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Abstract

Javahernia et al. [Fixed Point Theory and Applications 2014, 2014:195] introduced the concept of gen-
eralized Mizoguchi-Takahashi type contractions and established some common fixed point results for such
contractions. In this paper, we define the notion of generalized a,— Mizoguchi-Takahashi type contractions
and obtain some new fixed point results which generalize various results existing in literature. An example
is included to show that our results are genuine generalization of the corresponding known results. (©2015
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1. Introduction and Preliminaries

Let (X,d) be a metric space. For x € X and A C X, we denote d(z, A) = inf{d(x,y) : y € A}. Let us
denote by N(X), the class of all nonempty subsets of X, CL(X), the class of all nonempty closed subsets of
X, CB(X), the class of all nonempty closed and bounded subsets of X and K(X), the class of all compact
subsets of X. Let H be the Hausdorff-Pompeiu metric induced by metric d on X, that is,

H(A, B) = max{supd(z, B),supd(y, A)}
€A yeB

for every A,B € CB(X). Let S : X — CL(X) be a multivalued mapping. A point ¢ € X is said to be a
fixed point of S if ¢ € Sq. If, for xg € X, there exists a sequence {z, }nen in X such that =, € Sz,_1, then
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the orbit of S is defined as O(S, zg) = {xo, x1, z2,...}. A mapping ¢g : X — R is said to be S-orbitally lower
semi-continuous if {zy, }ren is a sequence in O(S, z¢) and z, — v implies g(v) < lim, inf g(z,).
Nadler [16] extended the Banach contraction principle to multivalued mappings in the following way.

Theorem 1.1 ([16]). Let (X,d) be a complete metric space and S : X — CB(X) be a multivalued mapping
such that for all x ,y € X,

H(S(x),S(y)) < kd(x,y) (1.1)
where 0 < k < 1. Then S has a fixed point.

Reich [18], established the following fixed point theorem for the case of multivalued mappings with
compact range.

Theorem 1.2 ([18]). Let (X,d) be a complete metric space and ¢ : [0,00) — [0,1) be such that

lim sup p(v) <1

v—ut

for each u € [0,00). If S: X — K(X) is a multivalued mapping satisfying

H(S(x),S(y)) < pld(z,y))d(z,y) (1.2)
for all x,y € X, then S has a fixed point.

An open problem posed by Reich [I8] asks wether the above theorem holds for mapping S : X — CB(X).
Mizoguchi and Takahashi [I5] proved the following famous result as a generalization of Nadler’s fixed point
theorem [16].

Theorem 1.3 ([15]). . Let (X,d) be a complete metric space and S : X — CB(X) be a multivalued
mapping. Assume that

H(S(z), S(y)) < pld(z,y))d(z,y) (1.3)
for all z,y € X, where ¢ : [0,00) — [0,1) is such that

lim supp(v) <1

v—ut
for each u € [0,00). Then S has a fized point.

The above function ¢ : [0,00) — [0, 1) of Mizoguchi-Takahashi is named as MT-function. As in [15], we
denote by € the set of all functions ¢ : [0,00) — [0, 1).
Kamran [12], generalized Mizoguchi and Takahashi’s theorem in the following way.

Theorem 1.4 ([12]). Let (X,d) be a complete metric space, ¢ : [0,00) — [0,1) be an MT- function and
S: X — CL(X) a multivalued mapping. Assume that

d(y, S(y)) < e(d(z,y))d(z, y) (1.4)
for each x € X andy € Sx where p € Q. Then
(1) there exists an orbit {x,} of S and w € X such that lim,_,o T, = w;

(ii) w is fized point of S if and only if the function g(x) = d(x, S(x)) is S -orbitally lower semi-continuous
at w.

Asl et al. [2] defined the notion of a,-admissible mappings as follows:
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Definition 1.5. ([2]). Let (X, d) be a metric space, a : X x X — [0,+00) and S : X — CL(X) be given.
We say that S is a,.—admissible if for all x € X and y € Sz with a(x,y) > 1, we have that . (Sx, Sy) > 1,
where . (Sz, Sy) = inf{a(a,b) : a € Sz,b € Sy}.

Kiran et al. [I3] generalized Theorem |1.4] of Kamran [I2] for a,-admissible mapping as follows.

Theorem 1.6 ([13]). Let (X,d) be a complete metric space and S : X — CL(X) be a.—admissible such
that

. (S(x), S(y))d(y, S(v)) < ¢(d(x,y))d(x,y) (1.5)

Ve € X withy € Sz and ¢ € Q. Suppose that there exist xo € X and x1 € Sxg such that a(xg, x1) > 1.
Then

(1) there exists an orbit {x,} of S and w € X such that lim,_,o T, = w;

(ii) w is fixed point of S if and only if the function g(x) = d(x, S(zx)) is S -orbitally lower semi-continuous
at w.

Very recently, Javahernia et al. [10] introduced the concept of generalized Mizoguchi-Takahashi function
and proved some new common fixed point results.

Definition 1.7. ([10]). A function 8 : R x R — R is said to be generalized Mizoguchi-Takahashi function
if the following conditions hold:

(a1) 0 < B(u,v) < 1 for all u,v > 0;

(ag) for any bounded sequence {u,} C (0,+00) and any non-increasing sequence {v,} C (0,+00), we
have

lim sup B(un, v,) < 1.

n—oo
Consistent with Javahernia et al. [I0] , we denote by A the set of all functions 5 : R x R — R satisfying

the conditions (a;) — (ag).
They gave the following example of a generalized Mizoguchi-Takahashi function.

Example 1.8. Let m(u) = % for all u > —9. Define
! 1<t<s
t — 82+17 i
Blt.s) { m(s), otherwise.

Then 8 € A.

For more details, we refer the reader to [11, [3, [4] [5 6] [7, 8, O 1T), 14, 17, 9L 20].

In this paper, motivated by Javahernia et al. [I0], we establish some new fixed point theorems. Our new
results generalize and improve fixed point theorems due to Kiran-Ali-Kamran [I3], Mizoguchi-Takahashi
[15] and Nadler [16].

The following lemma is crucial for the proofs of our results.

Lemma 1.9 ([12]). Let (X,d) be a metric space and B nonempty, closed subset of X and q > 1. Then, for
each x € X with d(x,B) > 0 and g > 1, there exists b € B such that d(x,b) < qd(x, B).

Throughout this article, N,R*, R stand for the set of: natural numbers, positive real numbers and real
numbers, respectively.
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2. Main Results
We start this section with the definition of generalized a,—Mizoguchi-Takahashi type contraction.

Definition 2.1. Let (X,d) be a metric space. The mapping S : X — CL(X) is said to be generalized
a.—Mizoguchi-Takahashi type contraction if there exist functions o : X x X — [0,4+00) and 5 € A such
that

ax(S(x), S(y))d(y, S(y)) < B(d(y, S(y)), d(x,y))d(z,y) (2.1)
for all x € X, with y € Sz.

Here is our main result.

Theorem 2.2. Let (X,d) be a complete metric space and S : X — CL(X) be generalized o.— Mizoguchi-
Takahashi type contraction and o,—admissible. Suppose that there exist xg € X and x1 € Szo such that
a(xg,z1) > 1. Then

(1) there exists an orbit {x,} of S and w € X such that lim,_,cc x, = w;

(ii) w is fized point of S if and only if the function g(x) = d(x, S(x)) is S -orbitally lower semi-continuous
at w.

Proof. By hypothesis, we have zy € X and x1 € Sxg with a(zg,z1) > 1. As S is a,—admissible, so we have

s (Sxo, Sx1) > 1. If 29 = 21, then xg is fixed point of S. Let zg # z1 i.e d(xo,x1) > 0. If 1 € Sxq, then x;

is fixed point of S. Assume that x1 & Sxy, that is, d(x1, S(x1)) > 0. Since d(zg, z1) > 0 and d(z1,S(z1)) > 0

so by taking h = > 1, it follows by Lemma [1.9} that there exists x5 € Sx1 such that
\/,B(d(:cl,S(:cl)) d(zo,21))

- (fUh (1))
d(wy,29) < VB(d(z1, S(x1)), d(wo, 71)) 22)
<a*<< ), <1>>d<x S(@1) |
VB(d(z1, S(x1)), d(zo, x1))

From , we have
s (S(x0), S(x1))d(z1, S ) < \/B (z1,S(x1)), d(z0,21))d(x0, 21)). (2.3)

As S is ax—admissible, so a(xi,z2) > a.(S(xo),S(x1)) > 1 implies . (S(z1),S(z2)) > 1. If 1 = x9,
then z; is fixed point of S. Let x; # zg i.e d(x1,z2) > 0. If o € S(x2), then zo is fixed point of S.
Assume that xg ¢ Sxa, that is, d(x2,S(x2)) > 0. Since d(x1,z2) > 0 and d(z2,S(x2)) > 0 so by taking
h = N S(m)) ey > 1, it follows by Lemma that there exists x3 € Sxy such that

. ($2, (z2))
d(xa, 3)§\/ﬁ d(x2, S(x2)),d(z1, x2)) (2.4
<a*<< ), < 2))d(z3, S(2)) |
B \/ﬂ x27 )),d(l’l,fL’g))
From , we have
. (S(x1), S(x2))d(xa, S(22)) < /Bld(x2, S(x2)), d(x1, x2))d(z1, x2)). (2.5)

Repeating the above procedure, we obtain a sequence {z, }nen in X such that z,, € Sz,,_1, a(Szp_1, Szy) >
1 for each n € N and
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d(xn,S(:zn))
A, Ston), A1 7))
< a(S(p-1), S(mn))d@nvs(xn))
N \/ﬂ (7, S(2n)), d(Tn—1,2n))

for all n = 1,2, .... We have assumed that x,_1 # x,, otherwise z,_1 is a fixed point of S. Also x,, & Sz,
for all n = 1,2, .... From ({2.1)), we have

d(.’L‘n, xn—s—l) S

(2.6)

O‘*(S(l‘n—l)a S(ﬁn))d(ﬂjna < \/B $nu ) d(ﬂfn—la fEn))d(xn—la xn)) (27)
for all n = 1,2, ..., which implies that {d(acn, Smn)}neN is a bounded sequence. Combining (2.6) and (2.7),

we have

d :L'Th xn+1 \//8 $n, ) d(:ﬂn,h mn))d(xnfla xn) < d(l'nfla xn) (28)
for n = 1,2,.... It means that {d(xn,l,xn)}neN is a strictly decreasing sequence of positive real numbers.
So

nh_)ng() d(xn, Tnt1) = lerelg d(zpn, Tpi1) = L. (2.9)
By (ag), we have

le sup B(d(xn, Szp), d(xn—1,zy)) < 1. (2.10)

n o

Now we claim that [ = 0. Otherwise, by taking limit in (2.8)), we get

[ < \/ ILm SUPﬁ(d(xman)ud(xn—laxn))l <l

which is a contradiction. Hence

lim d(x,, Tpt1) = ian\;]d(fL’n,J;nJ'_l) =0. (2.11)
ne

n—oo

Now we prove that {x, }nen is a Cauchy sequence in X.
For each n € N, let A\, := \/,B(d(a:n, Sxy),d(xp—1,2,)). Then A\, € (0,1) for all n € N. By 1' we obtain

d(xn, Sp) < ax(S(Xn-1),S(xn))d(xn, S(zn)) < Bnd(Tn_1,Tn) (2.12)

for all n € N. By (a2), we have lim,,_,o sup \,, < 1, so there exist ¢ € [0,1) and ng € N, such that

An <¢, for all n € N with n > ng, (2.13)

Thus for any n > ng, from (2.12]) and , we have
d(ﬂfna xn—&-l) < And($n—1a fEn)
< AnAn—ld(xn—Za xn—l)

)\n)\nfl)\nfg...)\nod(l'o, 1’1)

T (g, x).

NN

Put 4, = %Osld(xo,xl) for n € N and n > ng. For m,n € N with m > n > ng, we have

d(ﬂ?n, fpm) (ZL‘n7 anrl) + d(CCnJrly $n+2) + ...+ d(l‘m 1, xm)
T (g, 1) + T2 (g, 1) A O™ (20, )

) X (2.14)
ot (1 p et @ + o4 " Hd(zo, 71)

VAR VAN VAN I/\

c
On,-
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Since ¢ € [0, 1), lim;,,_,o0 6, = 0 and hence lim,,_,o sup{d(zy, Zm) : m > n} = 0. Thus {x, }nen is a Cauchy
sequence in X. Since X is complete so there exists w € X such that x,, — w. Since z,, € Sx,,_1, it follows

from (2.12)) that

d(xpn, Sxn) < ax(S(xn—1),S(xn))d(xn, Sxy) < B(d(zy, STp), d(Tn—1,2n))d(Tn_1, Ty). (2.15)
Letting n — +o0 in (2.15)), we have
ILm d(xy, Szy) = 0. (2.16)

Suppose g(z) = d(x,, Sx,) is S-orbitally lower continuous at w. Then
d(w, Sw) = g(w) < le inf g(z,) = ILm inf d(x,, Sz,) = 0.
Since Sw is closed, so w € Sw. Conversely, if w is fixed point of S, then

g(w)=0< le inf g(x,,).

The proofs of the following theorems are similar to the proof of Theorem [2.2] and so are omitted.

Theorem 2.3. Let (X,d) be a complete metric space and S : X — CL(X) be a,—admissible such that

(Y, S(y))d(y, S(y)) < B(d(y, S(y)),d(x,y))d(z,y) (2.17)

for all x € X, with y € Sx and § € A. Suppose that there exist x9 € X and x1 € Sxg such that
a(zg,z1) > 1. Then

(1) there exists an orbit {x,} of S and w € X such that lim,_,~ x, = w;

(i) w s fixed point of S if and only if the function g(x) = d(x,S(x)) is S -orbitally lower semi-continuous
at w.

Theorem 2.4. Let (X,d) be a complete metric space and S : X — CL(X) be a,—admissible such that

a(z,y)d(y, S(y)) < B(d(y, S(y)), d(z,y))d(z,y) (2.18)

for all x € X, with y € Sx and § € A. Suppose that there exist x9 € X and x1 € Sxg such that
a(xg,x1) > 1. Then

(i) there exists an orbit {x,} of S and w € X such that lim,_,c x, = w;

(ii) w is fized point of S if and only if the function g(z) = d(z, S(x)) is S -orbitally lower semi-continuous
at w.

3. Example

In this section, we construct an example which shows that Theorem is a proper generalization of
Theorem

Example 3.1. Let X =[0,1] and d: X x X — R be the usual metric. Define S : X — CL(X) by

S(z) = { 122 forz € [0, %) U (L,

1]
{12—170} for x %
and a : X x X — [0, 400) by

1 ifzyef0,2)U(E,1]
a(z,y) = { 0 otherwise.
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Define ¢ : [0,00) — [0,1) by

\ —

%:L’, for z € [0, 130) (%

forx——o
for z € [%,00)

)

w

o(t) = >

w\»—A:‘KD

and f: R xR — R by B(u,v) =1— @ for all u,v > 0. For any bounded sequence {u,} C (0,+00) and
any non-increasing sequence {v,} C (0, +00), we have

lim sup 5(up,vy) = lim sup(l — #(vn)

n—00 n—00 Un,
We show that S satisfies all the hypotheses of our Theorem [2.2] . It is easy to see that the function
g(z) = d(z, S(x)) is lower semi-continuous. Moreover, for each z € [0, ) U (3, 1], we have S(z) = {322}
and therefore y = % 2,

Now d(z,y) = d(z, S(z)) = = — 222 Further,

) < 1.

0 (5(2), Sy, S) = (327, o) = (07— (3a)P) = L + La?)(w — 50?)

§d(33 Y)
= B(d(y, S()), d(z,y))d(z, y).

Take = {;. Then we have have S(z) = {#5} and d(z,y) = d(z,S(z)) = 3. The contractive condition
(2.1)) is satisfied trivially. Now we show that a given map S does not satisfy hypotheses of Theorem of
Kiran et al. [13].

For z = 1, we have we have S(z) = {3}, y = % and S(y) = {&}. Then d(z,y) = 2 and d(y, S(y)) = 2.
Consequently,

ot

4
9

oo\H
cmw

@ (8(2), S(w))dly, S)) = 5.3 > 5.3 = wldlw)dl,v).

Therefore, for x = 1, the inequality ((1.5)) in Theorem is not satisfied.

4. Consequences

Remark 4.1. Theorem improves Theorem since S may take values in CL(X) and d(y,S(y)) <
H(S(x),S(y)) for y € S(x).

Corollary 4.2. Let (X, d) be a complete metric space and S : X — CL(X) be a,—admissible such that

ax(S(x), S(y) H(S(x), S(y)) < Bd(y, S(y)), d(x,y))d(z,y)

for each x € X and y € Sx where § € A. Suppose that there exist xg € X and x1 € Sxg such that
a(zg,z1) > 1. Then

(i) there exists an orbit {x,} of S and w € X such that lim,_,cc x, = w;

(ii) w is fizred point of S if and only if the function g(z) = d(x,S(x)) is S -orbitally lower semi-continuous
at w.

Corollary 4.3. Theoremfollows from Theorem by putting B(u,v) = @(v).

Remark 4.4. Taking B(u,v) = ¢(v) in Theorem [2.3|and Theorem we obtain Theorem 2.6 and Theorem
2.7 in [13], respectively.
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Corollary 4.5. Let (X, d) be a complete metric space and S : X — CL(X) satisfies
d(y,S(y)) < Bld(y, S(y)), d(x,y))d(z,y)
for each x € X and y € Sz where B € A. Then
(1) there exists an orbit {x,} of S and w € X such that lim,_,o x, = w;

(i) w s fized point of S if and only if the function g(z) = d(x,S(x)) is S -orbitally lower semi-continuous
at w.

Proof. Define av: X x X — [0, +00) by a(z,y) = 1 for each x,y € X. Then the proof follows from Theorem
: O

Remark 4.6. Taking S(u,v) = ¢(v) in Corollary we can get Theorem [1.6| which is Theorem 2.1 in [12].

Corollary 4.7. Let (X,d) be a complete metric space and S : X — CL(X) satisfies
d(y, S(y)) < pd(z,y)
for allz € X, with y € Sx where pp € [0,1). Then
(1) there exists an orbit {x,} of S and w € X such that lim,_,o x, = w;

(i) w s fixed point of S if and only if the function g(x) = d(x,S(x)) is S -orbitally lower semi-continuous
at w.

Proof. Take f(u,v) = p and apply Corollary O

Corollary 4.8. Let (X,d) be a complete metric space and S : X — CL(X) satisfies

d(y,S(y)) < e(d(z,y))

for each x € X and y € Sz where ¢ : [0,00) — [0,1) is a function such that ¢(v) < v and
lim,,_,,+ sup@ < 1. Then

(i) there exists an orbit {x,} of S and w € X such that lim,_,cc x, = w;

(ii) w is fixed point of S if and only if the function g(x) = d(x, S(x)) is S -orbitally lower semi-continuous
at w.

Proof. Take f(u,v) = @ and apply Corollary O

Javahernia et al. [10] also introduced the concept of weak Ls.c. in the following way.

Definition 4.9. A function ¢ : [0,00) — [0,00) is said to be weak ls.c. function if for each bounded
sequence {uy} C (0,400), we have

lim inf ¢(uy) > 0.

n—oo

Consistent with Javahernia et al. [I0] , we denote by F, the set of all functions ¢ : [0,00) — [0, 00)
satisfying the above condition.
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Theorem 4.10. Let (X,d) be a complete metric space and S : X — CL(X) be a.—admissible such that

ax(S(x), S(y))d(y, S(y)) < d(z,y) — ¢(d(,y))
for each x € X and y € Sz where ¢ : [0,00) — [0,00) is such that ¢(0) = 0, ¢(v) < v and ¢ € F.
Suppose that there exist xo € X and x1 € Sxg such that a(xg,x1) > 1. Then

(i) there exists an orbit {x,,} of S and w € X such that lim,_,oc x, = w;

(ii) w s fized point of S if and only if the function g(x) = d(x,S(x)) is S -orbitally lower semi-continuous
at w.

Proof. Define f(u,v) =1— 2 for all u,v > 0. Since for each bounded sequence {u,} C (0,+00), we have

u

limy_ys0 inf ¢(uy) > 0. S0 limy oo inf 2%2) > 0. Thus

lim sup(1 — ¢(Un)) =1— lim inf ¢ (in)

n—00 Un, n—0o0 Unp,

< 0.

This shows that g € A. Also

ax(S(x), S(y))d(y, S(y)) < B(d(y, S(y)), d(z,y))d(z,y).
Thus by Theorem , w is fixed point of S. O

Corollary 4.11. Let (X,d) be a complete metric space and S : X — CL(X) be such that

for each x € X and y € Sz, where ¢ : [0,00) — [0,00) is such that $(0) =0, ¢p(v) <v and ¢ € F. Then

(i) there exists an orbit {x,,} of S and w € X such that lim,_,cc x, = w;

(ii) w s fized point of S if and only if the function g(x) = d(x,S(x)) is S -orbitally lower semi-continuous
at w.

Proof. Define o : X x X — [0, +00) by a(z,y) = 1 for each x,y € X. Then the proof follows from Theorem
4. 10 0
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