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Abstract

Many authors have introduced and investigated certain extended fractional derivative operators. The main
object of this paper is to give an extension of the Riemann-Liouville fractional derivative operator with
the extended Beta function given by Srivastava et al. [22] and investigate its various (potentially) useful
and (presumably) new properties and formulas, for example, integral representations, Mellin transforms,
generating functions, and the extended fractional derivative formulas for some familiar functions. (©2015
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1. Introduction

The subject of fractional calculus (that is, calculus of integrals and derivatives of any arbitrary real or
complex order) has gained considerable popularity and importance during the past four decades or so, due
mainly to its demonstrated applications in numerous seemingly diverse and widespread fields of science and
engineering (see, e.g., [1, 9, 11, 13, 14, 25]). The review-cum-survey paper [13] is gladly recommended for the
readers who would like to know some of the major documents and events in the area of fractional calculus
that took place since 1974 up to 2010. In recent years, due to the above-mentioned motivation, certain
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extended fractional derivative operators associated with special functions have been actively investigated.
Many authors have introduced certain extended fractional derivative operators (see, e.g., [12, 20]). Recently,
Srivastava et al. [22] introduced the following extended Beta function:

Definition 1.1. The extended beta function BI(,O"&H’“) (x,y) with R (p) > 0 is defined by

1
B](Da’ﬁ;“’“) (x,y) = / VAl O RS Uy ) <a;ﬁ; _pu) dt, (1.1)
0 (1 —1t)

where

k>0, £ >0, min{R(a),R(B)} >0, R(z) > —RN(ka), R(y) > —R(pa).

Remark 1.2. Various properties of the function (1.1) have been studied by Luo et al. [12]. The special case of
(1.1) when p = 0 is seen to immediately reduce to the familiar beta function B (z,y) (min{® (z), R (y)} > 0)
(see, e.g., [23, Section 1.1]). Other various special cases of (1.1) obtained by specializing the parameters
have been studied by many authors (see [5, 6, 7, 16, 21]).

Throughout this paper, let C, R*, Z~, and N be sets of complex numbers, positive real numbers, negative
integers, and positive integers, respectively, and Ny := NU {0} and Z; := Z~ U {0}. We also recall to use
the following definition [22].

Definition 1.3. The extended Gauss hypergeometric function is defined by

oo

(a76§’§7ﬂ) n
: B (b+n,c—b) =z
(CHEAD) cer ) — D ’ fadl
F, (a,b;c;2) : %(a)n Bl c—0) . (1.2)
(2] < 1; min{R(), R(B), R(k), R()} > 0; R(e) > R(b) > 0; R(p) 2 0),
where B(u,v) is the familiar Beta function defined by (see, e.g., [23, p. 8])
1
/ A0 (R(w) > 0; R(v) > 0)
0
B(u, v) = (1.3)
I(u) T (v) _
Tt 0) (u,ve C\Zy).

Here I' denotes the Euler’s Gamma function (see, e.g., [23, Section 1.1]).

The special case of (1.2) when p = 0 is noted to reduce to the ordinary Gauss hypergeometric function
oF1 (a,b;¢c; z) (see, e.g., [23, Section 1.5]).

Motivated by the various extensions of the fractional derivative operators which have recently been
considered by many authors, here, we aim to introduce an extended Riemann-Liouville fractional derivative
operator involving the generalized hypergeometric-type function Féa’ﬁ s )(a,b; ¢;z) (1.2) and investigate
some of its properties. Next, extensions of some extended hypergeometric functions and their integral
representations are presented by using the extended Riemann-Liouville fractional derivative operator. The
linear and bilinear generating relations for the extended hypergeometric functions, their representations in
terms of the Fox H-function and Mellin transforms of the extended fractional derivatives are also determined.
Finally, we define the extended fractional derivative operator in a different form with respect to an arbitrary,

regular and univalent function based on the Cauchy integral formula.
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2. Extended Hypergeometric Functions

In this section we define the extended Gauss hypergeometric function Fj,, ,, the Appell hypergeometric
functions F .k i, F2 p:, and the Lauricella hypergeometric function Fgl?p; x, and then obtain their integral
representations involving the extended Gauss hypergeometric function (1.2). Throughout this section we
assume m € Ny.

Definition 2.1. A further extension of the extended Gauss hypergeometric function Féa’ﬁ 4 is defined by

2 (@)n(b)n Bg’ﬁ;”’“(b +n,c—b+m)z"

Fpepula,byc;z;m) =
(@, by ¢ 23m) r;) (©)n B(b+n,c—b+m) nl (2.1)

(p > 0; R(k) > 0; R(p) > 0; m < R(b) < R(e); |2] < 1).

Definition 2.2. A further extension of the extended Appell hypergeometric function F} is defined by
Flyp;mu(aa b7 G d; z,Y; m)

_$ @ukOalh B ot vk d )

0 (Dn-+k Bla+n+kd—a+m) nlkl (2.2)
(p>0; R(k) > 0; R(p) >0; m < R(a) < R(d); |z] <1; |y] <1).
Definition 2.3. A further extension of the Appell hypergeometric function Fs is defined by
— | (@ntk(®)n(O)k
F: K G’?bac;dae;'r?y;m = TN N
2,p; 7,“( ) n;g (d)n(e)k
BEP (b4 n,d — b+ m) BYP (e + ke — ¢+ m) 22k (2.3)
B(b+n,d—b+m) B(c+k,e—c+m) nlk!
(p>0; R(k) >0; R(p) > 0; m < R(b) < R(d); m < R(c) < R(e); |z|+ |y < 1).
Definition 2.4. A further extension of the Lauricella hypergeometric function F}, is defined by
F} e pa,b, e dyes z,y, z5m)
_ i (@nthtrO)n(Qr(d)r By ™ (a+n+k+re—a+m)a"yt 2 o4
‘_nkr—O (€)ntkar Bla+n+k+re—a+m) n!klr! (2.4)

(p>0; R(k) > 0; R(w) >0; m < R(a) < Rle); |z| <1; |y <1; |2] <1).

It is noted that the special cases of (2.1), (2.2), (2.3), and (2.4) when p = 0 and m = 0 reduce to the
well-known Gauss hypergeometric function 9Fy, the Appell functions Fy, F5, and the Lauricella function
F3 | respectively (see, e.g., [24, p. 53 and p. 61]).

We present certain integral representations of the extended hypergeometric functions (2.1), (2.2), (2.3)
and (2.4) by the following theorem.

Theorem 2.5. The following integral representations for the extended hypergeometric functions Fp. ,,
F1pregis Fopry and Fp p. o hold true:

1
(b,c —b+m)

Fpepu(a, byc;zym) = B

1
b—1 —b+m—1 . A. p o .
X/o {t (1=t) ™™ <aaﬁa_w) 2F1(aa0+na0,2t)}dt,
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1 1
B piu(a, b, e ds z,y;m) = / {t‘”(l — t)dratm-1
Pl B(a,d —a+m) J, (2.6)
. 3. p .. )
X IFI (Oé, Bv _M> F1<d +m, b: G da xt, yt)}dta
Fopirpla, by d,e;x,y;m)
/ / $o=1(1 — pyd-bim=1
B(b d— b+m)B c,e—c+m)
(2.7)
=101 _ )6 c+m—1 F _ p
x u¢H (1 — u) 11<,/87 (1 —1)"
x 1 (a; B; —M) Fy(a,d+m,e+m;d, e;xt, yu)}dtdu;
Fp e u(a,byc, dyes x,y, 25m)
1 1
— ta—l 1—t¢ e—a+m—1
B(a,e —a+m) /0 { ( ) (2.8)
p
x 1F1 <a; B; M) F}(e+m,b,c, d;e; xt,yt, zt)}dt.
Proof. The integral representations (2.5)—(2.8) can be obtained directly by replacing the function By (o831
with its integral representation in (2.1)—(2.4), respectively. O

3. Extended Riemann-Liouville Fractional Derivative Operator

In this section, we consider the extended Riemann-Liouville type fractional derivative operator and then
determine the extended fractional derivatives of some elementary functions. For this purpose, we begin by
recalling the classical Riemann-Liouville fractional derivative of f(z) of order v defined by

1

DL = s [ =07 e () <o)

where the integration path is a line from 0 to z in the complex ¢-plane. When R(v) > 0, let m € N be
the smallest integer greater than R(v) and so m —1 < R(v) < m. Then the Riemann-Liouville fractional
derivative of f(z) of order v is defined by

D) = DI (),

N g; {F(ml— V) /OZ<Z =" () dt}.

The fractional integral and derivative operators involving various special functions have found significant
importance and applications in various areas, for example, mathematical physics as well as mathematical
analysis. In recent years, many authors have developed various extended fractional derivative formulas of
Riemann-Liouville type. Here, we present some new extended Riemann-Liouville type fractional derivative
formulas.

Definition 3.1. The extended Riemann-Liouville fractional derivative of f(z) of order v is defined by

z SRt
Drren ()i s [T =0 on A (o ) .
(R(v) < 0; R(p) > 0; R(k) > 0; R(u) > 0).
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When R(v) > 0, let m € N be the smallest integer greater than R(v) and so m — 1 < R(v) < m. Then the
extended Riemann-Liouville fractional derivative of f(z) of order v is defined by

d
dz

m P ot
= jzm {F(ml_ 5 /0 (z — t)m—u_lf(t)lFl <a; B; —M) dt} (3.2)
(R(p) > 0; R(k) > 0; R(k) > 0).

DLP (=) s= <UDy ()

Remark 3.2. The special case of (3.1) and (3.2) when p = 0 becomes the classical Riemann-Liouville
fractional derivative. The special case of (3.1) and (3.2) when a@ =  and kK = p = 1 is seen to reduce to the
known one [20].

We consider the extended fractional derivative of the function z*.

Theorem 3.3. Let m — 1 < R(v) < m for some m € N and R(v) < R(\). Then we have

. T(A+ 1)BYP PN+ 1,m—v) ,_
V,pik, b A — p ’ A—v
Dz {Z } F'A—=v+1)BA+1,m—v) = (3:3)

Proof. Applying (3.2) in Definition 3.1 to the function z*, we have

. am 1 z o pz“"'“
DyPrt § A = — )" N (e B - | dE g
: {z } dzm{r(m—y)/o (z=1) S Gy P

Setting t = zu in this expression, we get

DV,PM{H m+A—v
(dzm )
/ L ML (o g — p du.
s (1 —u)?
Considering
d™ Zer)\fz/ _ F(l + A—v + m) Z/\fz/
dzm T+ X—v) ’
in view of (1.1) and the second identity of (1.3), we are led to the desired result. O

We apply the extended Riemann-Liouville fractional derivative to a function f(z) analytic at the origin.
Theorem 3.4. Let m — 1 < R(v) < m for some m E N. Suppose that a function f(z) is analytic at the

origin with its Maclaurin expansion given by f(z Z an 2" (|z] < p) for some p € RT. Then we have

DV L f( Z an DVPRR {7

Proof. Applying (3.2) in Definition 3.1 to the function f(z) with its series expansion, we have

DEPEE{f(2)}

_an 1 : o1 pzﬁ*“ n
_dzm{F(m—y)/O (Z—t) 1F1( ,,B,— _ )Zant dt}
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Since the power series converges uniformly on any closed disk centered at the origin with its radius smaller
than p, so does the series on the line segment from 0 to a fixed z for |z| < p. This fact guarantees term-by-
term integration as follows:

[e.e]

V,piK, _ dm 1 ? _ pym—v—1 LR psz-l-u n
D7P #{f(z)}_zandzm{r(m—u)/o (z—1) 1F1 (05757 M)t dt}

n=0

oo
— Z ap DVPRR {7
n=0

The following theorem is seen to immediately follow from Theorems 3.3 and 3.4.

Theorem 3.5. Let m—1 < R(v) <m < R(\) for some m € N. Suppose that a function f(z) is analytic at

the origin with its Maclaurin expansion given by f(z Z an 2" (|z| < p) for some p € RT. Then we have

DYPirb { A— lf } Z an, DYPRH {ZAJrn—l}

F(A)zH*l > W M By (N 4 n,m —v)
I'(A—v) = "AN=v)n B\+n,m-—v)

n

We present two subsequent theorems which may be useful to find certain generating function relations.

Theorem 3.6. Let m — 1 < R(A\ —v) <m < R(\) for some m € N. Then we have

D;\—I/,p;n,u{zz\—l(l o Z)—a}

_ T2 IR (@)n(Mn BRP (A 4 n, v = A4 m) 20
- T(v) (V)n BA+n,v—XA+m) nl
_ T

T T()

Proof. Using the generalized binomial theorem:

n=0

2 (@, v zm) (]2 < 1; a €C). (3.4)

o)

(1—2)_6“:2%2” (2| <1; a €C)

|
= nl
and applying Theorems 3.3 and 3.4, we obtain

D)\ V,pik #{Z)\ 1( ) a} D/\ VP,H/J,{Z)\ IZ }
oo
:Z (a n DA Vypa”#{z)\Jrnfl}
n!

(@) T(A +n)B’B’ HN+n,m—A+v )ZI,Jrn,l

n! T'(v+n) BA+nm-—A+v)

=0
_ P - 12 (@)n(Na By "N +n,m = A4 v) 2"
N (V)n BA+n,m—-A+v) nl

tnqg

2 le, wlon Ay zim).



P. Agarwal, J. Choi, R. B. Paris, J. Nonlinear Sci. Appl. 8 (2015), 451-466 457

O
Theorem 3.7. Let m — 1 < R(A —v) <m < R(A) for some m € N. Then we have
D;\_”’p“{’“ {Z)\_l(l —az) (1 - bz)_ﬁ}
T i Nk (@n(B)r BE A+ n + kv — A+ m) (a2)" (b2)*
F(y) iy (V) ntk BA+n+kv—A+m) n! k! (3.5)
L) -
- F(y) lFl,pﬁH()\ a, B;v;az;bz;m)

(laz| < 1; |bz| < 15 a, b, a, 5 € C).

Proof. Using the binomial theorems for (1 — az)™® and (1 — bz)™#, as in the proof of (3.6), we can prove
(3.5). The details of its proof are omitted. O

Similarly as in Theorems 3.6 and 3.7, we can obtain the following expression.
Theorem 3.8. Let m — 1 < R(A —v) <m < R(\) for some m € N. Then we have
DX v {z’\_l(l —az) (1 —b2) Pl — cz)—v}
F = T n T
T Qasker@a(B)

- F(V) n,k,r=0 (V)n-‘,-k—l—r
BN L+ k+r,v— A +m) (az)” (b2)* (cz)" (3.6)
BA+n+k+rv—XA+m) n! kIl
r
= FEI));ZV_IFBP%M()"Q’B’% viaz;bz;cz;m)

(laz| < 15 |bz| < 1; |ez| < 15 a, b, a, B, v € C).
Theorem 3.9. Let
m—1<RA—-v)<m<R)

and

m < R(B) <R(v)

for some m € N. Then we have

l?ﬁmp””‘{zkl(l——Z)alﬂwﬁu(a,ﬂ;v;lév;TH)}
—Z

_ A HZ m nu)kBSﬁ;”’“(mn,v—Mm)

BpyN+ kv — X+ m) zn2F (3.7)
BA+k,v—X+m) nlk!

n,k=0

L(A) v
= z¥ F2, K, OZ,B,)\;’}/,I/;JJ,Z;W)
T (1) pal

(lz] + 2] < 1; a € C).
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Proof. Using the binomial theorem for (1 — 2)™* and applying the Definition 2.1 for F),, ,, we get

Di\_l”p;ﬂ7“ {ZA_I(]_ — Z)_an ‘K M(a /8 ’Y’ & m)}

1 —
_D)\ VDK, 1 Z ai CE) Baﬁ’ﬁ“(/g"’_n’y B+m)< € >TL
= (vnn' BB+n,y=B+m) \l-z
— DA bk ) A 1 —2) i (@) Bgﬁ;ﬁﬂu(ﬁ +n,y— B +m) ﬁ
- o B(B+n,y—=B+m) nl
o a,Bik,
— Z (a)n(ﬁ)n B (B +n,y— ﬁ + m) D)\ [ Z A {ZA—1(1 o Z)—a—n} .
2 (). BB+my-Brm)
We therefore have
D)VBr {ZAl(l—Z) e, 8375 7 )}
A)
SV IZZ{ n-l—k: ( k
— = (V)k
&WWWB+mv—ﬁ+nwEWW%A+AV—A+WOM%
B(B+n,y—B+m) BA+k,v—X+m) nlk!

I'(A
- FEV; ZV_lFQ,p;K,,u<a7 67 )\7 v, VX, 2 m)

4. Generating Functions Involving the Extended Gauss Hypergeometric Function

In this section, we establish some linear and bilinear generating relations for the extended hypergeometric
function Fy, ,, by using Theorems 3.6, 3.7 and 3.9.

Theorem 4.1. Let m — 1 < R(A —v) <m < R(A) for some m € N. Then we have

oo
Z (a)'anﬁM(a +n, v zm)tt = (1 —1) " “Fppu <a, A\ v; 1Zt;m>
n! -

n=0 (41)

(|z] < min{1,|1 —t¢|}; a € C).

Proof. We start by recalling the elementary identity (see [24, p. 291] and [20, p. 1832]):

Kl_z)‘ﬂ‘“=<1—w‘“<1— - >_a

1-1¢

and expand its left-hand side to obtain

- S () mamne (1o 5) T <,

n=0

Multiplying both sides of the above equality by 2*~! and applying the extended Riemann-Liouville fractional
derivative operator D2 “P*" on both sides, we find

' o ntn . _ - -
D?iu’p’ﬁ’u {Z %2)\71(1 N Z)an} — D;‘*l/,pﬁﬁ,# {(1 — t) az)\ 1 <1 — : < t) } .
n. -

n=0
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Uniform convergence of the involved series makes it possible to exchange the summation and the fractional
operator to give

. —a
DI B S {Zh (1 e t) } |
n. B

n=0

The result then follows by applying Theorem 3.6 to both sides of the last identity. O

Theorem 4.2. Let m — 1 < R(A —v) <m < R(A) for some m € N. Then we have
= (W)n n o —zt
> S Fpn(B =, Avszm)tt = (1= )™ Frpuey | By 00 Avs 25 —m

n=0

(o, BEC; |2] <1; |t] <|1—z; |2]|t] <1 —t¢]).
Proof. Considering the following identity (see [24, p. 291] and [7, p. 595]):

M—(1—z)]*=1-1t)" (1 * 1Z—tt>_a

and expanding its left-hand side as a power series, we get

3 (O‘)”(l )Mt = (1 —t) <1 - 1__Zt >_ (It < 1 2)).

|
e n! t

Multiplying both sides by 2*~1(1 — 2)™# and applying the definition of the extended Riemann-Liouville
fractional derivative operator D;\_V’p "H on both sides, we find

Dbk {i Do g oy - z)”t”}

n!
n=0

: —2t\ ¢
= D) v {(1 —t) M1 —2)P (1 -1 : t) } :

The given conditions are found to allow us to exchange the order of the summation and the fractional
derivative to yield

i (Oé)n Dify,p;n,y {Z)\fl(l _ 2)7,8+n} £

n!

. —zt —a

Finally the result follows by using Theorems 3.6 and 3.7. O

n=0

Theorem 4.3. Let
m—1<R(B—7v) <m<R(B)

and

m < R(\) < R(v)

for some m € N. Then we have

oo
«o —ut
> (n),”Fp;n,#(a + 1, X5 25) e (=1, 8575 05m) = Fa s (a,/\,ﬂs v, 2, H;m>
n=0 ’
1—u z ut
C; 1 [— 2t <1, 1).
<a6 2] < 1 ‘1_2 ‘< ; ’1—t‘+ 1—t‘< )
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Proof. Replacing t by (1 — )t in (4.1) and multiplying both sides of the resulting identity by u®~! gives

o
> (O;L)lan;n,u(Oé +n, A v zim)u (L= u)e"
n=0 )

_ —a z
= U/B 1[1 — (1 — U)t] Fp;,.;“u <Oé,)\, vV, I—(I—U)t’m> .

Applying the fractional derivative Dj " to both sides of the resulting identity and changing the order
of the summation and the fractional derivative yields

[e.9]
Z (a)'an;H,#(a + n, \;v; z;m) DBy PR {uﬁ_l(l - u)”} t"
n!

n=0

—~ D _ _ z
= D L (L ] B (A0 i) |

(11— w)t] <1; |ut] < [1—t]).

The last identity can be written as follows:

o0
> (O e+, ;5 25m) DE— P {w 1wy fer

|
= n
B=y.pirp ), B—1 —ut 7" P
:Du u 1—m Fpi"iaﬂ O[,)\,V,E7m .
1t
Finally the use of Theorems 3.6 and 3.9 in the resulting identity is seen to give the desired result. O

5. Mellin Transforms and Further Results

In this section, we first obtain the Mellin transform of the extended Beta function given by (1.1) and
use this transform to find the Mellin transform of the extended Riemann-Liouville fractional derivative
operator. We then apply the extended fractional derivative operator (6.2) to the familiar functions e*, 9 F}
and represent z* in terms of the Fox H-function.

The following three theorems pertain to the Mellin transforms of the extended Beta function and
Riemann-Liouville fractional derivatives of two functions.

Theorem 5.1. Let R(s) > 0, R(x+rs) >0, R(y+ps) >0 andp > 0. Then the following Mellin transform
holds true:
oM | BLAH (2, y) : s} — B(z + ks,y + ps) D@9 (s),

where (see [20])
@8 () ;_/ b1 Fy (a; B; —b) db
0

(R(s) >0, R(ae+s5) >0, R(B+s) >0).

(5.1)

Proof. Taking the Mellin transform of Bg’ﬂm’“(x, y), we find

m {Bg’ﬁ”’”’“(x,y) . S]

_ s—1 x—1 -1 .A. p
_ /0 » /0 (1 — )P R <a,5, e t)ﬂ) dt dp.
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Since, under the given conditions,

F(t) ::/0 P (=) TR <Oé;5; —M> dp

converges for each point ¢ € (0, 1) converges uniformly on (0, 1), the order of integrations in (5.2) can be
interchanged. We therefore have

M {Bg’ﬁ;m“(m,y) : s}

= /01 (=Yt {/Ooop31 Fy (a;ﬁ; _tﬁ(lp—t)“> dp} dt. (5:3)

Setting w = W, we have
m [Bg’ﬂ;“’“(x,y) : 5}

1 )
= / sl (] — gyytes—l {/ W (a3 5 —w) dw} dt.
0 0

Hence it is easy to see the desired result. O

(5.4)

Theorem 5.2. Let R(s) >0, R(z+ks) >0, Rly+pns) >0, p>0, and R(A\) > m — 1 for some m € N.
Then we have

: TA+ D)@ () B(m —v+s,A—m+s+1) ,_
oM | DYPEa L AL gl = ’ A—v
[ 2 {z} 3} T —v+1)B(m—v, A+ 1) ‘

Proof. Taking the Mellin transform and using Theorem 3.3, we have

o0
sm[ngWﬂ {z}: s} = / pt Dy LA L dp
0

_ /°° w1 DO+ D)BRP (m — v, A+ 1)
0 'A—=v+1)Bm—-v,A+1)

Z)\—l/dp

DA+ 1)22v /°° s

= STLBYSRM (m — v X+ 1)dp.

T v+ DBm—vat1) J, ¥ B m=wA+ldp

Applying Theorem 5.1 to the last integral yields the desired result. O

Theorem 5.3. Let m — 1 < R(v) < m for some m € N, R(s) > 0 and |z| < 1. Then we have

(a,ﬂ) -v —
_ TP)(s) 2 Z (a), B(m 1/+s,n—|—3+1)zn.

WP 0= sl = T N T, Bmwat D)

n=0

Proof. Using the binomial series for (1 — z)~% and Theorem 5.4 with A = n yields

sm[ngPW{(l —z)7%}: s} =M [DZ’?’;’W {i (‘Z)'”z”} : s]

n=0

n=0

_i (a)nr(a,ﬂ)(s) F(?’L—|—1) B(m—V—FS,?’L—I—S—{—l)Zn_V
= — — — i
n! 'n—v+1) B(m—v,n+1)

n=0

Then the last expression is easily seen to be equal to the desired one. O
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Now we present the extended Riemann-Liouville fractional derivative of z* in terms of the Fox H-
function. Let m, n, p, ¢ be integers such that 0 < m < ¢, 0 < n < p, and for parameters a;, b; € C and for
parameters «, f; € RT (i=1,....,p; j=1,...,q), the H-function is defined in terms of a Mellin-Barnes
integral in the following manner ([8, pp. 1-2|; see also [10, p. 343, Definition E.1.] and [15, p. 2, Definition

1.1.)):
m,n (ai7a2) m,n (alvoﬂ) y ' ’(ap,Oép)
s el e | = [ G )
1 —s
=57 /. O (s) 2 *ds, (5.5)
where

HTzl I'(bj + 8;s) [Li=, T' (1 — ai — ais)
}iO:nJrl r (a’i + 041'8> H?:erl r (1 - bj - 5j8) ’
with the contour £ suitably chosen, and an empty product, if it occurs, is taken to be unity.

Theorem 5.4. Let m — 1 < R(v) < m for some m € N, R(v) < R(\) and R(z) > 0. Then we have
. LA+ 1)T(B)
vipsk, e J AL
v {2 TO— v+ 1)B(m —v, L+ V(a)
(1—a,1),A+m—-v+1c+pn) v
(Ovl)a(m_%l‘)a()‘_‘_la’%)?(l _571)

Proof. The result can be obtained by taking the inverse Mellin transform of the result in Theorem 3.3 with
the aid of (5.5) and (5.6). O

O(s) =

(5.6)

2,4
X H3’1 [p‘

Applying the result in Theorem 3.3 to the Maclaurin series of e* and the series expressions of the
Gauss hypergeometric function o F; and the Fox-Wright function ,¥, gives the extended Riemann-Liouville
fractional derivatives of e*, 9 F and , V¥, (2) asserted by the following theorems.

Theorem 5.5. Let m — 1 < R(v) < m for some m € N. Then we have

DVPiFb o) —

7V & 1 By (m—un+1)
2" (z€C).
)Z(

r1-v =1 =v) B(m —v,n+1)

Theorem 5.6. Let m — 1 < R(v) < m for some m € N. Then we have

—v

z
Dyvp;Kﬂl"/ F b' . = —
z {2 1<a7 e Z)} F(l—y)
(a)n Bg’ﬁm’”(m— v,n+1) 2"
<1).
XZ n1—1/ B(m—v,n+1) (I<1 )

Theorem 5.7. Let m — 1 < R(v) < m for some m € N. Then we have

DYPs) (aj,7)1p 3
: {p q{ (b2 0010 1—u Z b +o,k)

- (5.7)
By ’“(k—l—l,m—u) k
1
B(k—i—l,m—lj) z (|Z‘< )7
where pV, (2) is the Foz-Wright function defined by (see [9, pp. 56-58])
(au az)1 :| > p,1 T (ai + Oliki) 2k
U, (2) = 0, 7| = i= = 5.8
P2 = [ 0 ST, T b+ Bb) o
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6. ANOTHER APPROACH

In this section we briefly consider another variant of the derivation of the results obtained in the preced-
ing sections. This approach is based on the Cauchy integral formula for the extended fractional derivative
operator. We define the extended fractional derivative with respect to an arbitrary, regular and univa-
lent function and calculate the extended fractional derivative of the function log z. Then we determine a
representation of the extended fractional derivative operator in terms of the classical fractional derivative
operator.

Definition 6.1. Osler [18] was the first to define the derivative of arbitrary order v by means of the Cauchy
integral formula in the form:

IF(v+1)

DY A —

(z+)
/ (t —2)7V WA f(t) dt, (6.1)
0

where the contour shown in Figure 1 consists of a single loop that begins at ¢ = 0, encloses the point ¢ = 2
once in the positive direction and returns to ¢ = 0 without traversing the branch line (the dotted line) for
(t — z)7¥~4*. This representation is valid for v € C\ Z~ and R(\) > —1.

Im(7) A

L
>

Re(?)

Figure 1: Branch line for t*(t — z) 7" 7!

The above representation of the fractional derivative has been very important in the study of fractional
calculus and has led to some very interesting new results. Several authors have recently used this approach
in their studies (see [2, 3, 4, 17, 19]).

In the sequel, we employ this definition to find the following (presumably) new definition for the extended
fractional derivative operator:

Definition 6.2. The extended Riemann-Liouville fractional derivative is defined as

VP A _Iv+1) (=) —v—1 ) . pztE
DLt f(z) = St [T 2 pen (a,ﬁ,—tﬁ (Z_tw)dt’ (6.2)

where R(\) > —1, R(p) > 0, R(k) > 0 and R(u) > 0.
The special case of (6.2) when p = 0 reduces to the fractional derivative operator (6.1). We present an

interesting formula for the extended fractional derivative of the function log z asserted by Theorem 19. For
this purpose, we begin by recalling following theorem given by Luo et al. [12, Theorem 2.13].
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Theorem 6.3. The extended beta function defined by (1.1) possesses the following series expression

n+ 1« ._]

18 (6.3)

B (a,) = 3 Sul1)2F |
n=0
where Syp(1) is a polynomial defined by

Sn(z,y;2) =

Jj=0

(=n); Mz + G+ )R Ly + G+ Dp)
J! Dz +y+ G+ 1Dk +p) ’

Theorem 6.4. Let m — 1 < R(v) < m for some m € N and R(v) < R(N). Then we have

- 1m —
()‘ V+) Z)\V

DV,p;H,[.L{ A l } —
z z og z F(m _ ]/)

X

m 1
o, B3k, _
B, A+1,m—v) (gl R —i—logz) (6.5)

o
1
+ZTn(>\+1,m—V;1)2F2[nTB’a ;—pHa

n=0
where log z is taken it principal branch and T,(A + 1,m — v; 1) is given by
~ (—n);

TuA+1m—vi1) =Y =2 BA+1+ G+ 1k, m—v+(+1u)

=0 7

X {1/1()\+1+(j+1)/<c)—1/1()\+m—v+1+(j+1)(/<:+ﬂ>)}

and (z) :=T"(2)/T(z) is the psi (or digamma) function (see, e.g., [23, Section 1.5]).

Proof. Taking the partial derivative of both sides of (3.3) with respect to A gives

oo (4] - 22 o

where .

) = T(A+ 1) B (A +1,m — v) A
C TA=v+1)BA+1,m—v)

Exchanging the order of the derivative fractional operator and the partial derivative with respect to A is

easily seen to yield

bt 4

;}\ [D?p;n,u {Z/\H — Dy {z’\ logz} _ (6.7)

On the other hand, use (1.3) to express f(\) as follows:

0 = T(A4+m — v+ 1By (A +1,m—v) B
B I'A=v+1)I'(m—v)

4

Then we differentiate f(\) with respect to A as follows:

- 8f(>‘) _ QF()\—FWL —V+ 1) a,B;K, 0 . A—v
T'(m V)ia)\ —{a)\ T — v+ 1) B, A+1,m—-v)z (6.8)
F()\+m—y+ 1) g a,B;k, 1 o A—v
TO—vt1) {8)\Bp A+1,m—v)p 2

F(A +m—v -+ 1) a, Bk, 0 P
T — 0+ 1) B, A+1,m—v) G .
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Taking the logarithmic derivative and using a useful identity for the psi function (see, e.g., [23, p. 25,
Eq.(7)]) gives

OTrA+m—-v+1)
oA T(A—v+1) =A—v+1)m {YA+m—v+1)—pA—v+1)}

m 1 (6.9)
— A=y Y ——
A=vtDm > 507
k=1
Use of the expression (6.3) is seen to yield
8 PR
aBpﬁ’ HA+1,m —v) o1
00 6.10
=" Tu(A+1,m— ;1) 25 [ ntla . _ ] .
vt 1B
It is easy to see
0
azA_” = 22" log 2. (6.11)

Finally, incorporating the formulas (6.9), (6.10), and (6.11) into (6.8) and considering (6.7) and (6.6)
proves the desired identity.
O
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