique fized point whenever
a(xz,y) > n(z,z) for all z,y € Fix(T).

By taking G*(a,b,c,d) = a + b+ ¢+ d in Theorem we deduce the following result.

Corollary 4.3. Let (X, G) be a G-complete G-metric space, ¢ : X — [0,+00) be a lower G-semicontinuous
mapping and a,n : X? = [0,4+00). Let T : X — X be a self-mapping satisfying the following assertions:

(i) T is a G-continuous c-admissible mapping with respect to n;
(ii) there exists a 1 € ¥ such that for all z,y € X with a(x,y) > n(x,Tx), we have
G(Tz, Tz, Ty) < (Glw, Tz, y) + ¢(z) + ¢(Tz) + ¢(y)) — p(Tx) — o(T*x) — p(Ty);
(iii) there exists xo € X such that o(xg, Txo) > n(xe, Txo).

Then T has a fized point z € X such that ¢(z) = 0. Moreover, T has a unique fized point whenever
a(xz,y) > n(z,z) for all z,y € Fix(T).

By taking G*(a,b,c,d) = a + b+ ¢+ d in Theorem we deduce the following result.

Corollary 4.4. Let (X,G) be a G-complete G-metric space, ¢ : X — [0,+00) be a lower G-semicontinuous
mapping and o, : X? = [0,4+00). Let T : X — X be a self-mapping satisfying the following assertions:

(i) T is an a-admissible mapping with respect to n;
(ii) there exists a continuous ¥ € ¥ such that for all x,y € X with a(z,y) > n(z,Tz), we have
G(Tw,T%2,Ty) < (G(w, Ta,y) + (@) + o(T2) + () — p(Tx) — p(T%x) = p(Ty);

(i1i) there exists an xo € X such that a(xo, Txo) > n(zo, Txo);
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(v) if {xn} is a sequence in X such that a(xy, Tpy1) > N(Tn, Tnt1) with ©, — x as n — 400, then either
N(Txn, T?zn) < a(Txp,z) or n(T?z,, T3z,) < o(T?z,, x)
holds for all n € N.

Then T has a fized point z € X such that ¢(z) = 0. Moreover, T has a unique fized point whenever
a(z,y) > n(z,z) for all z,y € Fix(T).

From the previous corollary, if we choose ¢ (t) = rt for all £ > 0 where r € (0, 1), we get the following
corollary.

Corollary 4.5. Let (X, G) be a G-complete G-metric space, ¢ : X — [0,00) be a lower G-semicontinuous
mapping and o, : X? = [0,4+00). Let T : X — X be a self-mapping satisfying the following assertions:

(i) T is an a-admissible mapping with respect to n;
(ii) there exists an r € (0,1) such that for all x,y € X with a(x,y) > n(x,Tx), we have
G(Tz,T%x,Ty) < r[(z,Tz,y) + () + ¢(Tz) + (y)] = ¢(Tz) — p(T*z) — P(Ty);

(iii) there exists an xo € X such that a(xg, Txo) > n(xo, Txo);

(i) if {xn} is a sequence in X such that a(xn, Tpi1) > N(Tp, Tni1) with T, — x as n — +oo, then either

N(Txn, T?z,) < &(Txn,z) or n(T%z,, T3z,) < o(T?z,, x)
holds for all n € N.

Then T has a fized point z € X such that ¢(z) = 0. Moreover, T has a unique fized point whenever

a(z,y) > n(z,x) for all x,y € Fix(T).
5. Suzuky type results

In this section, we give some results on fixed point for self-mappings that satisfy a Suzuki type condition.

Theorem 5.1. Let (X,G) be a G-complete G-metric space, ¢ : X — [0,400) be a lower G-semicontinuous
mapping. Let T : X — X be a G-continuous self-mapping such that for all x,y € X with

Gz, Tz, Tz) + o(Tz) < G(z,Tx,y) + ¢(y),
we have
G* (G(T, T, Ty), p(Tw), o(T%), ¢(Ty)) < ¥ (G*(G(2, Ta,y). 0 (@), 9(T), 0(y))
Then T has a unique fized point z € X such that p(z) = 0.

Proof. First, we note that for each x € Fiz(T), we have G*(G(x,z, ), o(z), o(x), p(x)) = 0 and hence
o(z) = 0. Define a,n: X x X — [0,+00) by

a(z,y) =n(z,y) = Gz, Tz,y) + ¢(y)

for all x,y € X. Clearly, n(z,y) < a(z,y) for all z,y € X. This ensures that 7" is an a-admissible mapping
with respect to n(z,y) and that condition (iii) of Theorem holds. Let n(z,Tz) < a(z,y); then

G(z, Tz, Tx) + ¢o(Tz) < G(z,Tz,y) + ¢(y)

and so by assumption, we get

G* (G(Tx, T?x,Ty), p(Tx), o(T?z),o(Ty)) < 1p (G*(G(%Tﬂc,y), o(x), o(Tx), sO(y))) :

Hence, all the conditions of Theorem hold and T has a fixed point. The uniqueness of the fixed point
follows since a(x,y) > n(z,z) for all z,y € Fix(T). O
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By taking G*(a,b,c,d) = (a + b+ c)(d + 1) in Theorem we deduce the following result.

Corollary 5.2. Let (X,G) be a G-complete G-metric space, ¢ : X — [0,+00) be a lower G-semicontinuous
mapping. Let T : X — X be a G-continuous self-mapping such that for all x,y € X with

Gz, Tz, Tz) + p(Tx) < G(z,Tx,y) + ©(y),

we have

Y (Gz, Tz, y) + o(x) + o(T2))(p(y) + 1))
p(Ty) +1

Then T has a unique fized point z € X such that p(z) = 0.

By taking G*(a,b,c,d) = a4+ b+ ¢ + d in Theorem we deduce the following result.

Corollary 5.3. Let (X,G) be a G-complete G-metric space, ¢ : X — [0,+00) be a lower G-semicontinuous
mapping. Let T : X — X be a G-continuous self-mapping such that for oll z,y € X with

Gz, Tx,Tz) + p(Tx) < G(z,Tx,y) + ¢(y),
we have
G(Tz, Tz, Ty) < ¢ (G(w, Tx,y) + ¢(2) + ¢(Tz) + ¢(y)) — ¢(Tz) — P(T%x) — ¢(Ty)
Then T has a unique fized point z € X such that ¢(z) = 0.

Theorem 5.4. Let (X, G) be a G-complete G-metric space, p : X — [0,400) be a lower G-semicontinuous
mapping. Let T : X — X be a self-mapping and let there exist an r € (0,1) such that for all x,y € X with

1
1+ 2r

[G(z, T2, Tx) + ¢(x) + ¢(Tx) + ¢(Tx))] < Gz, Tx,y) + p(x) + o(Tx) + ¢(y),
we have

G(Tw, T2, Ty) < r[G(z, Tz, y) + p(x) + o(Tx) + ¢(y)] — p(Tx) — p(T*x) — ¢(Ty).
Then T has a fized point z € X such that ¢(z) = 0.

Proof. First, we note that for each x € Fiz(T'), we have p(z) = 0. Define o, : X x X — [0, +00) by

a(z,y) = Gz, Te,y) + ¢(x) + ¢(Tz) + ¢(y)

and

n(z,y) (G(z,Tx,y) + o(x) + (Tz) + »(y))

1 + 2r
for all z,y € X. Clearly, n(z,y) < a(z,y) for all z,y € X, that is, T' is an a-admissible mapping with
respect to n(z,y). Let {x,} be a sequence with z,, — x as n — +00. Since

1
1+ 2r

(G(T2p, T?2n, T?2,) + @(Tan) 4+ 20(T%2,)] < G(Txpn, T?2n, T?2) + @(T2y) + 20(T%2,,)

for all n € N, then by assumption, we get

G(T%2n, T?xn, T?xn) + o(Txn) + o(Txn) + o(T )
<r [G(Tmm Tzwna Tan) =+ (P(Txn) =+ (P(T2xn) + SO(Tan)] (5'1)
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for all n € N. Assume there exists ng € N such that

(T 20y, T?%ny) > Ty, x) and n(T%xyy, T?2ny) > (T 2y, 2),

then
! (G(T 2y, T? %0y T?Tng) + @(Tng) + @(TT0,) + 0(T?24,))
14 2r o 1o "o "o "o "o
> G(Tny, T? g, ) + ©(Tny) + o(T?20,) + o(z), (5.2)
and
1 —:27" (G(TQ:BnO, T3."L‘n0,T31‘n0) + go(T2:L‘n0) + go(T?’:L‘no) + go(T?’:L‘nO))
> G(T% g, T3xng, ) + ©(T?20n,) + 0(T320,) + (). (5.3)

Since z1 = Txp, # T2xn0 =x9 and y; = 21 = T21:n0 #+ T?’xno = yo = 29, by Lemma we deduce
G(Try, Ty, T?0y) < G(Txpg, T? 2y, ) + 2G(T? 20y, T30y, ). (5.4)
Therefore, by (5.1), (5.2)), (5.3), and (5.4)), we get

G (T, T2xnovT2$no) + o(Txn,) + ‘P(szno) + ‘P(Tzwno)
< (T, T, ) + 2G(T %000, T30, 3) + (T04) + 9(T200,) + (T%1,)
<[G(Tng, Ty, 1) + (Tny) + (T 2n,) + @()]

+ Q[G(TanO, Tano,x) =+ ‘P(Tano) =+ ‘P(Tano) + ()]
< 1

1+ 2r

2

(G(Tn,, T2$novT2xno) + o(Tan,) + @(TQfUno) + @(TQfUno))

+ 11 2r (G(T2$nov Tanongmm) + 90(T237m)) + SO(Tgxm)) + SO(Tgxm)))

(G(Txno, szno:Tano) + ‘P(T$no) + 80(T2$no) + 80(T2$n0))

<
—142r
n 2r
1+2r
= G(Tang, T2y, T?ng) + @(Tne) + 9(T20) + o(T25,),

(G(Tng, T?ng, T?xng) + P(Tng) + o(Tng) + o(Tny))

which is a contradictions. Hence, either
N(Txn, T?z,) < Ty, z) or n(T%x,, T3z,) < a(T?z,, x)

holds for all n € N. Let n(z,Tz) < a(z,y). Thus

1
1+ 2r

[G(z,Tx, Tx) + (x)+, p(Tx) + ¢(Tx))] < Gz, Tz, y) + ¢(x)+,0(Tx) + ¢(y).
Then from assumption, we get
G(Tx,T%z, Ty) < r[G(z,Tz,y) + ¢(z) + o(Tx) + ¢(y)] — o(Tx) — p(T?x) — o(Ty).

Hence, all the conditions of Corollary hold and T has a fixed point. The uniqueness of the fixed point
follows since a(x,y) > n(z,z) for all z,y € Fiz(T). O

If in Theorem we choose p(z) =0 for all x € X, then we get the following corollary.
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Corollary 5.5. Let (X, G) be a G-complete G-metric space. Let T : X — X be a self-mapping and let there
exist an r € (0,1) such that for all z,y € X with

1
1+ 2r

G('/I:7 TCE? T'/L') S G(x7 Tﬂj? y)’
we have

G(Tx, Tz, Ty) < rG(z,Tx,y).
Then T has a unique fixed point.

6. Some results in partial G-metric spaces

In this section, using the previous results, we give some results on fixed points in the setting of partial
G-metric spaces.

Theorem 6.1. Let (X, P) be a (PG)*-complete partial G-metric space. Let T : X — X be a self-mapping
satisfying the following assertions:

(i) T is an a-admissible mapping with respect to n;
(ii) there exists a ¢ € ¥ such that for all x,y € X with a(x,y) > n(x,Tx), we have

P(Tz, T?z,Ty) < (P(z,Tx,y));

(iii) there exists an xo € X such that a(xo, Txo) > n(xo, Txo);
(v) T is a Gp-continuous mapping in (X, Gp).

Then T has a fized point. Moreover, T has a unique fized point whenever a(z,y) > n(z,x) for all x,y €
Fix(T).

Proof. Let G(x,y,z2) = M forallz,y € X, o(x) = w for allz € X and G*(a, b, c,d) = a+b+c+d.
From Lemma [2.6] we get

Gp(wvyaz) P(m,x,x) P(y’y7y) P(Z,Z,Z)
3 * 3 + 3 + 3
=G(z,y,2) + p(x) + oY) + ¢(2). (6.1)

P(z,y,z) =

Now, if a(x,y) > n(x,Tx), then from (ii), we have
P(Tx, Tz, Ty) < ¢(P(x, Tx,y))
and so from ([6.1)), we get
G* (G(Tw, T, Ty), p(Tx), p(T%), 9(Ty)) < ¥ (G* (G, Ta,y), (@), o(Tw), () )

Note that by Lemma and (iv), the function ¢ is lower G-semicontinuous. Therefore, all the conditions
of Theorem hold true and 7T has a fixed point. O

In the following theorem, we omit the G,-continuity hypothesis of 7T'.

Theorem 6.2. Let (X, P) be a (PG)*-complete partial G-metric space. Let T : X — X be a self-mapping
satisfying the following assertions:
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(i) T is an a-admissible mapping with respect to n;

(ii) there exists a 1 € ¥ such that for all z,y € X with a(x,y) > n(x,Tx), we have
P(Tz, Tz, Ty) < $(P(z, Tx,y));
(iii) there exists an xo € X such that a(xo, Txo) > n(xo, Txo);
(Z’U) P(CIT,.I,.’E) < P(xvyay) fOT’ all T,y € X;'
(v) if {xn} is a sequence in X such that o(xy, Tpt1) > N(Tp, Tpy1) with x, — x as n — +o0, then either
Ty, T?zy) < a(Tn, z) or n(T%x,, T3z,) < a(T?z,, )

holds for all n € N.

Then T has a fized point. Moreover, T has a unique fixed point whenever a(z,y) > n(z,x) for all
x,y € Fiz(T).
If in the previous theorem we choose ¥ (t) = rt for some r € (0, 1), then we deduce the following corollary.

Corollary 6.3. Let (X, P) be a (PG)*-complete partial G-metric space. Let T : X — X be a self-mapping
satisfying the following assertions:

(i) T is an a-admissible mapping with respect to n;
(i) there exists an r € (0,1) such that for all x,y € X with a(x,y) > n(x,Tx), we have
P(Tz,T%x,Ty) < rP(z,Tz,y);
(iii) there exists an xo € X such that a(xo, Txo) > n(xo, Txo);
(Z’U) P(QT,:E,.’E) < P(xvyay) fOT’ all T,y € X;'
(v) if {xn} is a sequence in X such that o(xy, Tp+1) > N(XTp, Tpy1) with x, — x as n — +o00, then either
N(Txn, T?xy) < a(Tn, z) or n(T%x,, T3z,) < a(T?z,, )

holds for all n € N.

Then T has a fized point. Moreover, T has a unique fixed point whenever a(x,y) > n(z,x) for all
x,y € Fix(T).

7. Suzuky type results in partial G-metric spaces
By using a similar proof as in Theorem (and applying Theorem we can deduce the following
Suzuki type result.

Theorem 7.1. Let (X, P) be a (PG)*-complete partial G-metric space such that P(z,z,x) < P(x,y,y) for
allx,y € X. Let T : X — X be a G-continuous self-mapping and let there exist an r € (0,1) such that for
all x,y € X with P(x,Tz,Tz) < P(x,Tx,y), we have

P(Tz, T?z,Ty) < (P(z,Tx,y)).
Then T has a fized point.

By using a similar proof as that in Theorem [6.1| (and applying Theorem we can deduce the following
Suzuki type result.

Theorem 7.2. Let (X, P) be a (PG)*-complete partial G-metric space such that P(z,x,z) < P(x,y,y) for
allz,y € X. Let T : X — X be a self-mapping and let there exist an r € (0,1) such that for all z,y € X
with TIQTP(I’,TI',TCL') < P(z,Tz,y), we have

P(Tx, T%x,Ty) < rP(x,Tz,y).
Then T has a fixed point.



M. Paknazar , M. A. Kutbi, M. Demma, P. Salimi, J. Nonlinear Sci. Appl. 9 (2016), 845-859 859

Acknowledgements:

The second author gratefully acknowledges the support from the Deanship of Scientific Research (DSR)
at King Abdulaziz University (KAU) in Jeddah, Kingdom of Saudi Arabia during this research.

References

[1] M. Abbas, T. Nazir, P. Vetro, Common fized point results for three maps in G-metric spaces, Filomat, 25 (2011),
1-17.0

[2] H. Aydi, W. Shatanawi, C. Vetro, On generalized weak G-contraction mapping in G-metric spaces, Comput.
Math. Appl., 62 (2011), 4223-4229.[T]

[3] F. Moradlou, P. Salimi, P.Vetro, Some new extensions of Edelstein-Suzuki-type fized point theorem to G-metric
and G-cone metric spaces, Acta Math. Sci. Ser. B Engl. Ed., 33 (2013), 1049-1058 [2.4]

[4] Z. Mustafa, A new structure for generalized metric spaces with applications to fized point theory, PhD Thesis, the
University of Newcastle, Australia, (2005).

[5] Z. Mustafa, B. Sims, A new approach to generalized metric spaces, J. Nonlinear Convex Anal., 7 (2006), 289-297.
0 e

[6] R. Saadati, S. M. Vaezpour, P. Vetro, B. E. Rhoades, Fized point theorems in generalized partially ordered
G-metric spaces, Math. Comput. Modelling, 52 (2010), 7977801.

[7] P. Salimi, P. Vetro, A result of Suzuki type in partial G-metric spaces, Acta Math. Sci. Ser. B Engl. Ed., 34
(2014), 274-284.2]

[8] B. Samet, C. Vetro, F. Vetro, From metric spaces to partial metric spaces, Fixed Point Theory Appl., 2013
(2013), 11 pages.[i]

[9] C. Vetro, F. Vetro, Metric or partial metric spaces endowed with a finite number of graphs: a tool to obtain fized

point results, Topology Appl., 164 (2014), 1257137.



	1 Introduction
	2 Preliminaries
	3 Main result
	4 Consequences
	5 Suzuky type results
	6 Some results in partial G-metric spaces
	7 Suzuky type results in partial G-metric spaces

