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Abstract

In this paper, we introduce new notions of G P-metric space and G P, g)-contractive mapping and then
prove some fixed point theorems for this class of mappings. Our results extend and generalized Banach
contraction principle to G P-metric spaces. An example shows the usefulness of our results. (©2014 All
rights reserved.
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1. Introduction and preliminaries

In the fixed point theory of continuous mappings, a well-known theorem of Banach [6] states that if
(X,d) is a complete metric space and if f is a self-mapping on X which satisfies the inequality

d(fx, fy) < kd(z,y) (1.1)

for some k € [0,1) and all z,y € X, then f has a unique fixed point z and the sequence of successive
approximations { f"z} converges to z for all z € X. On the other hand, the condition d(fz, fy) < d(z,y)
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does not ensures that f has a fixed point. In the last decades, the Banach’s theorem [6] has been extensively
studied and generalized on many settings, see for example |7}, 9] 10, 13| 14} [15] 16} 17, 20} 25l 27, 32 B34 35].

Partial metric space is a generalized metric space introduced by Matthews [19] in which each object does
not necessarily have to have a zero distance from itself. A motivation is to introduce this space to give a
modified version of the Banach contraction principle. Subsequently, several authors studied the problem
of existence and uniqueness of a fixed point for mappings satisfying different contractive conditions, for
example see [2, [5, 8, 11, 18, 28], 29, [30] 33].

On the other hand, in 2006 Mustafa and Sims [21] introduced a new notion of generalized metric spaces
called G-metric spaces. Based on the notion of a G-metric space, many fixed point results for different
contractive conditions have been presented, for more details see [I], [4, 22, 23], 24], 26, B1]. Recently, based
on the two above notions, Zand and Nezhad [36] introduced a new generalized metric space as both a
generalization of a partial metric space and a G-metric space. Following this direction of research, Aydi
et al. [3] established some fixed point results in G P-metric spaces which were first fixed point results in
G P-metric spaces.

In the present work, we introduce new notions of G P-metric space and G P g)-contractive mappings and
study some fixed point results for GP5 g)-contractive mappings in G P-metric spaces. Some fundamental
properties of the proposed metric are studied.

A (totally) ordered (abelian) group G is an additive group on which is defined an order relation < such
that if @ < b, then a +c¢ < b+ ¢, for all a,b,c € G. We write < for < or =, and denote by G the set
of nonnegative elements of G. In the sequel, the letters R, RT, Z* and N will denote the set of all real
numbers, the set of all nonnegative real numbers, the set of all nonnegative integer numbers and the set of
all positive integer numbers, respectively.

Definition 1.1 ([I2]). Let G be an ordered group. An ordered group metric (or OG-metric) on a nonempty
set X is a symmetric nonnegative function dg from X x X into G such that dg(z,y) = 0 if and only if
x = y and such that the triangle inequality is satisfied; the pair (X,dq) is an ordered group metric space
(or OG-metric space).

Definition 1.2 ([36]). Let X be a non empty set and G be an ordered group. A function G, : X x X x X —
G is called an ordered group partial metric (or OG P-metric) if the following conditions are satisfied:

GPl) z =y =zif Gp(z,y,2) = Gp(z,2,2) = Gp(y,y,y) = Gp(z, x, x);

GP2) 0 < Gp(z,z,2) < Gp(z,z,y) < Gp(z,y, 2) for all z,y, 2 € X;

GP3) Gp(z,y,2) = Gp(z,2,y) = Gp(y, z,x) = - - -, symmetry in all three variables;
GP4) Gy(z,y,2) < Gp(z,a,a) + Gp(a,y, z) — Gpla, a,a) for any z,y,z,a € X.

Then the triple (X, G, G,) is called an OGP-metric space.

For example we can place Gt = Z* or RT. In the case G = RT, the triple (X,R,G)) will often be
denoted by (X, G,) and is called a GP-metric space. In the sequel, for simplicity we assume that Gt = R*.

Example 1.3 ([36]). Let X = RT = GT and define Gy(z,y,2) = max{z,y, 2}, for all z,y,z € X. Then
(X, Gp) is a GP-metric space.

Proposition 1.4 ([36]). Let (X,G)p) be a GP-metric space, then for any x,y,z and a € X it follows that
(i) Gp(@,y,2) < Gp(,2,y) + Gp(x,2,2) — Gp(x, v, 2);
(7’7’) Gp(xa Y, y) S 2Gp(x,:c,y) - Gp(x,x,x);

(Z’&Z) Gp(.i[), Y, Z) S Gp(xa a7a) + Gp(yv a, a) + Gp(za a, a) - QGP(G7 a, CL),'
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() Gp(z,y,2) < Gp(z,a,2) + Gpla,y, 2) — Gp(a,a,a).
Proposition 1.5 ([36]). Every G P-metric space (X,G)) defines a metric space (X, Dg,) where
Da,(z,y) = Gp(z,y,y) + Gp(y, x, ) — Gp(x,x, %) — Gp(y, y,y) forall z,y € X.

Example 1.6. Let X = RT = GT and define Gp(x,y,2z) = max{z,y, z}, for all z,y,z € X. Then (X,G,)
is a GP-metric space and D¢, (z,y) = |x — y| for all z,y € X.

Definition 1.7 ([36]). Let (X, G,) be a GP-metric space and let {z,} a sequence of points of X. A point
x € X is said to be the limit of the sequence {x,} or z, — = if

m,TlL;HEroo Gp(.%’, Tm, xn) = Gp($, x, .%')

If Gp(x,z,x) = 0 we say that the sequence {z,} is 0-G P-convergent to .

Proposition 1.8 ([36]). Let (X,Gp) be a GP-metric space. Then, for any sequence {x,} in X and a point
x € X the following are equivalent:

(A) {zn} is GP-convergent to x;
(B) Gp(zp,xpn,x) = Gp(x,2,2) as n — +00;
(C) Gp(xp,x,x) = Gp(x,x,2) as n — +o0.

From the definition of D¢,,, we deduce the following proposition.

Proposition 1.9. Let (X,G,) be a GP-metric space. Then, for any sequence {z,} in X convergent to a
point x € X such that lim Gp(xy,xn,zn) = Gp(z, z, ), then Dg,(zpn,x) — 0.

n——+o0o

Definition 1.10 ([36]). Let (X,G)p) be a GP-metric space.

(S1) A sequence {z,} is called a GP-Cauchy sequence if and only if lim Gp(zp, T, Tm) exists (and is

m,n—-+00
finite).
(52) A GP-metric space (X, G)) is said to be GP-complete if and only if every G P-Cauchy sequence in X
is GP-convergent to some z € X such that Gp(z,z,z) = lim+ Gp(zn, T, Tm)-
m,n——+0o0o

Lemma 1.11 ([3]). Let (X,G)p) be a GP-metric space. Then
(A) if Gy(x,y,2) =0, thenx =y = z;
(B) if x #y, then Gy(x,y,y) > 0.

Lemma 1.12 ([3]). Let (X,G,) be a GP-metric space, x,y € X and {x,} be a sequence in X. Assume
that limy,—, 1 o Gp(@, T, Tn) = limMy 400 Gp(Tn, y,y) =0, then z = y.

Lemma 1.13. Let (X,G) be a GP-metric space and {y,} C X be a sequence such that

Gp(ynyyn—l-lyyn—l-l) < )\Gp(yn—byn?yn) (12)

for some A € [0,1) and each n € N. Then {y,} is a GP-Cauchy sequence in X such that
IiInm,nHJroo Gp(xna Tm, xm) = 0.
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Proof. For any m > n, by (GP4) and (1.2]), we get

Gp(xm Ty Tp) < Gp(xm Tpi1, Tng1) + Gp(xn—l-l» Ty Tm)
< Gp(xna Tni1, Tng1) + Gp(wnJrl» Tpi2, Tnt2) + Gp(xn+2a T, Tm)
< Gp(xna Tn+1, 5L'n+1) i Gp(xmfla Tm, xm)
)\n
<
Y
This implies that limy, p—s4o0 Gp(Tn, Tm, Tm) = 0, that is, {x,} is a GP-Cauchy sequence. O

Gp(x[)a f‘rOa fx[))

Definition 1.14. Let (X, G)p) be a GP-metric space. A mapping f : X — X is 0-G'P-continuous when

nll)r_i{loo Gp(zp,xp,x) =0 implies ngI—&I-loo Gp(fzp, fxy, fx) =0.

2. Main Results
At first, we define the following notions.

Definition 2.1. Let f: X — X and ©,A : X x X x X — R* be two functions and A > 0, § > 0 such that

0< g < 1. We say that f is (A, ©)-admissible if

x,y,z€ X and A(x,y,z) >\ imply A(fx,fy, fz) > A

and
z,y,z€ X and O(z,y,2) <6 imply O(fz,fy,fz)<0.

Definition 2.2. Let (X, G,) be a GP-metric space and f : X — X be a (A, ©)-admissible mapping. f is a
hybrid GP, g)-contractive mapping if

%@(az,y, 2)Gp(z, fz, fr) < A(z,y,2)Gp(x, vy, 2)

implies
Az, y,2)Gp(fx, fy, fz) < O(x,y,2)Gp(x,y,2) + LM (2, y, 2) (2.1)
for all x,y,z € X where L > 0 and
M (z,y,z) = min{max{Dg, (fz,y), Dg, (fz, 2)}, max{ D, (fy,y), D, (fz,2)} }.

From the definition of a hybrid G P g)-contractive mapping, we deduce the following lemma.

Lemma 2.3. Let (X,G)) be a GP-metric space and f : X — X a hybrid G P g)-contractive mapping.
The following hold:

(1) if z € X is a fized point of the mapping f, then G,(z,z,2) = 0;
(i) if z,w € X are fixed points of the mapping f such that O(z,w,w) < 0 < A < A(z,w,w), then z = w.

Theorem 2.4. Let (X,G,) be a GP-metric space such that (X,G,) is GP-complete and f is a 0-GP-
continuous hybrid G P(s e)-contractive mapping. If there exists x9 € X such that A(xo, fxo, fro) > A and
O(xo, fro, fro) < 0. Then f has a fized point in X.
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Proof. Let zg € X such that A(xo, fzo, fzo) > A and O(zg, fzo, fxo) < 6. Define a sequence {z,} in X by
Zp = fap—q foralln € N. Since fis a (A, ©)-admissible mapping and A(xo, x1,x1) = A(xo, fxo, fxo) > A, we
deduce that A(xz1,z2,22) = A(fxo, fz1, fr1) > A. By continuing this process, we get A(zy,, Tni1, Tnt1) > A
for all n € NU {0}. Similarly, O(zy, pt1,Zn+1) < 6 for all n € NU{0}. Also, if z,—1 = z,, then z, is a
fixed point for f and we have nothing to prove and so we assume that x,_1 # x, for all n € N. That is
Gp(Tn, Tny1, Tng1) > 0 for all n € NU {0} and hence

o
3\
< A(xn—lu Tn, xn)Gp(l'n—la Tn, xn)

IN

g@(xnflal‘naxn)Gp(xnflaSUnyxn) Gp(xnflwrnafn)

Now, using (2.1) with z = 2,1 and y = z = x,, we get

AGp(Tn, Tnt1,Tnt1) < A(@p—1,Zn, 2n)Gp(Tn, Tni1, Tnt1)

< O(zp-1,Tn, n)Gp(Tn-1,Tn, xn) + L M(xp_1,Tpn, zy)

< 0Gp(xn—1,%n,Tn)
and hence

Gp(Tn, Tng1, Tng1) < ng(xn_l, T, Tpn), forallm e N, (2.2)

Since, 0 < g < 1, by Lemma [1.13] we deduce that {z,} is a GP-Cauchy sequence such that
limy, - 400 Gp(Tn, Tm, Tm) = 0. Since X is GP-complete, then {x,} GP-converges to z € X such that
Gp(z,2,2) = m7ggr1a+m Gp(zp, Tm, Tm) = 0. That is, the sequence {z,} is 0-GP-convergent to z. Now, using

the 0-G' P-continuity of the mapping f and Proposition (ii), we get

ngrfoo Gp(f% [z $n+1) < ngrfoo 2Gp(fza Tn+1, 33n+1) - ngrfoo Gp(-rn—l-h Tni1, Tnil)

< nll)riloo 2G)(fz, fxn, fxn) = 0.
Consequently,
ngrilm Gp(zn, fz, fz) =0.
As
nll}I_POO Gp(zp,xp,2) =0,
by Lemma this yields z = fz. O

For hybrid G P, g)-contractive mappings that are not 0-G P-continuous we have the following result.

Theorem 2.5. Let (X,G)) be a GP-metric space such that (X,G,) is GP-complete and f is a hybrid
G P(a e)-contractive mapping. Assume that the following conditions hold:

(i) there exists xo € X such that A(xo, fxo, fxo) > A and O(xg, fxo, fro) < 0;

(ii) if {xn} is a sequence in X such that A(zy,Tpt1,Tnt1) > A and O(xy, Tpy1, Tpy1) < 0 for allm € N
and x, — z € X, then AMxy,z,2z) > X and O(zy, z,2) < 0 for alln € NU{0}.

Then f has a fized point.

Proof. Let xy € X such that A(xg, fxo, fxo) > X and O(xg, fxo, fro) < 0. Define a sequence {z,} in X
by z, = f"zy = fx,—1 for all n € N. Following the proof of the Theorem [2.4] we can say that {x,} is a
G P-Cauchy sequence such that A(zy, Tpt1,Tnt1) > A and O(zy,, Tpi1, Tpt1) < 6 for all n € NU {0}. Since
X is GP-complete, then there is z € X such that the sequence {z,,} 0-GP-converges to z. Then by (ii), we
get A(xy, z,2) > A and O(xy, z,2) < 6 for all n € NU {0}.



V. Parvaneh, et. al., J. Nonlinear Sci. Appl. 7 (2014), 150-159 155

Now, we suppose that there exists ng € N such the following inequalities hold:

1
56(1'2710’ 2, Z)G(J;Qno, L2ng+1) m2n0+1) > A(anoa Z, Z)G(xQYLoa Z, Z)

and
1

§@( 2no+1, Z, Z)G(x2n0+17 1:2n0+27 x2n0+2) > A(xQ’n()-i-l) Z, Z)G($2no+17 Z, Z)'
These relations imply
1
gG($2no,$2n0+17$2n0+1) > G(w2ny,2,2) and gG(x2n0+17$2n0+27x2n0+2) > G(Xang+1, 2, 2).

Then, by Proposition (iii) and (2.2)), we have

G(x2n07$2n0+1,372n0+1) S G(ﬁQnO,Z,Z) + QG(xQno—i-l’ZvZ)

1 2

< gG($2n0,$2n0+1,$2n0+1) + gG($2n0+17$2n0+2’$2n0+2)
1 2

< gG(x2n07x2n0+17$2n0+1) + gG(x2n07x2n0+1’x2n0+1)

- G(x2n07x2n0+17$2n0+1)

which is a contradiction. Thus, for all n € N, either

1
ge(xQn()a Z, Z)G(‘TQ’VZ(N xQno-‘rla xQno-{-l) S A(:CQnoa Z, Z)G(x2n07 Z, Z)

or
1

gg(x2no+17 Z, Z)G(:U%Lo—&—lv L2no+2, .1‘2n0+2) < A(x2n0+17 2, Z)G(x2no+1> 2, Z)

holds for every n € N. Assume that the first of the previous inequalities holds for all n € J C N. If J is an
infinite set, then using the contractive condition (2.1)) and condition (ii), we deduce that

Gp(z7 fza fZ) < GP(Z, Ton+1, x2n+1) + Gp(m2n+17 fza fZ)

1
S Gp(za Ton+1, x2n+1) + 7A(372'm Z, Z)Gp(fx?m fZ, fZ)

A
1 L
S Gp(za x2n+17x2n+l) + X@(LBQ’R? Z, Z) Gp(xQTLa Z, Z) + XM(:EQ’nv Z, Z)
L
< Gp(z,Tny1, Tny1) + 3 Gp(xp, 2z, 2) + XM(.an, z,2)

holds for all n € J.
Since the sequence {z,} 0-GP-converges to z, we deduce

M (zon, 2,2) = min{Dg, (z2n+1, 2), Dap(fz,2)} =0 as n— +oo.

Letting n — +oo with n € J, in the previous inequality, we obtain that G,(z, fz, fz) < 0, that is, z = fz.

Hence, f has a fixed point. If J is a finite set, we obtain the same result by considering the second
inequality. O

Example 2.6. Define a GP-metric G, on X = RT by G,(z,y, z2) = max{z,y, z}. Let f : X — X be defined
by

z? if xel0,1]

N[

flz) =
3lnz+ 3 If zeRT\[0,1]
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and A,0 : X x X x X — R" be defined by

% if z,y,z€10,1]

1
A(m,y,z) = and @(:anaz) = g
0 otherwise.

Now, we prove that all the hypotheses of Theorem are satisfied and hence f has a fixed point; but
Banach contraction principle, with respect to the metric Dg,, cannot be applied to f.

Proof. Let x,y,z € X, if A(x,y,z) > % then x,y,z € [0,1]. On the other hand, for all w € [0, 1], we have
fw < 1. Hence A(fz, fy, fz) > % Similarly, if O(x,y,2z) < 1/3, then O(fz, fy, fz) < 1/3. This implies
that f is (A, ©)-admissible. Clearly, A(0, f0, f0) > 2/3 and ©(0, f0, f0) < 1/3.

Now, if {x,} is a sequence in X such that A(xy, Tpt1,Tnt1) > 2/3 and O(xy, Tpt1, Tpy1) < 1/3 for
all n € NU{0} and z,, - z as n — +o0o0. Then {z,} C [0,1] and hence z € [0,1]. This implies that
A(zy, z,2) > 2/3 and O(zp, 2z,2) < 1/3 for all n € NU {0}.

Let z,y,z € [0,1], then

A(.I‘, ya Z)Gp(fl‘, fy7 fZ)

2

§ maX{fxv fy7 fZ}
1 1
= gmax{z®,y’, 2} < gmax{z,y, 2} = O(x,9,2)Gp(,y, 2).
Otherwise, A(z,y,z) = 0 and so

0=A(z,y,2)Gp(fz, fy, fz) < O(x,y, 2)Gp(z,y, 2).

Then, f is a hybrid GP, g)-contractive mapping that satisfies all the conditions of Theorem and
hence f has a fixed point.

Now, let d = D¢,,. By Example [1.6] we have d(z,y) = |z — y| for all #,y € X. For z = e and y = 0, we
deduce

7
d(fe, f0) = 5> ke =kd(e,0)
for all k € [0,1) and so Banach contraction Principle cannot be applied to f. O
Adding to Theorem some hypotheses we can obtain the uniqueness of the fixed point.

Theorem 2.7. Let all the conditions of Theorem (or Theorem be satisfied. If the following condition
holds:

(j) for all z,w € X such that z= fz and w = fw, we have A(z,w,w) > X\ and O(z,w,w) < 6,
then f has a unique fized point.
Proof. Follows by Theorem (or Theorem and Lemma O

If in Theorem [2.4f and Theorem [2.5| we take A(x,y,2) =1, O(x,y,2) =6 where 6 € [0,1) and L =0,
then we deduce the Banach contraction principle in the setting of G P-metric spaces.

Corollary 2.8. Let (X,Gp) be a GP-complete GP-metric space and f be a self-mapping on X. Assume
that there exists 6 € [0,1), such that

Gp(fxv fy: fZ) S er(x7y7 Z)

forallx,y,z € X. Then f has a unique fized point.
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3. Fixed point in ordered G P-metric spaces

Let X be a nonempty set. If (X, G,) is a GP-metric space and (X, <) is partially ordered, then (X, G,, <)
is called an ordered GG P-metric space. The points z,y € X are called comparable if x < y or y =< x holds.
The mapping f : X — X is called non-decreasing if x < y implies fax <X fy for all z,y € X. In this section,
we will show that many fixed point results in ordered G P-metric spaces can be deduced easily from our
presented theorems.

Theorem 3.1. Let (X,G,, %) be an ordered GP-metric space such that (X,G)) is GP-complete and f :
X — X be a 0-GP-continuous and non-decreasing mapping. Assume that the following assertions hold:

(i) %Gp(m,fw,fm) < Gp(z,y, z) implies
Gp(fx, fy, fz) < AGp(x,y,z) + LM(z,y,2)
forallx,y,z € X withx <y <z orx =y = z, where A € [0,1) and L > 0;
(ii) there exists xo € X such that xo < fxg.
Then f has a fized point in X.

Proof. Define the mappings A : X x X x X - RT and ©®: X x X x X — RT by

1 ifely<zorz=y>z

0 otherwise and O(z,y,2) = A

M) = {

Clearly, the mapping f satisfies the contractive condition . Now, let x,y, z € X such that A(z,y,z) > 1.
By the definition of the function A, this implies that * <y < z or x > y > z. As the mapping f is non-
decreasing, we deduce that fr <X fy <X fz or fx = fy = fz and hence A(fx, fy, fz) > 1. Consequently,
[ is a hybrid G P, g)-contractive mapping. The condition (ii) ensures that there exists xp € X such that
xo = fxo. This implies that A(xo, fxo, fxg) > 1. Therefore, all the hypotheses of Theorem are satisfied
and hence f has a fixed point. O

For self-mappings that are not 0-G P-continuous we have the following result.

Theorem 3.2. Let (X,G,, =) be an ordered GP-metric space such that (X,G)) is GP-complete and f :
X — X be a non-decreasing mapping. Assume that the following assertions hold:

(i) there exists A € [0,1) and L > 0 such that 1Gy(z, fz, fz) < Gy(z,y, ) implies
Gp(fz, fy, fz) < AGp(x,y,2) + L M(z,y, 2)
forallx,y,z€e X withex <y=<zorx>=yrz
(ii) there exists xo € X such that xo < fxo,
(713) if {xn} is a non-decreasing sequence in X and x, — z € X, then x,, < z for alln € NU{0}.

Then f has a fized point in X.
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