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Abstract

In this paper we study the boundedness and the asymptotic behavior of the positive solutions of the difference
equation
Tpt1 = a + brye” L,

where a,b are positive constants, and the initial values x_1,x¢ are positive numbers. (©2015 All rights
reserved.
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1. Introduction

In recent years, the behavior of positive solutions of the difference equations of exponential form has
been one of the main topics in the theory of difference equations [1I, 2, B, [4, 5] [6]. In particular, In [2] the
authors studied the existence of the equilibrium and the boundedness of solutions of the difference equation

Tn+l =@+ Bl‘nfle_xna
where «, 5 are positive constants and the initial values x_;,z¢ are positive numbers. Later in [3], Fotiades
studied the existence, uniqueness and attractivity of prime period two solution of this equation. For similar
research on difference equation, we refer the reader to [I, [4, 5] 6] and the references therein.
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In this paper, we investigate the global stability, the boundedness nature of the positive solutions of the
difference equation
Tpa1 = a+ bxpe ot (1.1)

where the parameters a, b are positive numbers and the initial conditions x_1, zg are arbitrary nonnegative
numbers. Equation ((1.1)) could be also viewed as a model in mathematical biology, in which case we consider
a to be the immigration rate and b to be the population growth rate of one species x,.

2. Preliminaries

Let I be an interval of real numbers, and let f : I x I — I be a continuous function. Consider the
difference equation

Tn+1 :f($n7xn—1)7n:0717'“ ) (21)

where the initial values x_1, 29 € I.
The main tool we will use is the following lemma which is a minor modification of Theorem 5.2 in [4].

Lemma 2.1. Support that f satisfies the following conditions:
(a) There exist positive number a and b with a < b such that a < f(x,y) <b for all z,y € [a,b].

(b) f(z,y) is increasing in x € [a,b] for each y € [a,b],and f(z,y) is decreasing in y € [a,b] for each
x € [a,b].

(c) (2.1)) has no solutions of prime period two in [a,b).

Then there exists exactly one equilibrium solution T (2.1) which lies in [a,b]. Moreover, every solution of
(2.1)) with initial conditions x_1,xq € [a,b] converges to T.

Before we give the main result of this paper, we establish the existence and uniqueness of equilibrium of

(L.1).
Proposition 2.2. Suppose that b < e®. Then (L.1) has a unique positive equilibrium Z.

Here we omit its proof since it is similar as in [2].

3. Boundedness and the asymptotic behavior of Solutions
The following theorem gives a sufficient condition for every positive solution of to be bounded.
Theorem 3.1. Every positive solution of is bounded if
b < e (3.1)
Proof. Let {z,},2 _, be an arbitrary solution of Eq.. Observe that for all n > 2,
Tnt1 = a+ brpe "t < a+ bxpe ®. (3.2)
We will now consider the non-homogeneous difference equations
Yni1l = a+ bype *n=2,3,---. (3.3)

From (3.3), an arbitrary solution {y,} -, of (3.3)) is given by

a

n = r(be” )" )
yn = r(be ™)+
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where r depends on the initial values yo. Thus we see that relations (3.1)) and (3.4) imply that y, is a
bounded sequence. Now we will consider the solution y,, of (3.3) such that

Y2 = 2. (3.5)
Thus from (3.2) and (3.5)) we get
Tn < Yn, N> 2.
Therefore it follows that xz,, is bounded. O

Next theorem will study the existence of invariant intervals of (L.1]).

Theorem 3.2. Consider (1.1) where relations (3.1)) hold. Then the following statements are true:

(i) The set
a

G " pea

[ ]

is an invariant set for (1.1)).
(ii) Let € be an arbitrary positive number and z,, be an arbitrary solution of (1.1). We then consider the set

a+e
I =[a, ﬁ]. (3.6)
Then there exists an ng such that for all n > ng
xn € 1. (3.7)
Proof. (i) Let z,, be a solution of with initial values z_1, z¢ such that
r_1,x0 € [a, 1%267(1]. (3.8)
Then from and we get
a<z1=a+broge "' <a+ bﬁe’a = ﬁ.
Then it follows by induction that
a <z, < 1%7)@_@,n:1,2,--- .
This completes the proof of statement (i).
(ii) Let z,, be an arbitrary solution of (L.1)). Therefore, from Theorem [3.1] we get
0<il= linrr_1>ioréf:cn, L= liﬂsolipxn < 0. (3.9)
It follows from and that
L<a+bLe !, I >a+ble ",
which imply that
a<L< PR
Thus from , we see that there exists an ng such that holds true. This completes the proof of the
proposition. O

In the following, we will study the asymptotic behavior of the positive solutions of (|1.1J).
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Theorem 3.3. Consider (1.1) where the initial values x_1,xo are positive constants and a,b are positive
constants satisfying

b <e” (3.10)
Then (L.1)) has a unique positive equilibrium T such that

a
T —. A1
7€ o —7—] (3.11)

Moreover, every positive solution of (1.1) tends to the unique positive equilibrium T as n — oo.
Proof. Following by Proposition and Theorem [3.2] it suffices to show that any positive solution z,
converges to the unique positive equilibrium z of (1.1)). So, by lemm we need to show that ((1.1) has

no positive solutions with prime period two.
Let x,y € (a,00) be such that

r=a+bye ™ and y=a+bre Y. (3.12)
It suffices to show that x =y, z > a,y > a.
From (3.12)) we get
y—a T—a
xr = =
b=y VT pee
and so
r—a+xbe
(r —a—abe™®)e  be®
x = 7
Set
(x—a— abe*x)ezﬂbtfl;e_z
F(z) = —z, z€ (a,00). (3.13)

b2

Since (1.1]) has a unique positive equilibrium z, the following relation holds

a
r = .14
. 1—be 2 (3.14)

We claim that
F'(z) > 0. (3.15)

From and (| -, we have

F(z) = 2 (24 + (2 — 2a)73 + (a® — 2a)7? + 24T — a2)'

b2z2

To prove (3.15)) is true, it suffices to prove that for u > a,

(3.16)

g(u) — h(u) >0,
g(u) = u* + 2u3 + a®u? + 2au, (3.17)
h(u) = 2au?® + 2au? + a®.

From (3.17) we get

g (u) = 4u? + 6u? + 2au + 2a, ' (u) = 6au? + 4au,
g" (u) = 12u? + 12u + 242, R (u) = 12au + 4a, (3.18)
g "(u) = 24u + 12, R (u) = 12a

4 (u) = 24, A (u) =
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Now from (3.10) and (3.18)),we have
g W) — AW (u) =24 > 0.

Since u > a > 0, we have

" (u) —h"(u) > ¢"(a) — K" (a) = 12a + 12 > 0. (3.19)
Using and we get
g"(u) — h'(u) > ¢"(a) — b (a) = 2a® + 8a > 0. (3.20)
Therefore from and it follows
g (u) = (u) > ¢ (a) — W(a) = 2a*> 4 2a > 0. (3.21)

Hence from (3.21)) and as u > a, we get
g(u) = h(u) > g(a) — h(a) = a® > 0,

which implies that (3.15)) is true.
Since T is a solution of the equation F'(z) = 0 and (3.15) is satisfied there is € > 0 such that

F(z—¢€) <0 and F(z+¢€) >0. (3.22)
Moreover from (3.13|) we have
b
Fla) = -2"% 20, lim F(z) = +oc. (3.23)
b Z—00
From (3.22)) and (3.23) it follows that there exists exactly one root of F'(z) =0 in (a, +00).
So, ([L.1)) has no positive solutions of prime period two. The proof is complete. O
Theorem 3.4. Suppose that a > 2,
2
b ——¢!t, 3.24
a++va?—4a (3:24)

Then the equilibrium T of (1.1)) is locally asymptotically stable.

Proof. The linearized equation of (|1.1)) at the equilibrium Zz is

Yn+1 = PUYn + qYn—-1, N = 07 17 Ty (325)

where _
_ Tr—a —
p=be*=——>0, q=—-bre*=a—1<0. (3.26)
x

From [2], a necessary and sufficient condition for absolute value of both eigenvalues of ([3.25]) less than one
is

pl<l-g<2 (3.27)
that is, by direct computation,
2
b < __clte, 3.28
a++va?—4a (3.28)
which imply Z is locally asymptotically stable. The proof is complete. O
2
Remark 3.5. If a > 2, b > ——————¢!7% the equilibrium Z is unstable.

a+ Va2 —4da
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Theorem 3.6. Ifa > 2,

2
b < min{e?, ———e!t9},
{ a++va?—4a }
the equilibrium T of (1.1) is globally asymptotically stable.
Proof. Tt follows immediately from Theorem [3.3] and Theorem O

Example 3.7. See Figurel, (a) and (b) show the stability of equilibrium of (1.1)) and (c) shows the unstable
case whenever (3.24)) is not satisfied.
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