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Abstract

We consider an inverse problem for quasilinear parabolic equations with type power nonlinearity.
Sufficient conditions on initial data for blow up result are obtained with positive initial energy. Over-
determination condition is given as an integral form. To get the blow up result for considered nonlinear
inverse parabolic equation, we use the concavity of a special positive function. The life span of the solution
is also computed. (©2016 All rights reserved.
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1. Introduction

Inverse problems are the problems that consist of finding an unknown property of an object, or a medium,
from the observation of a response of this object, or medium, to a probing signal. Thus, the theory of inverse
problems yields a theoretical basis for remote sensing and nondestructive evaluation. For example, if an
acoustic plane wave is scattered by an obstacle, and one observes the scattered field far from the obstacle,
or in some exterior region, then the inverse problem is to find the shape and material properties of the
obstacle. Such problems are important in identification of flying objects (airplanes, missiles, etc.), objects
immersed in water (submarines, paces of fish, etc.), and in many other situations.
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In geophysics one sends an acoustic wave from the surface of the earth and collects the scattered field on
the surface for various positions of the source of the field for a fixed frequency, or for several frequencies. The
inverse problem is to find the subsurface inhomogeneities. In technology one measures the eigenfrequencies
of a piece of a material, and the inverse problem is to find a defect in the material, for example, a hole in
a metal. In geophysics the inhomogeneity can be an oil deposit, a cave, a mine. In medicine it may be a
tumor, or some abnormality in a human body.

We now consider the following inverse problem for a quasilinear parabolic equation

u — V. [(k;l v k;2|vu|7”*2)vu)} +h (u, V) — a2 = F(Hw(z),

(
u(z,t) =0,2 € 00, t > 0, (
u(z,0) = up,z € §, (

(

/u(:p,t)w(x)dx: 1,t >0,
Q

where 2 C R, n > 1 is a bounded domain with a sufficiently smooth boundary 9f2. p, k1 and ks are positive
constants and p > m > 2. Also assume that w(z) is a given function satisfying

/wQ(x)dx—l, we H™(Q)N Hy () NLP(Q),m > 2. (1.5)
Q

The inverse problem consists of finding a pair of functions {u (z,t), F (t)} satisfying (1.1)—(1.4) when

/uowdaz =1, ug € HY (Q) N LP (Q) (1.6)
Q

and h (u, Vu) is a continuous function which satisfies the relation
I (u, V)| gK(|u|3+|vu\%) K > 0. (1.7)

Additional information about the solution to the inverse problem is given in the form of the integral over-
determination condition (1.4)). Temperature u(x,t) is averaged by function w over the domain Q [10].
Existence and uniqueness of solutions to inverse problems for parabolic equations are studied by several
authors [4, 5] [7, 8, @]. Asymptotic stability of solutions to such problems are investigated in [2], 9] [10] [11].
Global nonexistence and blow up results for nonlinear parabolic equations are discussed in [I, 3]. But
less is known about inverse problem for nonlinear parabolic equations. Eden and Kalantarov [2] studied the
following problem
u — Au — [ufPu+b(z,t,u,Vu) = F (t)w (x), p > 0.

In this work, we consider blow up results in finite time for solutions to inverse problems for nonlinear
parabolic equation f with weight function w(x). The technique of our proofs is similar to the one
in [1]. In this paper, we use the following notations: [lul| = |[ull1,(q). ull, = ||u|]Lp(Q) where Lo(£2) and
L,(Q) are usual Lebesgue spaces, (u,v) = [, uvdz is the inner product,

1
ab<ea® + —b*, €>0
4e
is a form of the weighted arithmetic—geometric inequality for a,b > 0 and

ab < Ba? + C(q, B)b7

is the Young's inequality with % + % =1,C(g,p) = —1L____ The following lemma is a useful tool for

¢ (qB)7/9
obtaining blow up results for dynamical problems.
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Lemma 1.1 ([6], Lemma 1). Suppose that a positive, twice differentiable function U (t) satisfies, fort >0,
the following inequality

YO Y ()~ (L+7) (@ (6)" = —2Migp () ¢’ () — Moy (8),
where v > 0, My, My > 0. If 1 (0) > 0, ¢’ (0) > —v2y~ 19 (0) and My + My > 0, then ¢ (t) tends to infinity
" (22O 0
2/ MZ+ My \ 2% (0) +~¢'(0) )
where v1 = — M + M12 +vMsy, vo = —M; — \/M12 + v Ms.

t—t <ty <

2. Blow-up Result

Theorem 2.1. Suppose that conditions (1.3|) and (1.4) are satisfied. Let u(z,t), F(t) be a solution to inverse
problem (L.1)—(L.4]). Assume that the following conditions are satisfied

y= l—i-ﬁ—l,ﬁe(o,a),a:W,/\:K;(Z;jgjz(zy(l_—;?) (2.1)
E(0) =~ luoll* = - [Vuol = 2 [ Fugl% + oy > 0 (22)
11420 B(0) = 2OED 2 s (2.3)
where
L e L ) R
2(p—m) o m \ (p—m) (2.4)
(R el vl

Then there exists a finite time t1 such that
ul|* = 400 as t — 7.
Proof For A > 0, we apply the transformation (x,t) = e*v(z,t) in and obtain the equation
v — V. (k1 + k2€’\(m_2)t]VU|m_2)Vv} + v+ e Mh (ektv, e/\th> — AP P2y = N F(Hw(z) (2.5)

with the boundary condition

v(z,t) =0, ze€d, t>0, (2.6)
the initial condition
v (z,0) =ug, x€Q, (2.7)
and the integral over-determination condition
/U (z,t) w(z)dr = e, t>0. (2.8)
Q
Multiplying equation (2.5) by v; in L? (Q), we get the relation
d A o ki 2 | k2 xm—2) m L =2t 0
A e S e N e
koA (m —2 Alp—2
- B D) 2 o+ P+ T A2 oy (29)

+e M (h (e)‘tv, e’“Vv) ,vt) = e PME(1).
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Now, multiplying equation (2.5) by w in L? (2) and using over-determination condition (2.8)), then we obtain

F (t) =k (Vo, Vw) 4 kpe M= (|Vv|m >V, Vw)

(2.10)
+ (h (e)‘tv e/\th) ,w) eMe=1t <|U\p 2v,w>.
Substituting equation (2.10)) into equation (2.9)) we get the relation
d Mkg (M —2) (e m Ap—2) (o
-2 b - 2D gy g fug? AL D
—e M (h (6)‘% e’\th) ,vt) — e M <h (eAtv e)‘th) ,w) (2.11)

— AkgeMm=3)t <\Vv]m_2Vv, Vw) + A P31 (]v\p_zv, w> — Mere ™ (Vo, V),

where

1 _ k‘Q _ )\ k/'l
Et:*A(p 2)t p M2 A(m—2)t m N 2 nh 2'
(1) = e o — 2 Vol - Sl = Vol

Use the property of the function h(eMwv,e?Vwv) given by and then apply the weighted arithmetic—
geometric inequality to the first term on the right-hand side of (2.11)) with a = e*P=2)t/2 Hng/z, b= K |jv],

e =22-m) 4nd g = Am—2)t/2 HVUHm/2 b= K |v|, e = 222=") 1 gt the estimate

4p 4am
e—)\t‘(h <6)\tv ez\tvv> 7vt)‘ S)\(]94; m)e)\(p—Q)tHU||£+ /\k2 Sf)m ) )\(m 2)t ||V’U||
2.12
K (m 4 pha) 2 o
ey (p—m)

We can obtain a similar result for the second term on the right-hand side of 1| with a = eAP=2)t/2 [[v]l2 /2
b=AK ||w|, e = 28" and @ = A2 || G| ™2 b = AK ||w|], e = 2lp=m)

8p am
Ap— Ao (p —
e 2t ‘(h (6/\t1} GMVU) ’w)‘ < (p8 m) 6)\(1’*2)15 Hvug + 2 (8p m) e/\(m72)t vauz
D m
2.13
2AK? (m+pk2)6_2,\t”w”2 (2.13)
ko (p —m) '
Apply Young’s inequality to the third and fourth terms on the right-hand side of (2.11)) with
A(m=2)(m—1) m— 22 )\k: —m
PG b= Moo R [V | e = 222
and (p=2)(p=1) A( )
A(p—2)(p—1)t _1 =2\t p —m
a=c¢e P v[|P7 e w||,, e = ———>
o]l [[wll,, %
to get the estimates, respectively
Mo (p —
Akgerm=3)t ‘(ywm—?w, Vw)‘ A2 =) -2yt V||
sm (2.14)
Mg (8 (m — 1)\ ‘
+ 2<(m)> ™M |V [
m p—m
)\6)\(17 3)t )(‘U|p 2 ’LU)‘ S)‘ (p8_ m) e/\(p—2)t HUH£
P (2.15)

A(8(p—1)\"!
2 (B e .

P\ p—m
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The last term on the right-hand side of (2.11]) can be estimated by weighted arithmetic—geometric inequality
with a = ||Vo|, b = Mkje ™ | Vuw|, e = Maledm=a)

_ Mk (p+m —4) Ak1 _
At ! 2 2Xt 2 ‘
Akre™ M |(Vo, V)| < 1 |Vol|” + pro— 1€ [|[Vw]| (2.16)
Substituting (2.12))(2.16) into equation (2.11)), we get
d A A2
T2 wtm B0+ otm—1) ol
k1 9 K2 (m +pk2) ) o (217)
4 R ) — Dye”
# 5 a7l o+ {1 S ppeay,
where
IAKZ (m + pks) AkQ 8(m—1)\"" .
Do = — lwl* + == ( ——+ VWil
k2 (p —m) p
A(8(p—1)\"" k1
ol Hw||§+7_||vw||2'
p\ p—m p+m—4
Using ([2.1)), we rewrite the inequality (2.17) as follows
d A A2
TB0) 22 m B0+ 5 otm—a) ol
Ak 148 (2.18)
+ 2 @b = ) [90l*+ (T00 ) Jul? = Doe

Since p + m — 4 > 0, the second and third terms on the right-hand side of ([2.18]) can be omitted to get the

inequality
d

E® 2

;\ (p+m—4)E(t)+ (1 +5) |ve||> = Doe™ 2. (2.19)

Solving the differential inequality 1) with the estimation 1 — e~ P+t by 1, we get
) ¢
E(t) > (E(0) — Dy)e2@tm=2t 4 ( + 5) / ||vr||*dr, (2.20)
0

where D; = It is easy to see that

2Dg
Alp+m)*
E(t) > 2B (0) — Dy) > E (0) - Dy

by assumption (2.4). Thus we obtain a lower bound for E(t):
1
E(t)2< +B)/Hvrll dr + E(0) — Dy. (2.21)

Multiplying the equation (2.5) by v in L? (€2) and using (2.10)), we get
(m—2)t AP=2)t ||o||P
2dtllvl\ + Ao + k1 [ Vol® + ke IVl —e ol
e M (h (e)‘tv e’\tVU> ,v) + koMM (W02 V0, V) + e 2N (h (e’\tv, e’\th) ,w) (2.22)

P3N (]v|p %, w> + ke M (Vo, V).



9. Giir, M. Yaman, Y. Yilmaz, J. Nonlinear Sci. Appl. 9 (2016), 1902-1910 1907

Recall condition ([1.7)) and apply the weighted arithmetic—geometric inequality to the first term on
AMp=2)

the right-hand side of the equation (2.22) with a = e~ 2 tHUH£/2, b = K|v|, e = B2 and a =

4p
(m—2)
e IVv Hm/2 b=K|v|,e= kQ( ™) to get the estimate

6—>\t ’(h (6 2 6’\th> )‘ Sp ; me)\(p—2)t ||,UH11; + ko (Zn_z m) ek(m—Q)t ||V’UH%
p
2.23
K? (m +pk2) 22)
ks (p—m)

(r—2)
We can find a similar result for the third term on the right-hand side of (2.22)) with a = e T ||UH£/27

—2)

b:KHwH,E:g—;”anda:e V||V b = K ||, e = Rl

8m

ko (0 —
o2 ‘(h (eAtv e’“Vv) ,w)‘ Su A(p—2)t ||UHP + M@(md)t |||

2K?2 (m + pk
+ (m+p 2)6_2/\t‘|w||2-
ka (p —m)

Apply Young’s inequality to the second and fourth terms on the right-hand side of equation (2.22) with

(2.24)

m—2)(m— A(p—2)(p—1) —2)
o= TV b = ke w |Vl e = 2O anda =€ 0 o2 b= e r ],
€= (p ™) 4o get the estimates, respectively,
ko (p —
k26>\(m—3)t ‘(|Vv|m*2Vv, Vw)‘ < 2 (]; m) 6)\(m—2)t ||VUH%
k:gm 8(m—1) m-1 (2.25)
&= M
m\ (p—m)
A p—3)t ‘ (|v|p72v w)‘ <P 7 Ap-2)t ||UHP
) - 8p
_ 2.26
LS\ o (220)
+ = e Hw||p.
p\ (p—m)
The last term on the right-hand side of equation (2.22)) can be estimated by using the weighted arithmetic—
geometric inequality with a = ||Vo||, b = kie™ |Vw]|, e = W
k —4 k
kie M |(Vo, Vw)| < %HW}HQ + Iﬁe_w”vw‘ﬁ (2.27)
Substitute estimates (2.23)—(2.27)) into (2.22), we obtain the following differential inequality
1102 Zp + me)\(p—Q)t H,U”p . kQ(p + m) e)\(m—2)t ”VUHm
2dt 2p 2m m
K( + ph) L (p+m) (2.28)
m + pr2 pT—m 2 _
- {/\ } o] 7IIWH — Doe™ X,
ko (p—m) 4

where

2K?2 (m + pk ko /(8(m —1)\™ !
Dy <2 e B (S DN
ko (p —m) m\ p—m

1/8p—-D\""" ., k1 2
(e S —\ VTS
—|—p< p—m) Hw||p+p+m_4|| wl|
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Rewrite inequality (2.28]) as follows

p+m Ap+m—4) K (m+ pks) —2nt
E(t — - D . 2.29
Sl 2 1)+ |12 ol ol = D (229)
Since —Dye 2 > —Dy and p +m — 4 > 0, we can write (2.29) as
p+m K2 (m+pks), 9
—F () ——= — Ds. 2.30
ool > e LI (2:30)
Substituting the estimate (2.21)) and p +m = 4(1 + 2«) into (2.30]), we obtain
1 d 1 /
+
Gl =204 20) (1223 [orffar
Q@
0 (2.31)
K (m + pkg)
2(1+2 E0)—Dy)— Dy — —————= .
+2(1+20) (B (0) = Dy) = Dy = =
Since A\ > %, by assumption |D then it follows from (|2.31
p t
1+
—|Jol* > 4 (1 + 2a) 1+5 / or|[?dT — 2\[|v]|* + 4 (1 + 2a) E (0) — Dj, (2.32)
dt 1+«
0
where D3 =4 (1 + 2a) Dy + 2D5.
Now let us introduce the positive function
= [oli?ar + co, (2.33)
0

where Cj is a positive constant that will be chosen later. The first and second derivatives of (2.33)) are given
by

t

W0 = ol =2 [ o) dr + ol (234)
0
" d 2
v ) = Sl (2:35)

Apply the Cauchy—Schwarz inequality and the weighted arithmetic—geometric inequality to get an upper
bound for 1" ():

v,v;) dT + *||u0H

[W/ ()] =4

t
o/
2
t
<4 / Jolfar / Jorldr + 3 ol (230
0
1 1
<4|(1+4e) / Jvl%dr / forar | 45 (152 o)
4 4e
0 0
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Recalling the relations (2.33)—(2.36)), we can estimate the term 1" — (1 + ) ()%
t
00" = () () 240+ 8) | [ lerlar | 6+ [+ m) B (0) = Do) = 27 o]
0

t t
2.37
—4u+v><1+%>l/mw%7 /Hme- (2:37)
0 0

- ) (14 2 ) ol

It also should be noted that, since 8 (and so «y) can be neglected, e > 0 can be taken in this way followed
by assumption max {1 +4e,1+ 4—15} = F—ﬁ

By assumption ([2.1)) and inequality (2.37)), we get the estimation
2
Y = (L+7) ()" = =2X0" + ((p+ m) E (0) = D3) Co — (1 +7)*|luo "
Now Lemma [I.] can be applied if

(L+7)°

= TmEQ) _Ds

lJuo||*. (2.38)

3. Conclusion

We get the relation 91" — (14 7) ()* > =2\, with My = A, My = 0, 41 = 0, 72 = —2X. The
conditions of Lemma 1, positivity of 1(0) and the condition ¢’ (0) > —~27 14 (0) are satisfied by the
constant (2.38) and the assumption (2.3)) respectively. Thus solutions to the inverse problem for nonlinear

parabolic equation ((1.1)—(1.4)) blow up as

st < Sin V((p+m) E(0) — Ds) S
2Ay((p+m) E(0) — Ds) = 2A(1 + 7)ol

As a result, we find conditions on data, guaranteeing global nonexistence of solution to an inverse source
problem for a class of nonlinear parabolic equations.
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