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Abstract

In this paper, we use the viscosity approximation method to establish strong convergence theorems for a
finite family of nonexpansive multi-valued nonself mappings and equilibrium problems in a Hilbert space
under some suitable conditions. As applications, we provide an example and numerical results. (©2015 All
rights reserved.
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1. Introduction

Let H be a real Hilbert space with inner product (-,-) and norm || - ||. Let D be a nonempty subset of

H and let F': D x D — R be a bifunction, where R is the set of real numbers. The equilibrium problem for
F'is to find w € D such that

F(u,y) >0 Yy e D. (1.1)

The set of solutions of (1.1)) is denoted by EP(F'). Given a mapping S : D — H, let F(z,y) = (Sz,y — z)
for all z,y € D. Then z € EP(F) if and only if F(z,y) = (Sz,y — z) for all y € D, i.e., z is a solution
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of the variational inequality. The equilibrium problem includes as special cases numerous problems in
physics, optimization and economics. Methods for solving the equilibrium problem have been studied by
many authors (see, for example, [4, 5] ©, 8, 3], 19]).

The set D is called proriminal if for each x € H, there exists an element y € D such that
|z — y|| = d(x, D), where d(x,D) = inf{||x — z|| : 2 € D}. Let CB(D),K (D) and P(D) be the fami-
lies of nonempty closed bounded subsets, nonempty compact subsets, and nonempty proximinal bounded
subsets of D respectively. The Hausdorff metric on CB(D) is defined by

H(A, B) = max { sup d(z, B), supd(y, A)}
z€A yeB

for A, B € CB(D). A single-valued mapping T': D — D is called nonexpansive if ||Txz — Ty|| < ||z — y|| for
all x,y € D. A multi-valued mapping 7' : D — CB(D) is said to be nonexpansive if H(Tz,Ty) < |z — y||
for all x,y € D. An element p € D is called a fized point of T : D — D (resp. T : D — CB(D)) if p=Tp
(p € T'p, respectively). The set of fixed points of T is denoted by F(T).

For single-valued nonexpansive mappings, in 2000, Moudafi [11] proved the following strong convergence
theorem:

Theorem M ([I1]). Let D be a nonempty, closed and convex subset of a Hilbert space H and let T be a
nonexpansive mapping of D into itself such that F(T) is nonempty. Let f be a contraction of D into itself
and let {x,} be a sequence defined as follows: x1 € D and

E
Tt = 7 T
n n

for all n € N, where {,} C (0,1) satisfies

1

En+1 En

=0.

o0
lim &, =0, E €n =00 and lim
n—oo n—oo

n=1

Then {xn} converges strongly to z € F(T), where 2 = Pp(r)f(2) and Ppr is the metric projection of H
onto F(T).

Such a method is called the viscosity approximation method. Recently, Takahashi-Takahashi [20] in-
troduced an iterative scheme by the viscosity approximation method for finding a common element of the
solutions set of and the fixed points set of a nonexpansive mapping in a Hilbert space, and proved the
following strong convergence theorem.

Theorem TT ([20]). Let D be a nonempty, closed and convex subset of a Hilbert space H. Let F': Dx D —
R be a bifunction satisfying the following assumptions:
(Al) F(z,z) =0 for all x € D;
(A2) F is monotone, i.e., F(x,y) + F(y,z) <0 for all x,y € D;
(A3) for each x,y,z € D,
1ti¢r(r)1F(tZ +(1—-t)z,y) < F(z,y);

(A4) for each x € D, y — F(x,y) is convex and lower semicontinuous.
Let T : D — H be a nonexpansive mapping such that F(T) N EP(F) # 0, f : H— H be a contraction,
and {z,} and {u,} be sequences generated by 1 € H and

{ F(unay)+i<y_unaun_xn> ZO? VyGD,

Tn

Tpi1 = anf(zn) + (1 — ap)Tuy, n>1,

(1.2)

where {a,} C [0,1] and {r,} C (0,00) satisfy lim, oo n = 0, D 07 = 00, D00 |apy1 — o] < 00,
liminfy, o0 77 > 0 and Y07 | |rpy1 — 1| < 00.
Then {zn} and {un} converge strongly to z € F(T) N EP(F'), where 2 = Ppirynppr)f(2)-



W. Cholamjiak, P. Cholamjiak, S. Suantai, J. Nonlinear Sci. Appl. 8 (2015), 1245-1256 1247

In recent years, fixed point theory for nonlinear multi-valued mappings in various spaces has been studied
by many authors (see, for example, [3, [14], (16, 18] and the references therein).

One way of approximating the fixed points of nonlinear multi-valued mappings is to use the concept of
the best approximation operator Pr defined by Prz = {y € Tz : ||y — z|| = d(z,Tz)}. In 2003, Hussain-
Khan [9] used the best approximation operator Pr to study the fixed points of a *-nonexpansive multi-valued
mapping and the strong convergence of its iterates to a fixed point defined on a closed and convex subset
of a Hilbert space. By using the concept of best approximation operator, many authors have found fixed
point results for multi-valued nonself mappings (see, for example, [10} 15 21]).

In 2010, Zegeye-Shahzad [21] studied the convergence of the viscosity approximation process for nonex-
pansive nonself multi-valued mappings in Banach spaces.

Theorem ZS ([21]). Let E be a uniformly convex Banach space having a uniformly Gateaux differen-
tiable norm, D a nonempty closed convex subset of E, and T : D — K(D) a multimap such that Pr is
nonexpansive. For given xg € D, yo € Prxo, let {z,} be generated by the algorithm

{ Tp4+1 = Olnf(xn) + (1 - O‘n)?/m
Yn € Pr(xy,) such that ||Yyn—1 — ynll = d(yn—1, Pr(z,)), n>1

(see, e.g.,[18]), where f: D — D is a contraction and {a,} is a real sequence which satisfies the following
conditions:

(i) limn_>oo Ay = O;
(i) D02y ap =00 and

(i) Timy, 0 12n=0n=tl — @,
n

If F(T) # 0, then {x,} converges strongly to a fized point of T

In 2011, Song-Cho [17] gave an example of a multi-valued mapping T which is not necessary nonexpansive
but Pr is nonexpansive. It is an interesting problem to study the convergence of multi-valued mappings by
using the best approximation operator.

Let H be a Hilbert space and D be a subset of H. A multi-valued mapping 7' : D — CB(H) is said
to satisfy the condition (A) if ||z — p|| = d(z,Tp) for all z € H and p € F(T). We see that T satisfies the
condition (A) if and only if Tp = {p} for all p € F(T'). It is known that the best approximation operator
Pr also satisfies the condition (A).

Motivated by Takahashi-Takahashi [20] and Zegeye-Shahzad [21], we introduce the viscosity approxima-
tion method for solving the equilibrium problem and the fixed points problem of a finite family of multi-
valued nonself mappings in a Hilbert space. In the last section, we also give an example and numerical
results for supporting our method.

2. Preliminaries and lemmas

Let D be a nonempty, closed and convex subset of a Hilbert space H. For every point z € H, there
exists a unique nearest point in D, denoted by Ppx, such that

| — Ppz| < [lz —yll, vyeD.

Pp is called the metric projection of H onto D. It is known that Pp is a nonexpansive mapping of H onto
D. We also recall the following facts regarding real Hilbert spaces.

Lemma 2.1. Let D be a nonempty, closed and convex subset of a real Hilbert space H and let Pp be the
metric projection of H onto D. Let x € H and z € D. Then z = Ppx if and only if

(x —2z,y—2) <0, VyeD.
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Lemma 2.2. Let H be a real Hilbert space. Then the following relations hold:

@) llo =yl =z = lyll* — 2( — y,y), Yo,y € H;
(ii) [[tz + (1 = )yll* = tll=ll* + 1 = Ollyll* — t(1 = )|z — y||*, vt € [0,1] and 2,y € H;
(iil) flo+yl?* < |l2l* +2{y,z +y), Vo,yeH.

By using Lemma (ii), we can deduce the next result.

Lemma 2.3. Let H be a real Hilbert space. Then for each m € N

m m m
I tiwill® =Y tillaall® = ) titglles — )%,
=1 =1 1=1,i#j

where x; € H, t;,t; € [0,1] for all i,j =1,2,....,m, and > " t; = 1.

Lemma 2.4 ([4]). Let D be a nonempty, closed and convex subset of a real Hilbert space H. Let F be a
bifunction from D x D to R satisfying (A1)-(A4) and let r > 0 and x € H. Then there exists z € D such
that

1
F(z,y)+ —(y—2,2z—x) >0, forallyeD.
r

Lemma 2.5 ([8]). Forr >0 and x € H, define the mapping T, : H — D by
1
T (x) = {zeD:F(z,y)—kT(y—z,z—@ >0, VyED}.

Then the following hold:
(i) T} is single-valued;
(ii) T} is firmly nonexpansive, i.e., for any x,y € H,

| T — TT?JHQ < (Trx — Ty, —y);

(i) P(T,) = EP(F);
(iv) EP(F) is closed and convex.

Lemma 2.6 ([1]). Let D be a nonempty and weakly compact subset of a Hilbert space H and T : D — K(H)
be a nonexpansive mapping. Then I — T is demiclosed.

Lemma 2.7 ([2]). Let {s,} be a sequence of nonnegative real numbers, {a,} be a sequence in [0,1] with
Yool o =00, {Bn} be a sequence of nonnegative real numbers with Y " Bn < 00, and {y,} be a sequence
of real numbers with lim sup,, _,.. vn < 0. Suppose that

Sn+1 = (1 - an)sn + QY + 5n
for alln € N. Then lim,_, s, = 0.

Lemma 2.8 ([7]). Let D be a closed and convex subset of a real Hilbert space H. Let T : D — CB(D) be
a nonezxpansive multi-valued map with F(T) # 0 and Tp = {p} for each p € F(T'). Then F(T) is a closed
and convex subset of D.

Using the above results, we study the convergence of the iteration (2.1)) defined in the following. Let D
be a nonempty, closed and convex subset of a Hilbert space H. Let T; : D — CB(H) be a multi-valued
nonself mapping for all i € {1,2,..., N}, f: H — H be a contraction and F : D x D — R be a bifunction.
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Let {ap,} and {a;,} be sequences in [0,1] for all i € {1,2,..., N} with S8 s, = 1, and {r,} be a
sequence in (0, 00). For a given z; € H, we find u; € D such that

1
F(u17y)+7<y_uluul _$1> 205 vyeD
1

Let z;1 € Tyu; for all i € {1,2,..., N} and compute x2 € H by

N
xo = a1 f(z1) + Z QG121

=1
Find us € D such that
1
F(’UQ,y) + 7<y—U2,U2 _‘T2> 2 07 vy € D.
2

From Nadler’s Theorem (see [12]), there exist z;o € Tjup for all i € {1,2,..., N} such that ||z;2 — 2;1]] <
H(Tyu2, Tiuy) for all i € {1,2,...,N}.
Inductively, we construct the sequence {x,,} C H as follows:

{ F(umy)'i‘i@_umun_w@ >0, Vye D,

Tn
N
In+l = a(),nf(xn) + Zz‘zl Q5 nZin, Vn > 1,

where z;,, € Tyuy, such that ||zip+1 — 2zinll < H(Tiun+1, Tiuy) for all i € {1,2, ..., N}.

3. Main results

In this section, we prove a strong convergence theorem for the iteration ({2.1]) to find a common element of
the solutions set of an equilibrium problem and the common fixed points sets of a finite family of multi-valued
nonself mappings.

Theorem 3.1. Let D be a nonempty, and weakly compact subset of a Hilbert space H. Let F be a bifunction
from D x D to R satisfying (A1)-(A4) and {T;}¥., a family of nonexpansive multi-valued mappings of D
into K (H) such that "X, F(T;) EP(F) # 0. Let f be a contraction of H into itself. Let {aon}, {cin} be
sequences in [0, 1] with Z]kvzo agn =1 and {r,} C (0,00) be a sequence such that the following hold:

(i) impyeo o = 0, Y otjon = o0, liminf, oo ipay, > 0 for all 4,5 € {1,2,..,N} and

Yook nt1 — agpl < oo forall k €{0,1,2,...,N};
(i) lminf, oo rn >0 and Y 00| |Fnp1 — | < 00.
If {T;}Y, satisfies the condition (A), then the sequences {xn} and {u,} generated by (2.1]) converge

strongly to z € NN F(T;) " EP(F), where z = Pﬂ]-ilF(Ti)ﬂEP(F)f(z)'

Proof. Let Q = Py p(rynppr)- Since [ is a contraction, there exists a constant a € [0,1) such that
1Qf(x) —Qf (W) < |If(x) — f(y)]| < ||z —y]| for all z,y € H. Hence Qf is a contraction of H into itself,
so there exists a unique element z € H such that z = Q f(z). We divide the proof into five steps.

Step 1. We show that {x,} is bounded.

Let p € N, F(T;) N EP(F). Then from u,, = T}, ¥y, we have

lun = pll = | Tr 20 — Tropll < llzn — p| (3.1)
for all n > 1. It follows that

2n41 —pll < 2o |zin — pll

N
Fn) = ol + 3 ain
=1

N

[f(@n) =pll + Y @ind(zin, Tip)

=1

= Qon
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N
< aO,an(xn) - p” + Z O‘i,nH<T’iuna ﬂp)
=1

< aou([lf(zn) = F@I + £ (0) = pll) ZamHun il

< (1 ~aon(1 a)) 0 — pll + a0 £) — pl
1) - pu}.

< max{nxn "

i-a
By induction,
||xn—p|rSmax{||x1 Pl 1) - pu}, n 1.

Hence {z,} is bounded. The same holds for {u,}, {f(z,)} and {z,} for all i € {1,2,..., N}.
Step 2. We show that ||x,+1 — zp] — 0 as n — oco.

From the definition of {z,} there exist z; 41 € Tjupt1 and z;, € Tiuy, for all i € {1,2,..., N} such that

l2in+1 = Zinll < H(Tiungr, Tun). Let K = suppsy {1/ (@)l + 5L, zi0ll}. Then, we have

|Zn+2 = i1l = lont1f(Tnt1) — aoms1f(Tn) + Qo nt1f(Tn) — conf(Tn)
N N N N
+ Z Qjn+1%in+l — Z Qjn+1%in Z Qn+1Zin — Z QinZinl|
=1 i=1 =1 i=1
< ao,nJrle(:UnJrl) — f(zn)[| + |040,n+1 - aO,n’”f(xn)H

N N
+ > imellzine — zinl + Y 10ina1 — inl|2inll

i=1 i=1
N N
< agn10)|Tpe1 — x|l + Z |1 — i K + Z Qi1 H(Titun 11, Tiuy)
=0 i1
N N
< a07n+1a‘|xn+1 — T + Z |O‘i,n+1 - O‘i,n|K + Z O‘i,n+1||un+1 — Up .
=0 =1

On the other hand, from u, = T}, x, and u,41 = T, Tny1, We have

1
F(Un,y)—i‘ 7<y_un7un_xn> 2 0

Tn

for all y € D and

1
Flupt1,y) + (Y = Un+41, Ung1 — Tny1) =0
T'n+1
for all y € D. Setting y = w41 in (3.3) and y = u,, in (3.4), we obtain
1
F(una un+1) + 7<un+1 — Un, Up — xn> >0
n
and ]
F(un—l—la un) + <un — Un+1, Un+1 — xn+1> > 0.
Tn+1

It follows from (A2) that

Up — Tn Un4+1 — Tn41 >
Un+1 — Un, - >0
Tn Tn+1

(3.2)

(3.3)

(3.4)
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and hence
Tn

<un+1 — U, Up — Un4+1 + Unt+l — Tn — (un+1 - xn+1>> > 0.

Tn+1
Since liminf,,_ . r, > 0, there exists a real number a such that r, > a > 0 for all n > 1. Then, we have

r
Hun—‘rl - un||2 < <un+1 — Un, T4l — Tp + (1 - = >(Un+1 - $n+1)>
Tn+1

Tn

< lumss - unu{\|wn+1 el + '1 s - xn+1rr}

n—+

and hence

luns1 — un| < |Tng1 — 20l + , [Tn+1 = Tollluns1 — Taga ||

n+1

1
< H:UnJrl - fEnH + E|7‘n+1 - Tn|Ma (3.5)

where M = sup{||up, — z,|| : » > 1}. Combining (3.2]) and (3.5)), we obtain

N N
1
[Zn+2 — Tnt1ll < @optr0|Tnir — 2n| + Z Qi1 — Qi | K + Z Qi nt1 <H$n+1 — x|l + 5”'“n+1 - Tn’M>

=0 =1
N 1
= (1 - aO,nJrl(l - a)) | Tni1 — zn| + Z |O‘i,n+1 - O‘i,n|K + a|rn+1 — 7| M.
=0

By Lemma [2.7) ||z,41 — x| — 0 as n — oo.
Step 3. We show that lim, o ||Z7, — 2in
From (3.5)) and (ii), we have

| = limp o0 ||un — 2ipn]| =0 for all i € {1,2,...,N}.
lim ||up41 — un|| = 0. (3.6)
n—oo

Let p € N, F(T;) N EP(F). From Lemma [2.3{ and (3.1]), we get

‘ 2

N

|z = pI? < coullf(2n) = I + Y inllzin —pl* = djnarallzim — 2k
i=1
N

= aollf(@n) = pl* + ) Gind(zin, Tip)? = ajininllzin — 2knl
i=1
N

< aonll f(@n) = plI* + ) ainH (Tiun, Tip)? — ajniallzin — 2l
i=1

< agnll f(zn) = pI* + lun — plI* = ajnonnllzim — 2zl

< aoullf(zn) = ol + 20 = pI* = @jnarallzin = 21nl?
for all j,k € {1,2,..., N}. It follows that
2 2 2 2
il Zin = 2enll” < conllf(@n) = plI° + 20 = plI" = llznr = pll
< aoallf(xn) = Pl + lzns1 — @all (20 — ol + 1041 — pIl)

for all j,k € {1,2,..., N}. From (i), we have that ||z, — 2kn| = 0 as n — oo for all j, k € {1,2,..., N}. This
implies that
[z = zin|l < l[#n = Tnal| + 2041 = zinl = 0 (3.7)
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asn — oo for all i € {1,2,...,N}. For p € N, F(T;) " EP(F), we see that

lun = plI> = 1T, 20 — Tr,p1?
< <Trn$n — Trnpa Tn — p>
= <un—p,xn—p>
1

= 5 (=7 + o = 912 = o = wal?),

which yields
= pII* < llzn = plI* = llan = unll*.
Therefore, using the convexity of || - ||2, we obtain

N

lzn1 = plI* = laonf () + Y @inzin — ol
i=1

IN

N
ol f(@n) = pl> + Y @inllzin —pl
=1

N

= aoullf(@n) = pI* + D @ind(zin, Tip)?
i=1
N

< aoll f(@n) = pl* + ) qinH (Tiun, Tip)?
=1

< agpllf(zn) — plI* + (1 — agp) lun — pl?
< aopllfxn) —pI* + (1 = agn) (|20 — pI* = |20 — ual?)
< aopllf(zn) = pI* + |z — pII” — (1 — aon) |lzn — |,

whence
(1 = aop)llzn — unll® < aonllf(zn) = plI* + llzn — plI* = l|2ns1 — pl®
< agnllf(zn) = pI* + |20t — @nll ([lzn — pll + 201 — pll)-
Since lim, o0 0, = 0 and limy, o ||Zn4+1 — || = 0, we have

Hxn - un” —0 (3.8)
as n — oo. It follows from (3.7) and (3.8]) that, for each i = 1,2,..., N,
[Zin = unll < l|zin = znll + [|2n — un|| =0 (3.9)

as n — 0.
Step 4. We show that limsup,,_,..(f(2) — z,z, — 2) <0, where z = szgvle(Ti)nEP(F)f(z).
Since {z,} is bounded, we can choose a subsequence {z,,} of {z,} such that
lim (f(z) — 2z, 2, — 2) = limsup(f(z) — z,x, — 2).
1—r 00 n—oo
Since {uy,} is bounded, we infer that u,, — ¢ € D and also z,, — ¢q. We will now show that ¢ € EP(F).
From u,, =T}, =, we have
1
F(un,y) + 7<y — Un, Un — Tn) > 0, Vy € D.

n
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Also, from (A2),

1
—(y — Up, Up — xn) > F(y,up)
Tn

and hence
<y — tn,, Up; — Tn,; > Z F(y, unz)
T,

Since u";i:c"l — 0 and u,, — ¢, from (A4) we have

0> F(y,q)

forally € D. Fort with 0 <t <1landy € D, let y. =ty + (1 —t)q. Since y € D and q € D, y; € D, hence
F(yt,q) < 0. Consequently, from (Al) and (A4) we get

0= F(yt,yt) <tF(ye,y) + (1 =) F(yt,q) <tF(yr,y)

and thus 0 < F(y:,y). It follows that 0 < F(q,y) for all y € D by (A3), and hence ¢ € EP(F'). Since
limp, o0 [|2im — tnll = 0 and u,, — ¢, using Lemma 2.6, we obtain that ¢ € F(T;) for all i € {1,2,..., N}.
Therefore ¢ € NI, F(T;) (| EP(F). By Lemma we have

limsup(f(z) — z,zp — 2) = Im (f(2) — z,2n, — 2) = (f(2) — 2, — 2) < 0. (3.10)

n—00 i—00

Step 5. We show that z,, — z as n — oo.
From Lemma (iii) we have

N

lznss =217 < D afnllzin — 217 + 2000 (f (€n) = 2, 2n41 — 2)
i=1

N
= Z aind(zi,n, T;2) + 2000 (f (20) = 2, Zp41 — 2)
=1

N
< Z O‘inH(Tium Tiz)2 + 2a0,n<f($n> — 2, Tn41 — Z)
=1

(1= aon)?llun = 2[1? + 2000 (f (zn) = f(2), Tnt1 = 2) + 2000 {f(2) = 2,2n41 — 2)

(1= aom)?llen — 2|17 + 2a0nallen — 2lllzns1 — 2]l + 200, (f(2) = 2, Tns1 — 2)

IN A

IN

(1= a0 Pl 31 + coma{ oo = 517 + lnss = 1P} + 2a0a07(2) = 21200 = ).

This implies that

2
2 (1 aO,n) + Qo 2 200 5
_ < . s _ _
Hxn—&-l ZH >~ 1_ Qo H n ZH + 1_ S <f(z) Zy Tyt z)
1 =209 + agpo 9 Oz%m ) 20,1
= T icagea e AT e A g R A E) = 2 e = 2)
2(1 —a)ag
= (1 ke Y — o1
— a0
2(1 — a)agn aon 5
1—ap,a 1201 —a) lzn = 2|17 + 7= Af(2) =z 2041 = 2) 0.
Put
a0,
M= g e = 27+ == (f(2) — 2,241 — 2).
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It follows from (i) and (3.10)) that limsup,, . Yn < 0, 80 lim,, s ||z, — 2]|> = 0 by Lemma This implies
that {z,,} converges strongly to z € NY, F(T;)  EP(F). It is easily seen that {u,} also converges strongly
to z. We thus complete the proof. O

If, for each i = 1,2,..., N, Tip = {p} for all p € F(T;), then {T;}Y, satisfies the condition (A). We then
obtain the following result.

Corollary 3.2. Let D be a nonempty and weakly compact subset of a Hilbert space H. Let F' be a bifunc-
tion from D x D to R satisfying (A1)-(A4) and {T;}}¥., be nonezpansive multi-valued mappings of D into
K(H) such that "N, F(T;) Y EP(F) # 0. Let f be a contraction of H into itself, and let {aon}, {ein}
(1t =1,2,..,N) and {r,} be as in Theorem . If, for each i = 1,2,...,N, T;p = {p} for all p € F(T;),
then the sequences {x,} and {u,} generated by converge strongly to z € NN, F(T;) (" EP(F), where
= PﬂlNle(Ti)ﬂEP(F)f(Z)’

Since Pr, (i =1,2,..., N) satisfies the condition (A), we also obtain

Corollary 3.3. Let D be a nonempty and weakly compact subset of a Hilbert space H. Let F' be a bifunction
from D x D toR satisfying (A1)-(A4) and {T;}}, be a family of multi-valued mappings of D into P(H) such
that "N, F(T;) N EP(F) # 0 and F(T;) is closed and convez for alli € {1,2,...,N}. Let f be a contraction
of H into itself, and let {agn}, {in} (i =1,2,...,N), and {r,} be as in Theorem[3.1] Let the sequences
{zn} and {u,} be generated as follows:

F n L - Un,y,Un — Ln > 7v D,
{ A (3.11)

Tpt+1l = OéO,nf(l‘n) + Zz]il A nZin,
where z;n, € Prouy, such that ||zipi1 — 2Zin|| < H(Pryun+1, Pryuy).

If Pr, is nonezpansive and I —T; is demiclosed at 0 for all i € {1,2,..., N}, then the sequences {x,} and
{un} converge strongly to = € "X, F(T;) (" EP(F), where z = Pﬂf-\ilF(Ti)ﬂEP(F)f(Z)'

4. Example and numerical results

In this section, we give an example and numerical results supporting our main theorem.

Example 4.1. Let H = R and D = [0,1]. Let F(z,y) = —92% + ay + 8y?, f(z) = %, Tva = [0, %],

12
Thx = [0,sinz] and let g = ﬁ, a1y = Qo = 80n=1 4nd r, =

n
ntl
It is easy to check that F' satisfies all the conditions in Theorem (3.1, For each r > 0 and z € [0,1],
Lemma [2.4] ensures that there exists z € [0, 1] such that, for any y € [0, 1],

1 1
F(a:,y)—i—;(y—z,z—m) 20<:>—9z2+zy+8y2+;(y—z)(z—x)20

& 8ry® + (2r + 2+ x)y + (x2 — 9r2® — 22) > 0.

Put G(y) = 8ry? + (27 + z + 2)y + (zz — 9r2% — 22). Then G is a quadratic function of y with coefficients
a=8r,b=rz+z+x and c = zz — 9rz? — 22. We next compute the discriminant A of G as follows:

A =b% - dac
=((1+r)z- x)2 — 32r(zz — 9rz* — 2%)
=22 = 22(1+r)z+ (14 7)%2% — 32rzz + 2881222 + 32r2>
= 2% — 34rzz — 2wz + 289227 4+ 3drz® + 22
=22 = 22(1Trz + 2) + (17rz + 2)?
= (z— (17rz+ z))2
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We know that G(y) > 0 for all y € [0,1] if it has at most one solution in [0,1]. So A < 0 and hence
x = 17rz+ z. Now we have z = T,x = (17f+1). Algorithm 1) becomes

Tn 80n — 1
= Yn>1
i1 = Toom t lgon (Fin T 22n) VR 2L,
h ——%n in (——2n— h th
where 21, € {0, 2(17(7111)“)]7 Zop € {0,sm (17(7 )+1)} are such that

n - n SH 07
|21 n+1 — 21,0 ([ o

and

Tn+1

22,41 — 22,0 < H([O,Sin (

)+—1)]’[0’2(17(

Tn41

n+1
n+2

7))

-

)4—1)]) _"2(17(

)+1)  2(17(

17(
= |sin S 2 - sin S —
(17(g$% ) (17(E§T)4—1
for all n > 1. Choose z1 = 1 and take randomly z1 5, 22, satisfying the above conditions. We then have

n Z1,n 2n L, |55n+1 - xn|
1 2.68763620E-02 3.18914138E-02 1.00000000E+00 9.67674761E-01
2 1.03550828E-03 1.27284146E-03 3.23252386E-02 3.11085285E-02
3 1.90384562E-05 4.33038000E-06 1.21671005E-03 1.20316104E-03
4 1.08825740E-07 5.58886787E-08 1.35490137E-05 1.34499262E-05
5 8.68977905E-10 2.18228584E-10 9.90875836E-08 9.84418966E-08
6 2.07077239E-11 1.68185074E-11 6.45686971E-10 6.26380855E-10
7 1.33453390E-13 1.77800965E-13 1.93061163E-11 1.91356494E-11
8 3.32911503E-15 1.17262475E-16 1.70466913E-13 1.68627738E-13
9 2.34667065E-17 1.85492397E-17 1.83917524E-15 1.81704404E-15
10 1.94968136E-19 2.60343261E-19 2.21311977E-17 2.18912261E-17
50 7.95313036E-94 5.60964135E-94 3.24048135E-92 6.27814377E-93

Table 1 Numerical results of Example 4.1 being randomized the first time.
n Z1,n Z22m Tn ’xn-l—l - xn|
1 3.87646646E-02 2.11808262E-02 1.00000000E+00 9.67089584E-01
2 9.08427596E-04 5.17399890E-04 3.29104157E-02 3.21319091E-02
3 9.82766561E-07 1.29163897E-06 7.78506635E-04 7.76156570E-04
4 6.53081245E-08 1.19028080E-08 2.35006562E-06 2.30861909E-06
5 1.33075088E-09 3.64430816E-10 4.14465346 E-08 4.05575361E-08
6 2.68341046E-11 1.50264282E-11 8.88998510E-10 8.67311870E-10
7 2.73653976E-13 4.49152288E-13 2.16866396E-11 2.13088585E-11
8 1.15014750E-14 6.10767047E-16 3.77781126 E-13 3.71471069E-13
9 8.23396605E-17 8.77593543E-17 6.31005777E-15 6.22117079E-15
10 9.57108690E-19 5.14323658E-19 8.88869817E-17 8.81015976E-17
50 8.74865895E-97 6.97685899E-97 2.03284925E-94 2.03284925E-94

Table 2 Numerical results of Example 4.1 being randomized the second time.

From Table 1 and Table 2, we see that 0 is the solution of the equilibrium problem and it is the common
fixed point of 77 and 75 in Example 4.1.



W. Cholamjiak, P. Cholamjiak, S. Suantai, J. Nonlinear Sci. Appl. 8 (2015), 1245-1256 1256

Acknowledgements:

W. Cholamjiak thanks University of Phayao. The second and the third authors wish to thank the Centre
of Excellence in Mathematics, the Commission on Higher Education, Thailand. The authors would like to
thank Professor Yeol Je Cho for giving useful suggestions and comments for the improvement of this paper.

References
[1] R. P. Agarwal, D. O'Regan, D. R. Sahu, Fized Point Theory for Lipschitzian-type Mappings with Applications,
Springer, New York, (2009).
[2] K. Aoyama, Y. Kimura, W. Takahashi, M. Toyoda, Approzimation of common fized points of a countable family
of monexpansive mappings in a Banach space, Nonlinear Anal., 67 (2007), 2350-2360.
[3] N. A. Assad, W. A. Kirk, Fized point theorems for set-valued mappings of contractive type, Pacific J. Math., 43
(1972), 553-562.
[4] E. Blum, W. Oettli, From optimization and variational inequalities to equilibrium problems, Math. Student, 63
(1994), 123-145.
[5] L. C. Ceng, J. C. Yao, A hybrid iterative scheme for mized equilibrium problems and fized point problems, J.
Comput. Appl. Math., 214 (2008), 186-201.
[6] P. Cholamjiak, A hybrid iterative scheme for equilibrium problems, variational inequality problems and fized point
problems in Banach spaces, Fixed Point Theory Appl., 2009 (2009), 18 pages.
[7] W. Cholamjiak, S. Suantai, A hybrid method for a countable family of multivalued maps, equilibrium problems,
and variational inequality problems, Discrete Dyn. Nat. Soc., 2010 (2010), 14 pages.
[8] P. L. Combettes, S. A. Hirstoaga, Equilibrium programming in Hilbert spaces, J. Nonlinear Convex Anal., 6
(2005), 117-136.
[9] N. Hussain, A. R. Khan, Applications of the best approximation operator to *- nonexpansive maps in Hilbert
spaces, Numer. Funct. Anal. Optim., 24 (2003), 327-338.
[10] J. S. Jung, Convergence of approzimating fized points for multivalued nonself-mappings in Banach spaces, Korean
J. Math., 16 (2008), 215-231.[]]
[11] A. Moudafi, Viscosity approzimation methods for fized-point problems, J. Math. Anal. Appl., 241 (2000), 46-55.
0 M
[12] S. B. Nadler, Multi-valued contraction mappings, Pacific J. Math. 30 (1969), 4757488.
[13] J. W. Peng, Y. C. Liou, J. C. Yao, An iterative algorithm combining viscosity method with parallel method for a
generalized equilibrium problem and strict pseudocontractions, Fixed Point Theory Appl., 2009 (2009), 21 pages.
m
[14] P. Pietramala, Convergence of approzimating fized points sets for multivalued nonezpansive mappings, Comment.
Math. Univ. Carolin., 32 (1991), 6977701.
[15] N. Shahzad, H. Zegeye, Strong convergence results for nonself multimaps in Banach spaces, Proc. Amer. Math.
Soc., 136 (2008), 539-548.[f]
[16] N. Shahzad, H. Zegeye, On Mann and Ishikawa iteration schemes for multi-valued maps in Banach spaces,
Nonlinear Anal., 71 (2009), 838-844.[f]
[17] Y. Song, Y. J. Cho, Some note on Ishikawa iteration for multi-valued mappings, Bull. Korean Math. Soc., 48
(2011), 575-584.[1]
[18] Y. Song, H. Wang, Convergence of iterative algorithms for multivalued mappings in Banach spaces, Nonlinear
Anal., 70 (2009), 1547-1556.[1]
[19] A. Tada, W. Takahashi, Strong convergence theorem for an equilibrium problem and a nonexpansive mapping,
Nonlinear Analysis and Convex Analysis, Yokohama Publishers, Yokohama, (2005).
[20] S. Takahashi, W. Takahashi, Viscosity approzimation methods for equilibrium problems and fized point problems
in Hilbert spaces, J. Math. Anal. Appl., 331 (2007), 506-515.[1]
[21] H. Zegeye, N. Shahzad, Viscosity approzimation methods for nonexrpansive multimaps in Banach spaces, Acta

Math. Sin., 26 (2010), 1165-1176.[1]



	1 Introduction
	2 Preliminaries and lemmas
	3 Main results
	4 Example and numerical results

