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Abstract

We introduce a new iterative algorithm for finding a common element of the solution set of the variational
inequality problem for a continuous monotone mapping, the zero point set of a maximal monotone operator,
and the fixed point set of a continuous pseudocontractive mapping in a Hilbert space. Then we establish
strong convergence of the sequence generated by the proposed algorithm to a common point of three sets,
which is a solution of a certain variational inequality. Further, we find the minimum-norm element in
common set of three sets. As applications, we consider iterative algorithms for the equilibrium problem
coupled with fixed point problem. (©)2016 All rights reserved.
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1. Introduction

In the real world, many nonlinear problems arising in applied areas are mathematically modeled as
nonlinear operator equations and the operator is decomposed as the sum of two nonlinear operators. The
nonlinear operator equations can be reduced to the monotone inclusion problems or fixed point problems
for nonlinear operators. As the most popular techniques for solving the nonlinear operator equations, many
authors formulated the nonlinear operator equations as finding a zero of the sum of two nonlinear operators
or as finding a fixed point of a nonlinear mapping.

Let H be a real Hilbert space with the inner product (-,-), and let C' be a nonempty closed convex
subset of H. For the mapping 7' : C — C, we denote the fixed point set of 7" by Fiz(T), that is,
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Fiz(T)={z e C : Tz = z}.

Let F: C — 2" be a maximal monotone operator. Many problems can be formulated as finding a zero
of a maximal monotone operator F' in a Hilbert space H, that is, a solution of the inclusion problem 0 € F'z.
(A typical example is to find a minimizer of a convex functional.) A classical method for solving the problem
is proximal point algorithm, proposed by Martinet [20, 21] and generalized by Rockafellar [27, 28]. In the
case of FF = A+ B, where A and B are monotone operators, the problem is reduced to as follows:

find z € C such that 0 € (A + B)z. (1.1)

The solution set of the problem is denoted by (A+B)~10. As we know, the problem is very general
in the sense that it includes, as special cases, convexly constrained linear inverse problem, split feasibility
problem, convexly constrained minimization problem, fixed point problems, variational inequalities, Nash
equilibrium problem in noncooperative games, and others; see, for instance, [2, 8, 12} 17, 22 24] 25] and the
references therein.
Let A be a nonlinear mapping of C' into H. The variational inequality problem is to find a u € C such
that
(v—u,Au) >0, YveC. (1.2)

This problem is called Hartmann-Stampacchia variational inequality (see [13] [31]). We denote the set
of solutions of the variational inequality problem by VI(C,A). Also variational inequality theory
has emerged as an important tool in studying a wide class of numerous problem in physics, optimization,
variational inequalities, minimax problem, Nash equilibrium problem in noncooperative games and others;
see, for instance, [4, [6], 18, 19, [40] and the references therein.

Recently, in order to study the monotone inclusion problem coupled with fixed point problem for
the nonlinear mapping 7', many authors have introduced some iterative methods for finding an element of
Fiz(T)N(A+B)~'0, where A is an a-inverse-strongly monotone mapping of C into H, and B is a set-valued
maximal monotone operator on H. For instance, in case that T is a nonexpansive mapping of C' into itself,
see [35], 37, [42], [45] and the references therein, and in case that 7" is a k-strictly pseudocontractive mapping
of C into itself, see [16]. For a Lipschitzian pseudocontractive mapping T of C' into itself, refer to [30].

Many researchers have also invented some iterative methods for finding an element of VI(C, A)NFix(T),
where A and T are nonlinear mappings. For instance, in case that A is an a-inverse-strongly monotone
mapping of C into H and T is a nonexpansive mapping of C' into itself, see [9], 14l 15| 23| B2, 36] and the
references therein, and in case that A is a continuous monotone mapping of C into H and T is a continuous
pseudocontractive mapping of C' into itself, see [7] [38] [44].

In this paper, as a continuation of study in this direction, we introduce a new iterative algorithm for
finding a common element of the set Fiz(T') of fixed points of a continuous pseudocontractive mapping 7',
the solution set VI(C, A) of the variational inequality problem , where A is a continuous monotone
mapping, and the set B~'0 of zero points of B, where B is a multi-valued maximal monotone operator
on H. Then we establish strong convergence of the sequence generated by the proposed algorithm to a
common point of three sets, which is a solution of a certain variational inequality, where the constrained set
is Fiz(T)NVI(C, A)YNB~10. As a direct consequence, we find the unique minimum-norm element of Fiiz(7T)N
VI(C,A) N B~'0. Moreover, as applications, we consider iterative algorithms for the equilibrium problem
coupled with fixed point problem of continuous pseudocontractive mappings. Our results extend, improve
and unify most of the results that have been proven for these important classes of nonlinear mappings.

2. Preliminaries and lemmas

In the following, we write z,, — x to indicate that the sequence {z,} converges weakly to x. =, — =
implies that {x,} converges strongly to x.

Let H be a real Hilbert space with the inner product (-,-) and the induced norm || - ||, and let C be a
nonempty closed convex subset of H. A mapping A of C into H is called monotone if

(x —y, Az — Ay) >0, Vzx, yeC.
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A mapping A of C into H is called a-inverse-strongly monotone (see [14], [19]) if there exists a positive real
number « such that
<I’—y,A£C—Ay> ZO&HAJZ—A@]HQ, VJ?, yGC-
Clearly, the class of monotone mappings includes the class of a-inverse-strongly monotone mappings.
A mapping T of C into H is said to be pseudocontractive if

1Tz = Tyll* < |l =yl + (I = T)a = (I = Dyl*, ¥z, y€C,
and T is said to be k-strictly pseudocontractive (see [5]) if there exists a constant k € [0,1) such that
Tz = Ty|* < |lz = ylI* + k(I = T)z — (I = T)yl*, vz, y€C,

where [ is the identity mapping. Note that the class of k-strictly pseudocontractive mappings includes the
class of nonexpansive mappings as a subclass. That is, T is nonezpansive (i.e., [Tz — Ty|| < ||z — y||,
Va, y € C) if and only if T is O-strictly pseudocontractive. Clearly, the class of pseudocontractive mappings
includes the class of strictly pseudocontractive mappings and the class of nonexpansive mappings as a
subclass. Moreover, this inclusion is strict due to an example in [I0] (see, also Example 5.7.1 and Example
5.7.2 in [I]).

A mapping G : C' — C is said to be k-Lipschitzian and n-strongly monotone with constants x > 0 and
n >0 if

|Gz — Gy|| < klle—yl| and (Gz — Gy, x —y) > nllz—y|*, Va, yeC,

respectively. A mapping V : C' — C' is said to be [-Lipschitzian with a constant [ > 0 if
Ve = Vyl| <z —yl, Vo, yel.

Let B be a mapping of H into 2. The effective domain of B is denoted by dom(B), that is, dom(B) =
{z € H: Bz # (}. A multi-valued mapping B is said to be a monotone operator on H if (x —y,u —v) >0
for all z, y € dom(B), u € Bz, and v € By. A monotone operator B on H is said to be maximal if its graph
is not properly contained in the graph of any other monotone operator on H. For a maximal monotone
operator B on H and r > 0, we may define a single-valued operator JZ = (I +rB)~! : H — dom(B), which
is called the resolvent of B. Let B be a maximal monotone operator on H and let B~'0 = {x € H : 0 € Bx}.
It is well-known that B~10 = Fiz(JP) for all r > 0 is closed and convex ([3]), and the resolvent JZ is firmly

nonexpansive, that is,
”Jer_Jf;yHQS <:[;—y’JTBx—JTBy>’ Va, yEHa (21)

and that the resolvent identity
fo::@?<§x+-<y—i)fo> (2.2)
holds for all A, >0 and z € H.
In a real Hilbert space H, the following hold:
lz =yl = llz[* + Iyll* — 2(z, ), (2.3)

and
oz + Byl|* = allz]|” + Bllyl* — aBllz — ylI* < allz|* + By, (2.4)

for all x, y € H and o, 8 € (0,1) with « + 8 = 1. For every point € H, there exists a unique nearest
point in C', denoted by Pox, such that

[ = Pox|| = nf{[lz — y|| : y € C}.

Po is called the metric projection of H onto C. It is well known that Pgo is nonexpansive and Pg is
characterized by the property

u=Poxr <= (r —u,u—y) >0, VreH, yeC. (2.5)

We need the following lemmas for the proof of our main results.
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Lemma 2.1 ([I]). In a real Hilbert space H, the following inequality holds:
lz +yl? < l|lz[* + 2y, +y), Vo, y e H.

Lemma 2.2 ([33]). Let {z,} and {z,} be bounded sequences in a real Banach space E, and let {v,} be a
sequence in [0, 1] which satisfies the following condition:

0 < liminf~, <limsup~y, < 1.
n—oo

n—oo

Suppose that Tp41 = YTy + (1 —n)zn for alln > 1 and
lim sup(|[zn11 — 2n|l — [Tn41 — 2al]) < 0.
n—oo

Then limy, 0 ||2n, — xp|| = 0.
Lemma 2.3 ([39]). Let {s,} be a sequence of nonnegative real numbers satisfying
Sn+1 S (1 - gn)sn + §n5n7 Vn Z 17

where {€} and {0, } satisfy the following conditions:

(i) Hmsup, o0 0n <0 or > 07 &nldn| < c0.
Then lim,,_yo0 Sp, = 0.
The following lemmas are Lemma 2.3 and Lemma 2.4 of Zegeye [43], respectively.

Lemma 2.4 ([43]). Let C be a closed convex subset of a real Hilbert space H. Let A : C'— H be a continuous
monotone mapping. Then, for r > 0 and x € H, there exists z € C' such that

1
(y—z,Az>+;<y—z,z—x>20, Vy e C.

Forr >0 and x € H, define A, : H— C by
1
Ara;:{zEC:<y—z,Az)+T<y—z,z—x>20, VyEC}.

Then the following hold:

(i) A, is single-valued;
(ii) A, is firmly nonexpansive, that is,

”Arx - A'r'y||2 S <$ - ?/,Arﬂf - A’r‘y>7 \V/SC, Yy € H’

(iii) Fiz(A,) =VI(C,A);
(iv) VI(C, A) is a closed convex subset of C.

Lemma 2.5 ([43]). Let C be a closed convex subset of a real Hilbert space H. Let T : C' — H be a continuous
pseudocontractive mapping. Then, for r > 0 and x € H, there exists z € C such that

1
(y—z,Tz)—;(y—z,(ler)z—@§O, Yy e C.
Forr>0andxz € H, defineT,.: H— C by
1
T,az:{zGC’:(yz,Tz)r(yz,(1+r)z:z>§0, VyGC'}.

Then the following hold:
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(i) T, is single-valued,
(ii) T, is firmly nonexpansive, that is,

| Tvx — Toyl|* < (& —y, Trx — Try), Va, y € H,;

(ifi) Fiz(T,) = Fia(T);
(iv) Fiz(T) is a closed convex subset of C.

The following lemmas can be easily proven (see [40]), and therefore, we omit their proof.

Lemma 2.6. Let H be a real Hilbert space. Let V : H — H be an l-Lipschitzian mapping with a constant
1 >0, and let G : H — H be a k-Lipschitzian and n-strongly monotone mapping with constants xk, n > 0.
Then for 0 < vl < un,

(UG = WV)& = (uG = AV )y, —y) > (un — )|z = y|*, Vz, yeC.
That is, uG — vV is strongly monotone with constant un — yl.

Lemma 2.7. Let H be a real Hilbert space H. Let G : H — H be a k-Lipschitzian and n-strongly monotone
operator with constants Kk >0 and n > 0. Let 0 < pu < 20 and 0 < t < E<1. Then &I —tuG: H — H s a

K

contractive mapping with a constant §& —tT, where 1 =1 — \/1 — 1(2n — pK?).

Lemma 2.8. Let C be a closed convex subset of a real Hilbert space H. Let A : C — H be a nonlinear
mapping, and let B : dom(B) C C — 2% be a mazimal monotone operator. Then VI(C,A) N B~10 is a
subset of (A + B)™10

Proof. Let z € VI(C, A) N B~'0. Then we have, for v € Bu,
(u—2z,Az) >0 and (z —u,—v) > 0.
Thus, we derive
(z—u,—Az —v) = (u—z,Az) + (z — u,—v) > 0.
Since B is maximal monotone, —Az € Bz, that is, z € (A + B)~10. O

3. Iterative algorithms

Throughout the rest of this paper, we always assume the following:

e H is a real Hilbert space with the inner product (-,-) and the induced norm || - ||;

e ( is a nonempty closed subspace of H;

e B: H — 2 is a maximal monotone operator with dom(B) C C;

e B710 is the set of zero points of B, that is, B~10={z € H : 0 € Bz};

e JB : H — dom(B) is the resolvent of B for r, € (0,00);

e G:(C — (Cis a k-Lipschitzian and n-strongly monotone mapping with constants s, n > 0;
e V :(C — (C is a [-Lipschitzian mapping with constant { > 0;
[ ]
[ ]
[ ]
[
[ ]

Constants g > 0 and v > 0 satisfy 0 < p < i—’g and 0 <4l < 7, where 7 = 1 — /1 — pu(2n — pk?);
A : C — H is a continuous monotone mapping;

VI(C, A) is the solution set of the variational inequality problem for A;

T : C — C is a continuous pseudocontractive mapping with Fiz(T) # ();

Ay, : H — C is a mapping defined by

Tn

1
wa:{zeC:(y—z,A@—i—(y—z,z—x)ZO, VyeC}

for x € H and 1, € (0,00);
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e T, :H — C is a mapping defined by

1
T, x= {2 eC:(Tzyy—2z)——(y—z,1+mr)z—2) <0, Vye C}
T'n

for x € H and r, € (0,00);
e Fiz(T)NVI(C,A)NB~10 # 0.
By Lemma and Lemma we note that A, and 7, are nonexpansive, VI(C,A) = Fix(A4,,) and
Fix(T,)) = Fix(T).
Now, we propose a new iterative algorithm for finding a common element of Fix(T)NVI(C, A)n B~0,

where T is a continuous pseudocontractive mapping, A is a continuous monotone mapping, and B is a
multi-valued maximal monotone operator on H.

Algorithm 3.1. For an arbitrarily chosen z; € C, let the iterative sequence {z,} be generated by

(3.1)

Yn = YV, + (1 - Oén,LLG)LBn,
Tpt1 = PnTn + (1 - /Bn)TrnJgArnym Vn > 1,

where {a,} and {3,} are two sequences in (0, 1), and {r,} C (0, c0).

Theorem 3.2. Suppose that Fiz(T)NVI(C,A)NB~10 # 0. Let the sequence {x,} be generated iteratively
by algorithm (3.1)). Let {on}, {8} C (0,1) and {r,} C (0,00) satisfy the following conditions:

(C1) limy—00 aty = 0;

(C2) > _pZy an = 0o;

(C3) 0 < liminf, o fn < limsup,, o fn < 1;

(C4) 0<a<r, <oo andlim, e |[rpt1 — | = 0.

Then {x,} converge strongly to a point g € Fixz(T)NVI(C, A) N B~10, which is the unique solution of the
following variational inequality:

(WV — u@)q,q —p) >0, Vpe Fiz(T)NVIC,A)nB0. (3.2)

Proof. First, let Q = Py, where Q := Fiz(T)NVI(C,A) N B~'0. Then, by Lemma (iv), Lemma
(iv), Pq is well-defined. Also, it is easy to show that Q(I — uG +~V) : C — C' is a contractive mapping
with a constant 1 — (7 — vl). In fact, from Lemma [2.7| we have

QU — pG +4V)z = QU — pG +AV)yll < [[(I = pG +V)x — (I — uG +4V)y||

(I = pG)x — (I = pGyll +~[[Va = Vy||

1=7)llz =yl + vz -yl

1= (= D)l v

for any x, y € C. So, Q(I — uG + V) is a contractive mapping with a constant 1 — (7 — «l) < 1. Thus,
by Banach contraction principle, there exists a unique element ¢ € C such that ¢ = Po(I — pG + vV)q.
Equivalently, ¢ is a solution of the variational inequality (3.2)) (see (2.5))). We can show easily the uniqueness
of a solution of the variational inequality (3.2). Indeed, noting that 0 < vl < 7 and un > 7 <= kK > 7, it
follows from Lemma [2.6] that

(G = AV)z — (UG — AV )y, z — y) > (un — A1)z — y|*.

That is, uG — vV is strongly monotone for 0 < vl < 7 < un. Hence the variational inequality (3.2) has
only one solution. Below we will use ¢ € Fiz(T) N VI(C,A) N B0 to denote the unique solution of the

variational inequality (3.2]).
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From now on, by conditions (C1) and (C3), without loss of generality, we assume that a, (1—03,)(T—71) <
1 for n > 1. And we put wy, := Ay, Yn, Up = ngn (= JﬁArnyn), and z, =T, u, (= TranLwn).

We divide the proof into several steps.

Step 1. We show that {z,} is bounded. To this end, let p € Fiz(T) N VI(C,A) N B~10. It is obvious
that p = JELArnp, p="T, JBA, p,and T, p = p. From Lemma we obtain

TnYrp

lyn — pll = lan(YWzn — uG)p + (I — anpG)z, — (I — anpuG)p||
< (1 —an7)l|zn —pll + anyIVEn — Vpll + anlvVp — uGp|
< (1 = an7)l|zn — pll + anyl|lzn — pll + anllvVp — pGol| (3-3)

7Vp — uGpl|

= (1= (r =1Dan)llen = pl + (7 = 7)) =—— ol

Thus, since T}, JZ A, is nonexpansive (by Lemma and Lemma, from (3.3]) we deduce

™n 1y

[Znt1 = pll < Ballen = pll + (1 = B Tr, J}2 Aryn — pl|
§ /Bonn _pH + (1 - /Bn)”yn _p”

Vp— uG
< Bullen = pll + (1= 60)| (1= (7 = 2Dl = o + = V2=
Vp— uG
= (1= (1= Bn)an(r = yD))[l2n = pll + (1 = Bn)on(r — ”DW
< maX{Hxn—p”,M}-
T—7l

Using an induction, we have

| |7Vp — pGp| }

ln — p] < max{rr:m )
T—7l

Hence, {z,} is bounded. Also, {yn}, {Va,}, {Gz,}, {wn} = {4, yn}, {un} = {ngn} and {z,} = {T,, un}
are bounded. And, from (3.1) and condition (C1) it follows that

lyn — xnl| = an|lYVan, — uGzypl| — 0 as n — oc. (3.4)
Step 2. We show that lim,,_,c ||Zn+1 — || = 0. For this purpose, first, we notice
||yn - yn71|| = HOénVVCUn - (I - O‘n#G)l'n - anfl'YVl‘nfl - (I - O‘nflﬂG)xnfln
< [(an — an—1)(VWan-1 — pGrp_1)|| + an[|[Vn — V1|
1T = anpuG)n — (I — G
< lan — ana|(Y[[Vap-1| + pl|Gon-1l]) + anyll|zn — 2n-1]
+ (1 — Tan)||xn — zp-1]|

= (1= (r = vDan)||zn — 1l + |n — an—1|M,

where M; > 0 is an appropriate constant. Let w, = A,, vy, and w,_1 = A, _,yn—1 again. Then we get

1
<y - wnaAwn> + 7<y — Wn, Wn — yn> >0, Vel (3'6)

Tn

and

<y — Wp-—1, A’an,1> + (y — Wp—1,Wn-1 — yn71> >0, VyecC. (37)

Tn—1
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Putting y := wy,—1 in (3.6 and y := w, in (3.7)), we obtain

<wn—1 — Wp, Awn> + 7<wn—1 — Wn, Wn, — yn> >0,
n

and

<wn — Wp—1, Awn71> + <wn — Wp—1,Wn—-1 — yn71> > 0.

Adding up (3.8) and (3.9), we deduce

Tn—1

Wn — Yn _ Wp—1 — yn—1>

T'n Tn—1

> 0.

_<wn — Wy—1, Aw, — Awn—1> + <wn—1 — Wp,
Since F' is monotone, we get

>0

— )

Wn — Yn  Wn-1— yn—1>

<wn—1 — Wnp,
Tn Tn—1

and hence
Tn—1

<wn — Wp—1,Wp—1 — Wy + Wy — Yn—1 — (wn - yn)> > 0.

Tn
From (3.10) we derive

Tn—1
Tn

Tr—
= <wn_wn71ayn_ynfl+ <1_ - 1>(wn_yn)>

Tn

||wn - wn—lH2 S <wn — Wp—1,Wn — Yn + Yn — Yn—1 — (wn - yn)>

1
<l = waeall I = st + 21 = el = 3l

This implies that

1
lwn — wn1ll < lyn — yn-all + 5’7"71 — rn—1|[|[wn — Yal|-

Moreover, from the resolvent identity (2.2]) and (3.11)) we induce

n Tn

B B B Tn—1 "n—1\ ;B B
19800 = I8 wnall = 178, (Pt (122 B0, ) = 7w

T'n—1 Tn—1
<17 = w0 + (1= 22 0 = v
n n

<l = el + = e (122 .

Substituting (3.5)) into (3.12)), we derive
ngwn - Jg_lwn—lu < (= =vDan)llzn — zp-al + [an — an—1[ My + |rn — 1o, [ Mo,

where M, > 0 is an appropriate constant.
On the other hand, since z, = Tranlwn and z,, |, = Trn_ngwn,l, we have

1
<y - ZnaTzn> - 7<y — Zn; (1 + Tn)zn - ngwn> <0, Vyed,

Tn

|wn — yn|| + ||JrEiwn - wn”)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)
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and
(y — zn—1,Tzpn—1) — o (y—2zn—1,(L4+rp_1)2n_1 — J,],i_lwn_ﬁ <0, VyeC. (3.15)
e
Putting y := 2,1 in (3.14) and y := 2, in (3.15)), we get
1
(zn—1— 2n, Tzn) — T—(zn_l — 2, (L +10) 20 — JEwy) <0, (3.16)
n
and
(zn — 2n—1,T2n—1) — — (zn — 2n-1, 1+ 1p-1)2n—1 — thlwn,ﬁ <0. (3.17)
_
Adding up (3.16)) and (3.17)), we obtain
14 7)2n — JBw 14 7p-1)2n-1—JE w,_
(zn-1—2n, Tz — Tzp—1) — (Zn—1 — 2n, ( n)Zn In T ( n=1)2n-1 ot 1) <0. (3.18)
T'n Tn—1
Using the fact that T' is pseudocontractive, we have by ([3.18|)
- JB Zn1— JB w,_
<Zn—1 — Zn, o ran -z ! Tt B 1> > 07
Tn Tn—1
and hence ,
<Zn71 — Zns&n — Zn—1 1 Zn—1 — ngn - . nl (anl - Jﬁflwnfln > 0. (319)
e
From (3.19) we deduce
r
”Zn - Zn71||2 < <Zn71 — Zn, Jfklwnfl - Jfbwn + (1 - , n1>(2n1 - Jfklwnfln
e
B B rn — rn—1] B
< lzn—1 = znll| /7, _ wn—1 — Jp, wal| + Tuzn—l = Jp_ wn—1]] ).
Thus we obtain
B B Irn — rp—1] B
l2n — zn—1ll < |5y wn—1 = Iy wn|| + ————lzn—1 — J;,_ wn—]|- (3.20)
Substituting (3.13]) into (3.20) yields
[2n = 2n—1ll < (1 = (7 = YD) aw)||zn — Tn-1l| + lan — an—1|Mi1 + |rn — o1 M>
Trn — Tn—
+ ‘ n an 1’||Zn71 _ Jﬁ,lwnle (321)
< Hxn - xn—l” + ‘Oln - an—l’Ml + ’rn - Tn—1|(M2 + M3)7
where M3 > 0 is an appropriate constant. In view of conditions (C1) and (C4), we find from (3.21)
limsup(||zn — 2n—1|| = [[zn — zn—1| < 0.
n—oo
Thus, by Lemma [2.2] we have
lim ||z, — z,| = 0. (3.22)
n—oo

Since Tpy1 — Tn = (1 — Bn)(2n — ), by (3.22)) and condition (3), we conclude

nh_fgo [#n41 — @all = 0.
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Step 3. We show that lim,, oo ||y —wy || = 0, where w, = A, yn. To show this, let p € Fiz(T)NVI(C, A)N
B~10. Then, since p = A,, p, we deduce

[|wn _pH2 = | Ay, yn — Arnp||2
S <wn — D, Yn _p>

1
= 5 (lyn = pI* + llwn = plI* = llym = wnl®),

and hence

[wn = pII* < lyn = 2I* = lyn — wall*-
Thus we have
T, T 5 wn = plI? < llwn = plI* < lyn = plI* = lyn — wall*.

Tn“rp

This implies

lyn —wall® < llyn = pII* = 15, I wn — o]
S (”yn _p” + HTrnJﬁwn _pH

)(Hyn _pH - ”Trn‘]rgwn _pH)
< (lyn = pll + 1 T7, JE w0 = pl])]

)

)

|Yn — TrnJELwnH

< (lyn =2l + T T wn = 2D (1 — zall + |z — T, I wal])

In — T 1
= (lyn — pll + 1T, B wn — p) Nl — 20|l + ||nn+|>
1- 571
Hence, by (3.4), condition (C3) and Step 2, we obtain
n—oo

Step 4. We show that lim, o [|JZ wy, — yn|| = 0. To this end, let p € Fiz(T) N VI(C,A) N B~10. First,

by (3.3]), we observe
lyn —pll < (1 = (7 = YD) aw)ln — pl| + anllvVp — pGpl|

< llan = pll + anllyVp = nGpl.
Then, since JZ is firmly nonexpansive (see (2.1))) and JZp = p, we derive from (2.3)

(3.23)

175 wn = pl* < (T wn — p,wn = p)
1
< S (5w = pI* + flwn = pII* = 1(J wn = p) = (wn = p)II*)

1
S U wn = pl* + [lyn = PI” = 177 w0 =y + 90 — wal|?)

1
5(\|Jﬁwn = pl* + [lwn = pl* = 175 w0 = ynll* = lyn — wall® + 20175 w00 = yullllyn — wal)),

IN

and so
[ JE wn = pl|* < [Jwn — plI> = [ T7 wn = ynll® = llyn — wnll + 2077 wn — ynlllyn — wnl]
< Jwn = plI* = 12w — ynll> + 20177 wn — ynllllyn — wnl] (3.24)
S Hyn _p”2 - ”Jflwn - ynH2 + 2“1]5?1}71 - yn”Hyn - wn”
Thus, by (3.1)), (3.23) and (3.24]), we obtain

[Zn+1 — plI* < Ballzn — plI* + (1 = BT, I wy — p?
< Bullzn — plI> + (1 = Bu)||JE wy, — pl|?
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< Bn”xn _pH2 + (1 — Bn)(”yn _pH2 - ’ Jr]iwn - ynH2 + QHJELwn - ynHHyn - wnH)

< Ballzn = plI> + (1 = Ba)(llzn — plI* + 2anl|lzn — pllIVVD — nGpll + @i IvVp — pGpl)?)
— (1= B)ITE wn = ynll® + 2175 wn =yl |y — whl]

< lzn = plI* + an(llzn — plIVVD = uGpll + anllyVp — uGpl1?)
— (1= B IE wn = ynll® + 2175 wn — ynllyn — wall.

This implies

(1= BT wn = ynll? < lon — plI” = l2ner — plI* + anllzn — pllVVp — uGpl| + anlvVp — uGpl|?)
+ 2|y — wy| ||Jr]iwn — Ynl|
< ([len —pll + ll2n+1 — plDllzn — Znsa || + anMs + |lyn — wnl| Mg,

where M5 > 0 and Mg > 0 are appropriate constants. Thus, by conditions (C1), (C3), Step 2 and Step 3,
we have

lim [|J2 w, — yu|| = 0.
n—oo

Step 5. We show that
lim sup((vV — pG)q, yn — q) <0,

n—0o0

where q € Fiz(T)NVI(C, A)N B0 is the unique solution of the variational inequality (3.2)). To show this,
we can choose a subsequence {y,,} of {y,} such that

i (V' = pG) g, yn, — q) = limsup((YV = pG)q, yn — q)-
1—00 n—oo
Since {yn,} is bounded, there exists a subsequence {ynij} of {yn,} which converges weakly to some point z.
Without loss of generality, we can assume that y,, — z.
Now, we prove z € Fiz(T) N VI(C,A) N B~10. First, we show that z € Fiz(T). Put z, = T,,, JE w,
again. Then, by Lemma we have

1
(Y= 20, T2n) — — (Y — 20, (L +10) 20 — JEw,) <0, VyeC. (3.25)
T'n

Put w; = tv+ (1 —t)z for t € (0,1] and v € C. Then w; € C, and from (3.25)) and pseudocontractivity of T
it follows that

1
(zn — wi, Twy) > (zp, — wy, Twy) + (wp — 2, T2) — — (W — 2, (1 4+ 10) 20 — JBwn>

Tn

Tn
= — (Wt — 2, Twy — Tzn) — — (Wi — 2, 20 — J — 15 wn) — (wr — 25, 23)
Tn
- N (3.26)
> = flwg =z ||” - 7<wt — Rn;Rn — Jrnwn> — (Wt — zn, 2n)
n
20 — JEw
= — (wy — zn, W) — (W — 2zn, %)
n

Since ||yn — znll < |lyn — Znll + |20 — 20]] = 0 as n — oo by (3.4) and (3.22), and ||J£wn —yn]| = 0 as
n — oo by Step 4, it follows that z,, — z and nywni — z as i — 0o0. So, replacing n by n; and letting

1 — 00, we derive from ((3.26])

(z —wy, Twy) > (z — wy, wy)

and
—(v—z,Twy) > —(v—z,wy), YveC.



J. S. Jung, J. Nonlinear Sci. Appl. 9 (2016), 4409-4426 4420

Letting t — 0 and using the fact T" is continuous, we obtain
—(v—2,Tz) > —(v—z2). (3.27)

Let v =Tz in (3.27). Then we have z = T'z, that is, z € Fiz(T).
Next, we prove that z € VI(C, A). In fact, from the definition of A, vy, = w, we have

(y — wp, Awy) + (y — wh, M> >0, WweC. (3.28)
n
Set wy =tv+ (1 —t)z for all t € (0,1] and v € C. Then, w; € C, and from (3.28) it follows that
(Wi — Wy, Awy) > (w; — w, Awp) — (wy — wy, Awy) — (W, — wn, ")
Tn
o (3.29)
= (wp — Wy, Awy — Awy,) — (wy — wy, M)
Tn

By Step 3, we have @ — 0 as n — oo, and since y,, — 2, wy, — z as ¢ — 00. From monotonicity of A

it also follows that (w; - Wy, Awy — Awy,) > 0. Thus, replacing n by n; , from (3.29)) we derive

0 < lim (wy — wy,, Aws) = (w — 2z, Fwy),
1—00

and hence

(v—2z,Awg) >0, Yo eC.
If ¢ — 0, the continuity of A yields that

(v—2,A2) >0, YveC.

This means that z € VI(C, A).
Finally, we prove that z € B~10. To this end, recall u,, = in w, again. Then, it follows that
wy, € (I + ryB)uy,.
That is, “’"Ti;“" € Bu,,. Since B is monotone, we know that for any (u,v) € B,
Wn

D=8 ) > 0. (3.30)

Tn
Since ||wy, — un|| < |lwn — ynll + ||yn — unl] = 0 as n — oo by Step 3 and Step 4, and y,, — 2z as i — oo, we
obtain u,, — z as i — 0o. By replacing n by n; in (3.30) and letting ¢ — oo, we have
(z —u,—v) > 0.
Since B is maximal monotone, 0 € Bz, that is, z € B~10. Therefore, z € Fiz(T) N VI(C,A) N B~10.
Now, since ¢ is the unique solution of the variational inequality (3.2), we conclude

<uTL - u,

lirr;sup<(7V — 1G)q,yn — @) = Hm ((YV = pG)q, yn; — )
=(("WW - uG)g,z — q) <0.

Step 6. We show that lim,, .« ||z, — ¢|| = 0, where ¢ € Fixz(T)NVI(C,A) N B~10 is the unique solution
of the variational inequality (3.2). Indeed, from (3.1), Lemma [2.1| and Lemma [2.7| we derive

lyn — all* =llon(YWVan — nGq) + (I — anpG)ay — (I — anpuG)q|
< (I = anpG)azn — (I — anuG)q|? + 200 (YVan — pGq, yn — q)
< (1= 7om)?(lzn — qll” + 200y (Van — Vg, yn — @) + 20m((7V = pG)q, yn — q)
< (1=7om)[lon — I + 200Yl |20 — allllyn — all + 200 ((VV — 1G)q, yn — q)
< (1= 7an)?|zn — ql* + 207z — qll(yn — znll + 120 — qll)
+ 20, ((YV = pG) g, yn — q)
= (1 =2(7 = yl)an)||zn — QHQ + O‘%T2Hxn - QHQ + 207|770 — | [|yn — zn]|
+ 20, ((YV = pG)q, yn — q)-

(3.31)
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Thus, by (3.1]) and (3.31)), we have
Hxn-&-l - QHZ < Bullzn — QHZ + (1 — Bn)HTrnJgL ronYn — Q||2
< Ballen —all* + (1 = Ba)llyn — all?
< Ballzn — all* + (1 = B2) (1 = 2(7 = D))z — ql|* + (1 = Ba)apr My
+2(1 = Bn)anllyn — 2nl|Ms + 2(1 = Bp)an{(VV — nG)a,yn — q)
= (1 =205 (1 = Ba)(r =) [l2n — al®
1.2
sanT M7 + ||lyn — zp||Ms + (VV — pG)q, yn —
+ 20n(1 = Bo)(r —m(z 7+ llyn — 2| Ms + {4V — nG)a,y q>)

T =l
= (1=&)len — ql” + &ndn,

where M7 > 0 and Mg > 0 are appropriate constants, &, = 2a,(1 — 3,)(7 —7l) and

5 ( LT My + |lyn — 20| Ms + (W — pG)q, yn — Q>)
n T =l

From conditions (C1), (C2), (C3), (3.4) and Step 5 it is easy to see that & — 0, > >, &, = oo and
lim sup,,_,o, 6, < 0. Hence, by Lemma we obtain

lim ||z, —q|| = 0.
n—oo
This completes the proof. O

From Theorem we deduce immediately the following result.

Corollary 3.3. Suppose that Fiz(T) N VI(C,A) N B70 # 0. Let the sequence {ay}, {Bn} C (0,1) and
{rn} C (0,00) satisfy the conditions (1) — (4) in Theorem[3.2] Let the sequence {x,} be generated iteratively

by

{yn = (1 - an)z, (3.32)

Tni1 = Bnan + (1 — Bn)TraniArnyn, Vn > 1,

where x1 € C is an arbitrary initial guess. Then {x,} converge strongly to a point q in Fix(T)NVI(C, A)N
B~10, which is the minimum-norm element in Fixz(T)NVI(C,A) N B~10.

Proof. Take V=0,1=0,G =1, p=1, and 7 = 1 in Theorem Then the variational inequality (3.2)) is
reduced to the inequality

(=q,q—p) >0, Vpec Fiz(T)NVI(C,A)nB0.
This is equivalent to |g||? < ( ) < llqllllp|| for all p € Fiz(T) N VI(C,A) N B~10. It turns out that

llgll < |lp|| for all p € Fixz(T)NVI(C,A) N B~10. Therefore, ¢ is the minimum-norm element in Fiz(T) N
VI(C,A)n B~10. O
Remark 3.4.

1) It is worth pointing out that our iterative algorithms (3.1)) and (3.32)) are new ones different from those
in the literature.

2) From Lemma we know that Fiz(T)NVI(C,A)NB~10 C Fiz(T) N (A+ B)~10. Thus, as results
for finding a common element of the fixed point set of continuous pseudocontractive mappings more
general than nonexpansive mappings and strictly pseudocontractive mappings and the zero point set of
sum of maximal monotone operators and continuous monotone mappings more general than a-inverse
strongly monotone mappings, Theorem and Corollary extend, improve and unify most of the
results that have been proved for these important classes of nonlinear mappings; see for instance,
[16, 130} [35], B7, 42, [45] and references therein.
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4. Applications

Let H be a real Hilbert space, and let g be a proper lower semicontinuous convex function of H into
(—00,00]. Then the subdifferential dg of g is defined as follows:

dg(x) = {2 € Hlg(z) + (z,y —2) < g(y), y€ H}

for all x € H. From Rockafellar [26], we know that Jg is maximal monotone. Let C' be a closed convex
subset of H, and let i¢ be the indicator function of C, that is,

. )0, =zed,
ic(x) = {OO’ rdC. (4.1)

Since i¢ is a proper lower semicontinuous convex function on H, the subdifferential dic of i¢ is a maximal
monotone operator. It is well-known that if B = 0i¢, then to find a point u in (A + B)~!0 is equivalent to
find a point u € C such that

(Au,v —u) >0, VveC. (4.2)

The following result is proved by Takahashi et al. [35].

Lemma 4.1 ([35]). Let C be a nonempty closed convex subset of a real Hilbert space H, let Po be the metric
projection from H onto C, let Oic be the subdifferential of ic, and let J, be the resolvent of dic for r > 0,
where ic is defined by [@.1) and J, = (I +rdic)~*. Then

u=Jyx <= u=PFPex, VereH, yeC.

Applying Theorem we can obtain a strong convergence theorem for finding a common element of the
set of solutions to the variational inequality (4.2)), the set of fixed points of a continuous pseudocontractive
mapping 7', and the set 3@'610 of zero points of di¢.

Theorem 4.2. Suppose that Fiz(T) N VI(C,A) Ndis'0 # 0. Let {an}, {Bn} C (0,1) and {\,} C (0,2a)
satisfy the conditions (C1) — (C4) in Theorem[3.2] Let the sequence {x,} be generated iteratively by

Yn = O‘nfyvxn + (1 - OénMG)CCn,
Tnt+l1 = Bny + (1 - /Bn)TrnPCArnynv Vn > 1,

where x1 € C' is an arbitrary initial guess. Then {x,} converge strongly to a point q in Fiz(T)NVI(C,A)N
8z’610, which is the unique solution of the following variational inequality:

(WV = uG)g,q —p) >0, Vp€ Fiz(T)NVI(C,A)Ndig0.

Proof. Put B = di¢. From Lemma , we get JTEZ = P¢ for all r,,. Hence the desired result follows from
Theorem [3.2 O

As in [34], 35], we consider the problem for finding a common element of the set of solutions of a mathe-
matical model related to equilibrium problems and the set of fixed points of a continuous pseudocontractive
mapping in a Hilbert space.

Let C' be a nonempty closed convex subset of a Hilbert space H, and let us assume that a bifunction
O : C' x C' — R satisfies the following conditions:

(A1) O(z,x) =0 for all x € C;
(A2) © is monotone, that is, ©(z,y) + O(y,z) <0 for all z, y € C;
(A3) for each z,y,z € C,

ltiﬁr)l Otz+ (1 —1t)z,y) <O(x,y);
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(A4) for each x € C,y — O(z,y) is convex and lower semicontinuous.

Then the mathematical model related to the equilibrium problem (with respect to C) is to find z € C such
that

O(z,y) 20
for all y € C. The set of such solutions Z is denoted by EP(©). The following lemma was given in [2, [IT].

Lemma 4.3 ([2, [11]). Let C be a nonempty closed convex subset of H, and let © be a bifunction of C x C
into R satisfying (A1)—(A4). Then, for any r >0 and x € H, there exists z € C' such that

1
@(z,y)—k;(y—z,z—x)ZO, VyEC

Moreover, if we define K, : H — C' as follows:
1
K,z = {zGC’:@(z,y)—&—T(y—z,z—x) >0, VyEC}

or all x € H, then, the following hold:
f g
(1) K, is single-valued;
(2) K, is firmly nonexpansive, that is, for any x, y € H,
HKT«T - Kry”2 < <Kr=77 - Kyy,x — y>;

(3) Fia(K,) = EP(O):
(4) EP(O) is closed and conver.

We call such K, the resolvent of © for r > 0. The following lemma was given in Takahashi et al. [35].

Lemma 4.4 ([35]). Let C be a nonempty closed convex subset of a real Hilbert space H, and let © be a
bifunction of C x C into R satisfying (A1)—(A4). Let Ao be a multivalued mapping of H into itself define
by
{z€H:0(z,y) > (y—=x,2)}, z e C,
Agx =
0, x ¢ C.

Then, EP(©) = Aélo and Ag is a maximal monotone operator with dom(Ag) C C. Moreover, for any
x € H and r > 0, the resolvent KA© of © coincides with the resolvent of Ae; that is,

Koy = (I +rAe) 'a.
Applying Lemma [£.4] and Theorem we can obtain the following results.

Theorem 4.5. Let © be a bifunction of C x C into R satisfying (A1)—(A4). Let Ag be a maximal monotone
operator with dom(Aeg) C C defined as in Lemma and let KA® be the resolvent of © for r > 0. Suppose
that Fiz(T)NVI(C,A) N Ag'0 # 0. Let {an}, {Bn} C (0,1) and {r,} C (0,00) satisfy the conditions (C1)
— (C4) in Theorem[3.2] Let {x,} be generated iteratively by

Yn = anVVn + (1 — anuG)an,
Tnt1 = BnTn + (1 - /Bn)TrnKéLeArnyn’ Vn > 1,

where x1 € C is an arbitrary initial guess. Then the sequence {x,} converge strongly to a point q in
Fiz(T)NVI(C,A)N Ag)lo, which is the unique solution of the following variational inequality:

(W — uG)q,q —p) >0, Vpé€ Fiz(T)NVI(C,A) N Ag'o.
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Theorem 4.6. Let © be a bifunction of C' x C into R satisfying (A1)—(A4). Let Ag be a maximal monotone
operator with dom(Ag) C C defined as in Lemma and let KA be the resolvent of © forr > 0. Suppose
that Fiz(T)NEP(©) # 0. Let {an}, {Bn} C (0,1) and {r,} C (0,00) satisfy the conditions (C1) — (C4) in
Theorem . Let the sequence {x,} be generated iteratively by

Yn = O‘n'YVl'n + (1 - an,U/G):Ena
Tntl = ﬁnxn + (]' - Bn)TTnKTI‘i@yn7 vn Z 17

where x1 € C is an arbitrary initial guess. Then {x,} converge strongly to a point q in Fix(T) N EP(©),
which is the unique solution of the following variational inequality:

(vV = pG)q,q —p) >0, Vpe Fiz(T)NEP(O).

Proof. Take A = 0 in Theorem Then A,, in Lemma [2.4]is the identity mapping. From Lemma [£.4] we
also know that J;i@ = K;f}L@ for all n > 1. Hence, the desired result follows from Theorem O

Remark 4.7.

1) Asin Corollary ifwetake V=0,1=0,G=1,u=1,and 7= 11in Theorems and then
we can obtain the minimum-norm element in Fiz(T) N VI(C, A) N di'0, Fiz(T)NVI(C, A) N Ag'0
and Fiz(T) N EP(O), respectively.

2) From Lemma it follows that Fiz(T) N VI(C,A) N diz'0 C Fiz(T) N (A + dic)~'0 = Fiz(T) N
VI(C,A) and Fiz(T) N VI(C,A) N Ag'0 C Fiz(T) N (A + Ag)~'0. So, Theorem Theorem
[45] and Theorem [£.6] also improve and unify the corresponding results for nonexpansive mappings,
strictly pseudocontarctive mappings, Lipschitzian pseudocontractive mappings, and a-inverse strongly
monotone mappings; see, for instance, [16], B0, B35, 37, [42] 45], and the references therein.

3) For a certain iterative algorithm for finding a common element of the set (A + B)~'0 of zero points
of A+ B for an a-inverse-strongly monotone mapping A on H and a set-valued maximal monotone
operator B on H, the solution set of the mixed equilibrium problem and fixed point set for an infinite
family of nonexpansive mappings, we can refer to [41]. For a certain hybrid projection method for
finding a common element of the set of zeros of a finite family maximal monotone operators and the
set of common solutions of a system of generalized equilibrium problems in a certain Banach space,
see [29].
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