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Abstract

This report is aim to investigate the fixed points of two classes of Meir-Keeler-Khan set contractions
with respect to the measure of noncompactness. The proved results extend a number of recently announced
theorems on the topic. ©2016 All rights reserved.
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1. Introduction and preliminaries

Let X and Y be two Hausdorff topological spaces, and let N(X) [respectively, CL(X), B(X), K(X),
CB(X)] denote the family of nonempty subsets [respectively, closed, bounded, compact, closed and bounded]
subsets of X. Let T': X — 2¥ be a set-valued mapping (in short SVM). If the graph of T, that is,
Gr ={(z,y) € X xY,y € Tz} is closed, then T is closed. A mapping H : CB(X) x CB(X) — [0,00)

H(A, B) := max {sup d(a, B),sup d(b, A)}
acA beB

forms a metric (is called the Hausdorff metric) induced by the standard metric d (see e.g. [13]), where
d(xz,B) :=inf{d(z,b) : b€ B}, and A,B € CB(X). ASVM T : X — CB(X) is called a contraction if

H(Tx, Ty) < kd(z,y)

for all z,y € X and k € [0,1).
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Let Rg be the set of all real non-negative numbers, and let N be the set of all natural numbers. Let
(M,d) be a metric space, X C M and v > 0. Then we let By (X,y) = {z € M : d(z,X) < v} and
Ny (X,y) ={x € M :d(z,X) < v}, and we define the convex hull of X as follows:

co(X) = ﬂ{B C M : B is a closed ball in M such that X C B}.

Recall that X is said to be subadmissible [7] if co(4) C X for each A €< X >. For the sake of
completeness, let us recall the notion of the set measure of noncompactness in the framework of metric
space.

Definition 1.1 ([T4]). A mapping ® : B(X) — Ry is called a measure of noncompactness defined on (X, d),
if following properties are fulfilled:

1. ®(D) =0 if and only if D is precompact;

2. ®(D) = &(D);
3. ®(D; U Dy) = max{®(D;), ®(Dy)};
4. &(D) = ®(co(D)).

On what follows, we state the concept of the o-measure that is a well-known measure of noncompactness
in metric spaces.

Definition 1.2. Suppose that (X, d) is a standard metric space. A mapping o : B(X) — Rg , defined as,
o(D) =inf{y >0: D can be covered by finitely many sets with diameter <~}

for each D € B(X), is called the Kuratowski measure of noncompactness (see, [3]).

In 1955, Darbo [10] used measure of noncompactness to generalize Schauder’s theorem to prove the
following theorem.

Theorem 1.3 ([10]). Let 2 be a nonempty, bounded, closed and convex subset of a Banach space E and let
T:Q — Q be a continuous mapping such that there exists a constant k € (0,1) with the property

o(T(X)) < ho(X)
for any nonempty subset X of Q). Then T has a fixed point in the set €.

The following theorem is an extension of Darbo’s fixed point theorem that was introduced by Banas and
Goebel [g].

Theorem 1.4 ([8]). Let  be a nonempty, bounded, closed and convex subset of a Banach space E and let
T:Q — Q be a continuous mapping such that there exists a constant k € (0,1) with the property

o(T(X)) < ¢(a(X))

for any nonempty subset X of Q, where 1 : R™ — R is a nondecreasing and upper semicontinuous function
such that ¥(t) <t for allt > 0. Then T has a fized point in the set Q.

In recent years, measures of noncompactness have developed rapidly on metric spaces which are inter-
esting for fixed point theory, see e.g. [1H6].
A function £ : R} — R{ is said to be a Meir-Keeler type, (in short, MKT [12]), if ¢ fulfills

V>0 35>0 VteRS (n<t<n+d=£&(t) <n).
Remark 1.5. By the definition, MKT function £ provides the following inequality:

E(t) <t, forall teRy.
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A (c)-comparison function ¢ is a nondecreasing self-mapping on R{ such that Y °° | ¥"(¢) < oo for each
t > 0, where ¥" is the n-th iteration of 1. It is clear that ¥ (t) < t for all t > 0 and ¢ (0) = 0. We denote ¥
the family of all (¢)-comparison functions.

Recently, Redjel and Dehici [15] introduced the concept of (v, ¢)-Meir-Keeler-Khan mappings (in short,
(ar,1)-MKK mappings), and they proposed two theorems for the existence of fixed points for such mappings.

Theorem 1.6 ([15]). Suppose that the self-mapping f over a complete metric space (X,d) is continuous,
a-admissible and (o, )-MKK mapping, that is, there exist ) € ¥ and a: X x X — ]Rar such that for every
n > 0, there exists 6(n) such that if

d(z, fz)d(z, fy) + d(y, fy)d(y, fz)
d(z, fy) +d(y, fz)

n<Y < > <n+4(n)
for all x,y € X, then
a(z,y)d(fz, fy) <n.

If there exists xg € X such that a(xo,y) > 1 for all y € fxg, then f has a fized point in X.

Definition 1.7 ([I6]). Let (X,d) be a metric space, and let 7 : X — N(X) and o : X x X — R be two
mappings on X. Then T is called an a-admissible SVM if for any x € X and y € Tx with a(z,y) > 1, we
have

a(y,z) > 1, forany z e Ty.

Recently, Wang et al. [I7] characterized the results of Redjel and Dehici [15] in the setting of set-valued
mappings.

Theorem 1.8 ([I7]). Suppose that a set-valued mapping T : X — K(X) over a complete metric space (X, d)
is a-admissible, continuous and (o, )-Meir-Keeler-Khan, that is, there exist ¢ € ¥ and o : X x X — (0, 00)
satisfying

(1) T is an SVM;

(2) for each z,y € X,

H(Tx,Ty) #0 = o(z,y)H(Tz, Ty) <p(P(x,y)),
where
dist(x, Tx)dist(x, Ty) + dist(y, Ty)dist(y, Tx)
dist(z,Ty) + dist(y, Tx)

If there exists xg € X such that a(xo,y) > 1 for all y € Txg, then T has a fixed point in X.

P($7y) =

2. Main results
We start with the following definition:

Definition 2.1. Let Y be a nonempty subset of a metric space (X,d). A set-valued mapping T : Y — 2Y is
called Meir-Keeler type contraction with respect to the measure o (in short, M KTC,) if, for each bounded
subset A of Y and for each > 0 there exists § > 0 (where § depends on A and ) such that

n<o(A)<n+d=o(T(A)) <n,
where T'(A) is bounded.
Remark 2.2. Note that if T'is a M KTC,, then we have
o(T(A)) <o(A)

for all bounded subsets A of Y.
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At follows that we shall prove the existence of the fixed point of M KT'C, under the certain assumptions.

Theorem 2.3. Let Y be a nonempty bounded subadmissible subset of a metric space (X,d). Suppose
T:Y —2Y is MKTC,. Then'Y contains a precompact subadmissible subset K with T(K) C K.

Proof. Take zp € Y. we define the sequence {Y;,} of sets as follows:
Yo=Y and Y41 =co(T(Y,) U{zo}) for all n € NU{0}.

So, we have

(1) Y, is a subadmissible subset of Y;
(2) Yoy1 C Yy
(3) T(Ya) C Yos:

for all n € NU {0}.

From the argument above and by regarding the properties of the set measure o together with Remark
2.2 we get that

By iteration, we derive that

o(Ynt1) = o(co(T(Yn) U{zo}))
= o(T(Yn))
(Ya)

o
<o

for all n € NU {0}. Thus we deduce that the sequence {o(Y},)} is both nonincreasing and bounded below.
So, it converges to n > 0, that is,
lim o(Y,) =n.

n—oo

Notice that n = inf{o(Y;,) : n € NU{0}}. We claim that n = 0. Suppose, on the the contrary, that
n > 0. Since T is M KTC,, there exist § > 0 and a natural number k£ such that

n<oYy)<n+0= 0(Yir1)=0(T(Yx)) <n.
It is a contradiction since n = inf{o(Y;,) : n € NU{0}}. Thus, we find

lim o(Y,) = 0.

n—oo

Let us take Yoo = MyenufoyYn. Then Yo is a nonempty precompact subadmissible subset of Y, and, by
(2), (3), we also have that T(X) C Yeo. O

In Theorem we call the set Y, a Meir-Keeler-inducing precompact subadmissible subset of Y.

Definition 2.4. Let (X,d) be a metric space, and let v : Rf — R{ be a Meir-Keeler mapping with

SUP;~ @ < 1. A set-valued mapping 7' : X — N(X) is called a (¢, L(z,y))-Meir-Keeler-Khan type
contraction with respect to the measure o (in short, (¢, L(z,y)) — MKKTC,) if

1. T is a MKT set contraction with respect to the measure o;
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2. T fulfills
H(Tz,Ty) #0 = H(Tz,Ty) <¢(L(x,y)),

where
dist(z, Tx)dist(z, Ty) + dist(y, Ty)dist(y, Tz)

dist(z,Ty) + dist(y, Tx)

L(z,y) =
for each z,y € X.
We investigate an existence theorem for fixed points of (¢, L(x,y)) — MKKTC,.

Theorem 2.5. Let Y be a nonempty bounded subadmissible subset of a complete metric space (X,d), let
T:Y = CL(Y) be a(¢p, L(z,y)) — MKKTCy and T(Y) C Y. Suppose that T is continuous. Then T has a
fized point in Y.

Proof. By applying Theorem and it follows from above argument, we get a Meir-Keeler-inducing pre-
compact subadmissible subset Yo, of X. Since T(Y) C Y and T(Y,41) C T(Yn) C T(Y), we have that
T(Ynt+1) C T(Y,) C Y for each n € N. Since lim,, o 0(T(Y,)) = 0, we get that Y is a nonempty compact
subset of X. Since T'x is closed, we also have that Tz is compact for each = € Y.

Let g € Y. If g € Tz, then x( is a fixed point of T', and this proof is complete. Suppose that
xo ¢ T'zp. Since Txg is a compact subset of Yo, we have that dist(xg, T'zg) > 0. Let x1 € Txg. If 21 € Txq,
then 7 is a fixed point of T', and subsequently, this proof is complete. Suppose that x1 ¢ Txy. Since Ty
is a compact subset of Y5, we have that dist(z1,Tz1) > 0. Since T is (¢, L(x,y)) — MKKTC,, we have

dist(xg, Txo)dist(xg, Tx1) + dist(xy, Txy)dist(z1, Txo) >

Txg, Txp) <
H(Two, Tar) <9 < dist(xo, Tx1) + dist(x1, Tzp)

= w(dZSt(ﬂj‘o, T:BO))
< dist(xo, Txo),

and there exists 7y € (0, 7], where v = sup;~ @, and obviously 71 depends on xg and z; such that

H(Txo, Tx1) < m - dist(xg, Txo).
By the definition of the Hausdorff metric and above inequality, we obtain that
dist(x1,Tx1) < H(Txo, Tx1) < my - dist(zo, Txo).
Since T'xz1 is a compact subset of Y, there exists o9 € Tx1 such that
d(zy,x9) = dist(xy, Txy).

Thus, we have
d(x1,x2) < m - dist(xg, Txg).

If 9 € Tzo, then x4 is a fixed point of T, and this proof is complete. Suppose that zo ¢ Txs. Since T'
is (¢, L(z,y)) — MKKTC,, we have

dist(xy, Txq)dist(xq, Txe) + dist(xg, Txe)dist(xo, Tx1)
Txq,T <
AT, T < < dist(x1, Txe) + dist(x, Tx1)
= (dist(x1,Tx1))

< dist(x1,Tx1),

and there exists 72 € (0, 7], where v = sup,~ @, and obviously 72 depends on z; and x2 such that

H(Txz1,Txe) < ng - dist(xy, Tr1).
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By the definition of the Hausdorff metric, we obtain that
dist(xe, Txe) < H(Tx1,Txs) < ng - dist(x1,Tx1).
Since T'zo is a compact subset of X, there exists x3 € Txs such that
d(zg,x3) = dist(xe, Txs).
Thus, we also have
d(zg,x3) < ng - dist(z1, Tx1) < namy - d(xg, x1).

By the induction, we can obtain a sequence {x,} of X satisfying

Ty € Twp, Tyt € T2nqr,

and for each n € N,

/H(TxnaTxn—l-l) < (

= Y(dist(xn, Txy))
< dist(zy, Txy),

dist(zy, Txy)dist(xn, Trpi1) + dist(xpe1, TTpgr)dist(Tp1, Toy)
dist(zy, Trpy1) + dist(xpg1, Tey)

and there exists 1,41 € (0,7], where v = sup,~q Y® Tt is clear that Nn+1 depends both on z, and x4

t
such that
H(Txp, Trpi1) < Nyt - dist(xp, Tay).

By the definition of the Hausdorff metric with inequality above, we obtain
dist(xpi1, Topi1) < H(Txn, Trps1) < Mptr - dist(zy, Ty,
for each n € N. Since Tz 11 is a compact subset of X, there exists x,,42 € Tx,41 such that
d(Tpt1, Tnt2) = dist(zpy1, TTpi1)-

Thus, we have

d(l‘n+1a :L‘nJrZ) < Mn+1 - diSt(xna T:L‘n)
< Mn+1"n * diSt(xnfla Tlinfl)

< M1t - - dist (o, To)
for each n € N. Put k41 = max{n,n2, -+ ,Mpy1} for all n € NU{0}. Then
d(Tp41, Tpta) < KZH - dist(xzo, Txp).

Since n, < 1 for all n € N, we obtain that s,41 < 1 for all n € NU {0}. Thus, there exists x € (0,1)
such that
Fnel Sk <1

for all n € NU {0}, and we also obtain that

A(Tpi1, Tnyo) < KL dist(xg, Txo).
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By letting n — oo, we find

nh_)Irolo d(zp, Tnt1) = 0.

We will prove that the sequence {z,} is a Cauchy sequence. On account of the discussion above, we
have

d(.%'n, xn-i—m) = d<xm xn—f—l) + d(mn—I—l? xn+m)
< d(l‘n, xn—i—l) + d(xn—i-l? xn+2) + d(l‘n+2, wn—&—m)

IN

m
> d(@nsio1, Tnyi)
i=1

K" (2o, 21)

IA
% ':'MS

n

11—~k

IN

d(zg,x71).

By letting n — oo, we obtain that

nh_)rréo d(Xn, Tntm) = 0.

This yields that {z,} is a Cauchy sequence in (Yo, d).

By the completeness of (X, d) together with the fact that Y, is closed, the subspace (Y, d) is complete.

Consequently, there exists p € Y, such that d(z,,p) = 0 as n — oco. Since T is continuous, we have
H(Txy,Tp) =0 as n — co. Therefore

dist(p, Tp) = li_>m dist(xp4+1,Tp) < 1i_>m H(Tx,, Tp) = 0.

Due to the fact that Tp is a compact subset of Y., we conclude the desired result, that is, p € Tp. O

Definition 2.6 ([9]). A function ¢ : Rj — R{ is called a weaker Meir-Keeler (in short, wMKT), if ¢
satisfies the following condition:

V>0 B >0VteR (n<t<n+d=TngeN, ") <n).

Definition 2.7 ([9]). Let Y be a nonempty subset of a metric space (X,d) and let ¢ : R — R be a
wMKT. A set-valued mapping T : Y — 2V is called a op-weaker Meir-Keeler Type set contraction with
respect to the measure o (in short, ¢ — wMKKC,) if for each A C Y with A is bounded and T'(A) is
bounded, and for each 1 > 0 there exists v > 0 such that

n < p(o(A)) <n+vy=a(T(4) <n
Remark 2.8 ([9]). Note that if 7" is ¢ — wM K KC,, then we have that for any bounded subset A of Y

o(T(A)) < p(a(A)).

Theorem 2.9 ([9]). Let Y be a nonempty bounded subadmissible subset of a metric space (X,d), and let
T:Y —2Y be p —wMKKC,. If the sequence {¢"(t)}nen is decreasing for all t € Ry, then X contains
a precompact subadmissible subset Yoo = NpenufoyYn with T(Yyx) C Yoo, where xg € Y, Y = Yy and
Y41 = co(T(Yn) U{xo}) for alln € N.

Remark 2.10 ([9]). In the process of the proof of Theorem we call the set Y, a wM KT precompact-
inducing subadmissible subset of Y.
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In this sequel, we let 2 be the class of all nondecreasing functions ¢ : Rf — R{ satisfying the following
conditions:

(p1) ¢ isa wMKT;

(p2) for all t € (0,00), {¢"(t) }nen is decreasing;

(p3) @(t) >0 for t > 0 and ¢(0) = 0;

(p4) for t > 0, if limy, 00 " () = 0, then lim, o0 Y v, ' (t) = 0, where m > n.

Definition 2.11. Let (X,d) be a metric space, Y be a nonempty bounded subadmissible subset of X,
and ¢ € Q. A set-valued mapping T : Y — N(Y) is called a (¢, L(x,y))-weaker Meir-Keeler-Khan type
contraction with respect to the measure o (in short, (¢, £L(z,y)) —wMKKTC, ) if

1. Tis p—wMKKCy;
2. T fulfills
H(Tx, Ty) #0 = a(x,y)H(Tz, Ty) < o(L(z,y)), (2.1)

where

Cla,y) = dist(x, Tx)dist(x, Ty) + dist(y, Ty)dist(y, Tx)
Y= dist(z,Ty) + dist(y, Tx) '
Theorem 2.12. Let (X,d) be a complete metric space and let Y be a nonempty bounded subadmissible

subset of (X,d). If T : Y — CL(Y) is continuous and (¢, L(z,y)) —wMKKTCyand T(Y) C Y, then T
has a fized point in X.

Proof. By taking Theorem and Remark [2.10] into account, we get a weaker Meir-Keeler-inducing pre-
compact subadmissible subset Y, of Y. By regarding T(Y) C Y and T(Y,,+1) C T(Y,,) C T(Y), we have
that T(Y,41) C T(Y,) C Y for each n € N. Since lim, oo 0(T(Y;,)) = 0, we get that Y, is a nonempty
compact subset of X. By owing to the fact that T'x is closed, we derive that Tz is compact for each x € Y.

Take xg € Y. If g € Txg, then zg is a fixed point of T', and this proof is complete. Suppose that
xo ¢ Tzo. Since Txg is a compact subset of Yo, we have that dist(xg, T'zg) > 0. Let x1 € Txg. If 1 € Txq,
then z; is a fixed point of T, and subsequently, this proof is complete. Suppose that x; ¢ T'z1. Since Tz
is a compact subset of Yo, we have that dist(z1,Tz1) > 0. Since T is (¢, L(z,y)) — wMKKTC,, we also
have

H(Two, Tay) < & (dist(xo, Txo)dist(xo, Tx1) + dist(xq, Tzy)dist(x, Tx0)>

dist(xo, Tx1) + dist(xy, Txg)
= @(dist(xo, Txp)).

By the definition of the Hausdorff metric and above inequality, we obtain that
dist(x1,Tx1) < H(Txo, Tx1) < @(dist(xo, Txo)).
Since T'x1 is a compact subset of Y., there exists o9 € Tz such that
d(zy,x9) = dist(x1, Txy).

Thus, we have
d(x1,x2) < @(dist(xg, Txp)).
If 9 € Tzo, then x4 is a fixed point of T, and this proof is complete. Suppose that zo ¢ Txs. Since T
is (p, L(z,y)) —wMKKTC,, by taking x = 1 and y = x9 in (2.1]), we have
dist(xy, Txy)dist(xy, Txe) + dist(xa, Txa)dist(xa, Tx1)
dist(xy, Txe) + dist(za, Tx1)

H(Tm1>T$2) < 2 (

= @(dist(x1,Tx1)),
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and by the definition of the Hausdorff metric, we obtain that
dist(xe, Txe) < H(Tx1,Tx2) < @(dist(x1,Tx1)).
Since T'xzo is a compact subset of X, there exists x3 € Txo such that
d(xe,x3) = dist(xa, Tx2).
Thus, we also have

d(za,x3) < p(dist(zy,Tx1))
< ©*(dist(xq, Txo)).

By the induction, we can obtain a sequence {x,} of Y, satisfying

Tpy1 € Ty Tpp1 & Tpt1, a(Tp,Tpi1) > 1,

and for each n € N,
d(xn, Tnt1) < " (dist(zg, Tzp)).

By (¢2) and since {¢"(dist(xo,Tx0))}nen is decreasing, it converges to n > 0. We claim that n = 0.
On the contrary, assume that 7 > 0. Then by the definition of the wM KT, there exists § > 0 such that
for zo € X with n < dist(zo,Tzo) < 6 +n and @™ (dist(xo, Txo)) < 1, for some ng € N. Due to the limit
lim,, 00 @™ (dist(xo, Txo)) = n, there exists my € N such that n < ¢™(d(xg,x1)) < § + 7, for all m > my.
As a result, we have ™00 (dist(xg, Tzo)) < 1, a contradiction. Hence, we find

lim " (dist(zo,Tzo)) =0,

n—00

that is,

nll)rrolo d(zp, Tnt1) = 0.

We shall prove that the sequence {z,} is a Cauchy sequence. By regarding the discussion above, we
have

(xn’ xn—i—l) + d(ajn—i-l’ $n—&-m)
(xn) xn—l—l) + d($n+1, In+2) + d(xn—i—Za xn—&-m)

d(ﬂ?n, xn-‘,—m) <d
<d

d(xn—l—i— 1, xn+i)

s

=1

’n+i71d(

2 .730,.751).

s

=1

On account of the condition (¢4), by letting n — oo, we derive that

nh_)n;o d(zp, Tnem) = 0.
This yields that {z,} is a Cauchy sequence in (Yo, d).
By regarding that (X, d) is complete and Y is closed, we conclude that the subspace (Yoo, d) is complete.
Consequently, there exists p € Y, such that d(z,,p) = 0 as n — oco. Since T is continuous, we have
H(Txyn, Tp) =0 as n — oo. So, we find
dist(p, Tp) = lim dist(xp41,Tp) < lim H(Tz,,Tp) = 0.
n—oo

n—oo

Since T'p is a compact subset of Y., we conclude that p € T'p. O
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