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Abstract

In the present paper, we construct a new n-dimensional quadratic functional equation with constant coeffi-

zn: flei+x;) =2 Zn: f(a:i—xj)—i—zlf(i:xi),

1,7=1 1<i<j<n 1=1

cients

And then, we study the Ulam stability of the preceding equation in a real normed space and a non-
Archimedean space, respectively. (©2016 All rights reserved.
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1. Introduction

The investigation of the Ulam stability of functional equations originated from the following question
proposed by Ulam [I7] concerning the stability of group homomorphisms:

Let Gy be a group and let G be a metric group with the metric d(-,-). Given € > 0, does there exist a
0 > 0 such that if a function h : Gy — Go satisfies the inequality d(h(zy), h(z)h(y)) < 6 for all x,y € Gy,
then there is a homomorphism H : G1 — Gy such that d(h(z), H(x)) < € for all x € G1 7
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In the following, Hyers [§] gave a first affirmative partial answer to the question mentioned above for
Banach spaces. Afterwards, Hyers’ theorem was generalized by Rassias [14] for linear mappings by consid-
ering an unbounded Cauchy difference. It is worth mentioning that Rassias’ work has a great impact on
the development of the Ulam stability (It mainly includes Hyers-Ulam stability and Hyers-Ulam-Rassias
stability) of functional equations. Hereafter, Gavruta [7] replaced the unbounded Cauchy difference in the
result of Rassias and made a further generalization for Rassias’ theorem by using a more general majorant
function. Since then, the Ulam stability of various types of functional equations in different types of abstract
spaces have been widely investigated by many authors. The vast majority of the results are included in the
several important monographs, the reader can refer to [6l 9, [10] [16].

In order to study the Ulam stability of functional equations from a more general perspective, some
generalized or n-dimensional functional equations were constructed and its Ulam stability was discussed,
which probably included some basic quadratic or cubic functional equations as special cases [I], 2] [4].

In 2001, Bae and Jun [I] constructed the following n-dimensional quadratic functional equation and

studied its Ulam stability
(sz)+ Z Floi—z) =nY_ fla).
i=1

1<i<j<n

Later, Bae and Park [2] and Nakmahachalasint [12] considered the Ulam stability of another n-dimensional
quadratic functional equation

n

H(Se)+ -2 fa)= > i+

i=1 i=1 1<i<j<n

Note that the coefficients of the preceding two equations depend on the number n of variables. Unlike
this types of equations, in this paper, we construct an n-dimensional quadratic functional equation with
constant coefficients, as follows

n

Zf($i+l'j):2 Z flxs — —|—4f(2xz) (1.1)

i,j=1 1<i<j<n =1
The objective of the present paper is to study the Ulam stability of Eq. (L.1)) in a real normed space
and a non-Archimedean space, respectively.
2. Ulam stability of Eq. (l.1)) in a real Banach space

Throughout this section, let X and (Y, || - ||) denote a real vector space and a real Banach space, respec-
tively. Let N denote the set of all positive integers. For a given function f : X — Y, we define the following
difference operator

n

Dyf (1, a2, o Zfa:z—i—x] ) =2 Z Flai — ) —4f<z ) (2.1)

i,j=1 1<i<j<n i=1
Theorem 2.1. Let p : X" — [0,00) be a function such that

o0
O(x1, 20, ,xy) = Z 4 R o2z, 2Py, -+ 2% 2,) < o0 (2.2)

for all x1,xs,--+ ,x, € X. Assume that the function f : X — Y satisfies

[Dgf(z1,22, - an) || < p(21, 22, -+, 2) (2.3)
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for all x1,x9, -+ ,x, € X. Then
Q(xz) = lim 4 ™ f(2™x)

m—o0

exists for each x € X and defines a unique quadratic function satisfying (1.1) such that

17(@) = F(0) = Q)| < (0, ,0) + 5(0,0,-++,0) (24)
forallx € X.
Proof. Setting 21 = 9 = -++ =z, = 0 in (2.3), we have
(= DO < (0,0, ,0). (25)
Putting 1 =z and 29 =23 =--- =2, = 0 in gives
17(22) — 4 () + (1~ DFO)] < 9(a,0,+- ,0). (26)

By and , we can infer that
1 (22) = 4f(x) +3f(0)]] < [If(22) —4f(x) + (n = DS O)] + | = (n — 4) fF(0)]]

Dividing both sides of by 4, we obtain
2z) — f(0 0,---,0 0,0,---,0

for all z € X. Replacing z by 2™ 'z in (2.8) and dividing both sides of the resulting equality by 4™, we
get

f@mz) - f(0) _ f@"la) — fO)) _ w2 2,0,---,0)  #(0,0,---,0)
H 4m - qm—1 H < i + T (2.9)

for all z € X and for all m € N. Then, it follows from (2.8)) and (2.9)) that

f(2mz) — £(0) H

|£@) - 1) - ==

IN

m—1 k

@(2 $70>70) @(070770)
Z 4k+1 + 4k+1 (2‘10)
k=0

for all x € X and for all m € N.
Here we claim that the sequence {w
all m,l € N, it follows from (2.10)) that

} is a Cauchy sequence in the Banach space Y. Indeed, for

f@mz) — £(0)  f2"Hmz) — f(0) 1 m f(2L-2mz) — £(0)
| P - e = e - o) - . H
-1 <p(2m+kx’(]’.,. ,0) -1 £(0,0,--- ,0) (2.11)
- Amtk+1 + Z Ak
k=0 k=0

for all x € X. It is easy to see that the last expression of (2.11]) tends to zero as m — oo. Thus the sequence
{W} is Cauchy for all z € X and hence it is convergent due to the completeness of Y. Therefore,

we can define . .
Q) = i 11O _ sz

m—o0

for all z € X.
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Replacing =1, xa, -+ ,z, by 2™x1,2Mxe, -+, 2™z, in (2.3), respectively, and dividing both sides by 4™,
we can infer that

LIS fer@iran -2 3 femG—a) - ar (27 0 )| £ e@men 2w 27),
i =1 1<i<j<n i=1

Taking the limit in the preceding inequality, since the condition (2.2)) implies that the last expression
tends to zero as m — oo, it can easily be shown that @ is a solution of Eq. (1.1)).
Furthermore, we take the limit in (2.10]) as m — oo, we obtain that

>0 k )
[0 - 100 - Q)| < - EEL 4 L0000
k=0

1 1
= —d s
1 (z,0, ,0) + 390(0,0, ,0)

for all x € X.
To prove the uniqueness of ). Assume that @’ is another quadratic function satisfying the inequality

([2-4). Since Q(2™z) = 4™Q(x), Q'(2Mx) = 4™Q’(x), we have
1Q(z) — Q'(x)[| = 47" [Q(2™z) — Q'(2" )|
<a7(QE@™a) - F(2 ) + FO) + | £(2™2) - £(0) - Q' (2"2)])
§1%<%¢@mm0,-w0)+§wﬂLQ-~,m>
By the condition , it follows that the last expression of the preceding inequality tends to zero as m — oo.
Thus, we conclude that Q(z) = @'(x). The proof of the theorem is now completed. O

Corollary 2.2. Let X and Y be a real normed space and a real Banach space, respectively. Let p,0 be real
numbers with p < 2 and 0 > 0. Assume that a function f: X — Y satisfies the following inequality

n
IDgf (@1, 9, an)| <0 [|2il” (212)
i=1
for all zy,x9,- - ,on € X (z1,22, - ,2n € X \ {0} if p <0). Then there exists a unique quadratic function
Q : X — Y which satisfies the equality (1.1)) and
0|||P
— £(0) — < T
I1£(2) ~ £0) - Q)| < D4

forallz € X (x e X\ {0} if p<0), where f(0) =04if0<p<2.

Proof. Letting p(x1, 2, -+ ,2n) = 0 - ||lz;||P and the result follows directly from Theorem If
0 < p < 2, then we can obtain that f(0) = 0 since ¢(0,0,---,0) = 0 by replacing x1 =29 = --- =2, =0
in @.12). [

Corollary 2.3. Let X and Y be a real normed space and a real Banach space, respectively. Let € be a
positive number. Assume that a function f : X — Y satisfies the following inequality

“‘qu(ml)xQ? e 7wn)H S €
for all x1,x9, -+ ,x, € X. Then there exists a unique quadratic function QQ : X — Y which satisfies the
equality (1.1) and
2¢

I£(2) = f(0) = Q@) = 5

forallz e X.
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Proof. Letting o(x1,x2, - ,x,) = € and the result follows directly from Theorem O

Theorem 2.4. Let ¢ : X" — [0,00) be a function such that

oo
U(z, 29, ,Tpn) = 24]61/)(27]{561,2716:172, 27k < oo (2.13)
k=1
for all x1,xs,--+ ,x, € X. Assume that the function f : X — Y satisfies
Hqu(l'l,l'Q, o 75671)” < Q;Z)(-Tla Zo, - - 73371) (214)
for all x1,x9, -+ ,x, € X. Then

Q(x) = lim 4™f(27™x)

m—r0o0

exists for each x € X and defines a unique quadratic function satisfying (1.1)) such that

1
17 () = Q)] < 1 ¥(z,0,---,0) (2.15)
forallx € X.
Proof. Putting ¥y = z9 = --- = x,, = 0 in (2.14), we have f(0) = 0 since ¥(0,0,0) = >3, 4¥(0,0,0) < oo
implies that (0,0,0) = 0.
Setting 1 =z and 9 = --- =z, = 0 in (2.14)), we get

for all z € X. Replacing x by 7 in (2.16), we obtain that
x x
— — < — .
Hf(:v) 4f(2)H_w<2,0, ,0) (2.17)

for all x € X. Replacing z by 57~ in (2.17) and multiplying the resulting inequality by 4m=1 we can infer

that
z

_1 x 1/
[ () - ama ) | < 4o (5w
for all x € X. From (2.17)) and (2.18)), it follows that

ERREIEE S RICRIE)
=1

0,--- ,0) (2.18)

(2.19)
1
< Z\Il(xaoa 70)

for all x € X and m € N. The rest of the proof is analogous to that of Theorem O

Corollary 2.5. Let X and Y be a real normed space and a real Banach space, respectively. Let p,6 be real
numbers with p > 2 and 0 > 0. Assume that a function f: X — Y satisfies the following inequality

n
Hqu(xtha e 7-7571)” S QZ szHp
i=1

for all x1,x9, -+ ,x, € X. Then there exists a unique quadratic function QQ : X — Y which satisfies the
equality (1.1) and
0||?
— < -
I17() - Q@) < 5y

forallz e X.
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Proof. Letting p(x1, 2, ,xy) =0 ||z;||” and the result follows directly from Theorem O

Remark 2.6. All results obtained in this section show that the Ulam stability of Eq. is independent of
the number n of variables. The inequalities and implies that the errors of approximation depend
only on the first component of the control functions ¢ and 1, respectively. These results provide a unified
error estimations of Eq. with the different number of variables.

Remark 2.7. In Eq. (1.1)), taking n = 2 and letting x1 = x, 2 = y, we obtain that

2f(x +y) +2f(z —y) = f(2x) + f(2y).

Furthermore, if we let x +y =t, x —y = s, we get

ft+s) + f(t—s) = 2f(t) + 2f(s),

which means that the Eq. (1.1) reduces to the classical quadratic functional equation. Therefore, our results
can be regarded as an extension of the Ulam stability of the classical quadratic functional equation obtained
in [3, 5, 15].

3. Ulam stability of Eq. (1.1) in a non-Archimedean space

Here we recall some related concepts which are needed in the following [111 [13].
A non-Archimedean field means that a field K endowed with a function (valuation) |- |4 : K — [0, 00)
which satisfies the following conditions:

(i) |r|a = 0 if and only if r = 0;
(i) [rs[a = [rlals]a;
(iii) |7 + sla < max{|r|a,|s|a} for all r,s € K. From the foregoing conditions, it follows that
|1|la=|—1a=1and |n|g <1forallneN.

Let X be a vector space over a scalar field K with a non-Archimedean non-trivial valuation |-|4. A function
|- ]a:X — R is called a non-Archimedean norm (valuation) if it satisfies the following conditions:

(NA1) ||z]|a = 0 if and only if x = 0;
(NA2) ||rz|la = |r|allx]|a for all r € K and z € X;
(NA3) ||z + y|la < max{||z| 4, |ly]la} for all z,y € X (strong triangle inequality (ultrametric)).

Moreover, the pair (X, || - ||4) is called a non-Archimedean space. From the condition (NA3), we can infer
that
[0 = mlla < max{||lzj41 — zjlla:m <j<n-1}

for all n,m € N with n > m. Thus, a sequence {x,} in a non-Archimedean space is Cauchy if and only
if the sequence {z,4+1 — =, } converges to zero. A sequence {z,} is said to be convergent if for any € > 0,
there exist a natural number ng € N and x € X such that ||z, — z||a < € for all n > ng. Furthermore, a
non-Archimedean space (X, || - |l4) is said to be complete if every Cauchy sequence in X is convergent.

Throughout this section, let G be an additive group and let (X, || - ||a) be a complete non-Archimedean
space.

Theorem 3.1. Let ¢ : G™ — [0,00) be a function such that

lim |4, e(2™x1,2z0, -+ ,2xy,) =0 (3.1)

m— 00

for all x1,x9, -+ ,x, € G and the limits

d(z) := %@mmax{y4|;k¢(2kx,o, - ,0):0<k<m} (3.2)
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exists for each x € G. Assume that the function f: G — X satisfies

[1Dgf (w1, 29, s 2n)lla < @(x1, 29, -, 20) (3.3)
for all x1,xs,--+ ,x, € G. Then there exists a quadratic function Q : G — X such that
@) = Q@ < T-9(a) (34)
for all x € G. Furthermore, if
Jim Tim max{|4|Fp(2%2,0,---,0): 1 <k <l4+m} =0, (3.5)

then @ is the unique quadratic function satisfying the Eq. (1.1]).

Proof. From (3.1), it follows that f(0) = 0. Indeed, letting 21 = 23 = --- =z, = 0 in we can obtain
that f(0) = 0 since the condition implies that lim,, o [4],"¢(0,0,---,0) = 0 and due to the fact
[4],™ > 1 for all m € N.

Using the analogous method as in the proof of Theorem we have

H f(2::r) _f@m ) H L gt

<
a1 4= Jan?

for all z € G and m € N. By (3.1)) and (3.6), we know that the sequence {f( } is Cauchy in X. Due to
the completeness of X, we can define
2m
Q(z) = tim 1E77)

m—oo  4m

2,0, ,0) (3.6)

for all z € G.
Next, we claim that

f(2mz) H

T max{|4] Fo(2F2,0,---,0): 0 <k <m} (3.7)

flx) =
H <l
for all x € G and m € N.

Letting m = 1 in (3.6)), it is easy to verify that the inequality (3.7]) holds true for m = 1. By mathematical

induction, we can assume that the inequality (3.7) is true for some m € N. Therefore, we can infer that

760~ 25 = mae (e - P2 P - )
Smax{|41| max{|4\A ©(282,0,---,0): 0 < k< m}, |4|31+1g0(2mx,0,-~,0)}
‘41’ max{|4|A ©(282,0,---,0):0 <k <m+1},

which proves the validity of the inequality for m + 1. Thus, letting m — oo in ([2.6)) and using ,
it can be shown that the inequality is true.

Replacing x1, xo, -,y by 2™z, 2™ 29, -+ , 22y, in , respectively, and dividing both sides by |4|},
we obtain that

1 & 4 o
|2 > s @i+ a) 205 e s =) = o f (2" @),
ij=1 1<z<j<n i=1
1
< —— (221, 2z, - 2Ty,

|41%
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By letting m — oo in the foregoing expression and using (3.1)), it is easy to see that the function @) satisfies

Eq. .

To show the uniqueness of ). Let us assume that @' is another quadratic function which satisfies the

inequality (3.4). Since Q(2'z) = 4Q(z), Q(2'z) = 4Q(x), we have

1Q(x) — Q'(@)]|a = 4 lQ(2'z) — Q'(2'x)| 14
< 413" max{[|Q(2'z) — F(2'x) || a, | F(2'2) — Q' (2'x)| A}
<[4, Va(2)

= Ja Y lim max{|4/*(2"2,0,--,0): 0 < k < m}

1
lim max{|4],*¢(2z,0,---,0): 1 <k <1+m}.

- |4‘A m—00

Taking the limit as [ — oo in the preceding expression and using (3.5)), we conclude that Q(z) = Q'(x).
This completes the proof. O

Corollary 3.2. Let 6 be a positive number and let p : [0,00) — [0,00) be a function such that

p(12lat) < p(|2[4)p(t)

for allt € [0,00) and with p(|2|4) < |4|a. Assume that the function f: G — X satisfies
1Dgf (21,22, zn)lla < 8 p(llzilla)
i=1

for all x1,z9,--- 2, € G. Then there exists a unique quadratic function Q : G — X satisfying Eq. (1.1)

such that
Op(llz(l4)

17) = Q) < T

forall x € G.
Proof. Letting ¢(x1,x2, -+ ,2n) = 0 1 p(||xil]|a). From Theorem it suffices to verify that all condi-
tions are satisfied. By ({3.1]), we can obtain

n
lim |43 p(2" 1, 2", 2"n) = T 4570 p((2[ 1)

m—00 4
=1

n
: —-m
< 1120103 ()
1=
=0.
From (3.2)), it follows that
®(x) = lim max{|4]*p(2"2,0,---,0): 0 <k < m}
m— 00
= ¢(z,0,---,0).
By (3.5)), we can infer that
lim lim max{[4]*p(2¥2,0,---,0): 1 <k <1+m} = lim |4} p(2'z,0,---,0)
|—00 m—r00 =00
=0.

Therefore, all conditions of Theorem are satisfied and hence the foregoing results hold true. O
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Remark 3.3. Tt can easily be verified that the function p(t) = t?? (p > 1) is an appropriate choice for all
t > 0, and with the further assumption that |2|4 < 1 in this case.

Theorem 3.4. Let ¢ : G — [0,00) be a function such that

liin 4|27 "w, 27 Mg, -, 27 ay,) =0 (3.8)
for all x1,x9, -+ ,x, € G and the limits
¥(z) := lim max{|4|%¢(27%2,0,---,0): 0 < k <m} (3.9)
exists for each x € G. Assume that the function f: G — X satisfies
||qu(171,$2, ce axn)HA < 7/’(»”31,332, e ,CL'n) (310)
for all xy,x9,--- ,x, € G and f(0) = 0. Then there ezists a quadratic function Q : G — X such that
1
1f(2) = Q(@)][a < 7= ¥(2) (3.11)
E
for all x € G. Furthermore, if
lim lim max{[4|5¢(27%2,0,---,0): Il <k <I+m} =0, (3.12)

l—00 m—o0

then Q is the unique quadratic function satisfying the Eq. (1.1).

Proof. Letting x1 = x and 29 = 3 =--- = 2, = 0 in (3.10) and using f(0) = 0, we get
| f(22) — 4f(z)]|a < ¥(2,0,---,0) (3.13)
for all z € G. Replacing = by 57 in (3.13) and multiplying the resulting inequality by ]4|7X_1, we obtain
that
_ x x
41 (m) — s <2m)H <G (gm0 0) (3.14)

for all x € G and for all m € N. The condition (3.8) implies that the right-hand side of (3.14)) tends to zero
2m

as m — oo. Then, we know that the sequence 4™ f (i)} is Cauchy in X. According to the completeness
of X, we can define

Q(z) := lim 4mf< )

m—o0

for each x € G. By mathematical induction, we can infer that

Hf( 4mf(2m)H |4‘ max {45 (22,0, ,0): 0 < k < m}
for all x € G and for all m € N. The rest of the proof is similar to that of Theorem O

Corollary 3.5. Let 6 be a positive number and let p : [0,00) — [0,00) be a function such that

t p(t)
(o) <
2[4/ = p(]2]a)
for allt € [0,00) and with p(|2|4) > |4|a. Assume that the function f: G — X satisfies

IDgf (1,22, 2n)a < 0> p(llailla)

forall xi,x9,--- ,x, € G and f(0) = 0. Then there exists a unique quadratic function Q : G — X satisfying
Eq. (L.1)) such that
Op(llz]|a)

1f(z) = Qz)]a < ER

forall x € G.
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Remark 3.6. Similar to Corollary it is easy to show that the function p(t) = t?? (0 < p < 1) is suitable
for Corollary Certainly, the further assumption |2|4 < 1 is also necessary.

Remark 3.7. From Remark [2.7 our results obtained in this section provide a more general theoretical frame
of a quadratic functional equation with n-variables in a non-Archimedean space, which include as a special
case the Ulam stability results of the classical quadratic functional equation obtained by Moslehian and
Rassias [11].
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