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1. Introduction

Measures of noncompactness are a very useful tool in many branches of mathematics. They are used in the
fixed point theory, linear operators theory, theory of differential and integral equations and others [4]. There
are two measures which are the most important ones. The Kuratowski measure of noncompactness o(X) of
a bounded set X in a metric space is defined as infimum of numbers » > 0 such that X can be covered with
a finite number of sets of diameter smaller than . The Hausdorff measure of noncompactness ¥ (X) defined
as infimum of numbers r > 0 such that X can be covered with a finite number of balls of radii smaller than r.
The Hausdorff measure is convenient in applications. There exist many formulae on ¥(X) in various spaces
[4, 5]. However, there are some differences between the Kuratowski measure and the Hausdorff measure.
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One of these differences is that o(X) depends on the set X only, while ¥(X) also depends on the space in
which X is included. Let E be a Banach space and F be a subspace of E. Let Ug(X), Up(X), og(X), op(X)
denote Hausdorff and Kuratowski measures in spaces E, F, respectively. Then, for any bounded X C F we
have

Ug(X) < Up(X) < or(X) = og(X) < 2Ug(X).

The notion of a measure of noncompactness turns out to be a very important and useful tool in many
branches of mathematical analysis. The notion of a measure of weak compactness was introduced by De Blasi
[10] and was subsequently used in numerous branches of functional analysis and the theory of differential
and integral equations. Several authors have studied the measures of noncompactness in Banach spaces
14, 5l 14] 1, 13} 15] 22].

On the other hand, the study of the impulsive differential equations has attract a great deal of attention.
Many evolution processes are characterized by the fact that at certain moments of time they experience
a change of state abruptly. These processes are subject to short-term perturbations whose duration is
negligible in comparison with the duration of the process. Consequently, it is natural to assume that these
perturbations act instantaneously, that is, in the form of impulses. It is known, for example, that many
biological phenomena involving thresholds, bursting rhythm models in medicine and biology, optimal control
model in economics, pharmacokinetics and frequency modulated systems, do exhibit impulsive effects. The
theory of impulsive differential equations is an important branch of differential equations have studied by
many authors [16] 19, 20} 21].

The existence of solution to evolution equations with nonlocal conditions in Banach space was studied first
by Byszewski [7, [§]. Byszewski and Lakshmikanthan [9] proved an existence and uniqueness of solutions of a
nonlocal Cauchy problem in Banach spaces. Ntouyas and Tsamatos [23] studied the existence for semilinear
evolution equations with nonlocal conditions. The problem of existence of solutions of evolution equations
in Banach space has been studied by several authors [3], (12} 24]. This article is motivated by the results of
|4, 14 19] 3, 12, [11].

In this paper, we consider the quasilinear integrodifferential equations with impulsive and nonlocal
condition of the form

u'(t) + Alt,u(t)u(t) = f(t,u(t)) +/0 g(t,s,u(s))ds, tel0,b], t#t (1.1)
u(0) + h(u) = wug (1.2)
Au(tz) = Il(u(tz)), 1=1,2,3,....n, 0<t; <ty <,...t, <D, (13)

where A : [0,b] x X — X are continuous functions in Banach space X, ugp € X, f : [0, x X — X,
g:Q2xX — X, h:PC([0,b]; X) — X and Au(t;) = u(t]) —u(t; ) constitutes an impulsive condition. Here
Q={(t,s):0<s<t<b}

2. Preliminaries

Let X be a Banach space with norm ||-||. Let PC([0, b]; X') consist of functions u from [0, b] into X, such that
u(t) is continuous at ¢ # t; and left continuous at ¢ = ¢; and the right limit u(¢}") exists for i = 1,2,3,--- ,n.
Evidently PC(]0,b]; X) is a Banach space with the norm

lullpe = sup_[[u(®)]],
te[0,b]

and denoted L(]0,b]; X') by the space of X-valued Bochner integrable functions on [0, b] with the form

b
’WM:AHMWW.
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The Hausdorff’s measure of noncompactness Wy is defined by
U(B) =inf{r > 0, B can be covered by finite number of balls with radii r}
for bounded set B in a Banach space Y.

Lemma 2.1 ([4]). Let Y be a real Banach space and B,E CY be bounded, with the following properties:

(i) B is precompact if and only if Ux(B) = 0.
(ii) Wy (B) = Uy (B) = Uy (conB), where B and conB mean the closure and conver hull of B respectively.
(iii) Uy (B) < Uy (E), where B C E.
(iv) Yy (B+ E) < Uy (B)+ Yy (F), where B+ E={x+y: z€ B, y€ E}
(v) ¥y (BUE) <maz{¥y(B), Yy(F)}.
(vi) Uy (AB) < |A\|Uy(B) for any A € R.
(vit) If the map F : D(F) CY — Z is Lipschitz continuous with constant r, then ¥ z(FB) < rWUy(B) for
any bounded subset B C D(F), where Z be a Banach space.
(viii) ¥y (B) = inf{dy(B,E);E C Y is precompact} = inf{dy(B,E);E C Y is finite valued}, where
dy (B, E) means the nonsymmetric (or symmetric) Hausdorff distance between B and E in'Y.
(iz) If {W,},t2] is decreasing sequence of bounded closed nonempty subsets of Y and limy—0oVy (W) = 0,
then ﬂ:{i’i W,, is nonempty and compact in Y.

The map F: W CY — Y is said to be a Uy-contraction if there exists a positive constant r < 1 such
that ¥y (F(B)) < r¥y(B) for any bounded closed subset B C W, where Y is a Banach space.

Lemma 2.2 (Darbo-Sadovskii [4]). If W C Y is bounded closed and convez, the continuous map F : W — W
is a Wy -contraction, the map F has atleast one fixed point in W.

We denote by VU the Hausdorff’s measure of noncompactness of X and also denote V. by the Hausdorff’s
measure of noncompactness of PC([0,b]; X).

Before we prove the existence results, we need the following Lemmas.

Lemma 2.3 ([]). If W C PC([0,b]; X) is bounded, then ¥(W(t)) < ¥ (W) for all t € [0,b], where W(t) =
{u(t);u € W} C X. Furthermore if W is equicontinuous on |a,b], then W(W(t)) is continuous on [a,b] and
U(W) = sup{(W(1)), 1 € [a, 1]},

Lemma 2.4 ([17,18]). If {u,}32, C LY ([a,b]; X) is uniformly integrable, then the function W({un(t)}22,)
s measurable and

qx({/ot un(s)ds}::l> < z/otq/({un(s)};;o:l)ds. (2.1)

Lemma 2.5 ([4]). If W C PC([0,b]; X) is bounded and equicontinuous, then W(W(t)) is continuous and

W /O W(s)ds) < /0 (W (s))ds. (2.2)

for all t € [0,b], where fo s)ds = {fO s)ds;u € W}.

The Cj semigroup U, (t, s) is said to be equicontinuous if (¢, s) — {U,(t, s)u(s) : u € B} is equicontinuous
for t > 0 for all bounded set B in X. The following lemma is obvious.

Lemma 2 6 If the evolution family {U,(t,s)}o<s<t<p 15 equicontinuous and n € L([0,b]; R"), then the set

{fo s)ds, |lu(s)|| < n(s) for a.e s € [0,b] is equicontinuous for t € [0, b].
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From [3], we know that for any fixed u € PC([0,b]; X) there exist a unique continuous function U, :
[0,0] x [0,b] = B(X) defined on [0, b] x [0, b] such that

¢
Uul(t,s) = I+/ Ay (w)Uy(w, s)dw, (2.3)

where B(X) denote the Banach space of bounded linear operators from X to X with the norm ||F|| =
sup{||Fu|| : ||u|]| = 1}, and I stands for the identity operator on X, A, (t) = A(t,u(t)), we have

Uu(t,t) = I, Uy(t,s)Uy(s,r) = Uy(t,r), (t,s,r)€[0,b] x[0,b] x [0,b],

(9[]1:9(;’8) = A, (t)Uy(t,s) for almost all ¢, s € [0, D]

3. The Existence of Mild Solution

Definition 3.1. A function u € PC([0,b] : X) is said to be a mild solution of (1.1]) - (1.3)) if it satisfies the
integral equation

u(t) = U(t.0)uo — Uu(t, 0)h(u) + /O Ua(t,5)[ (s, u(s) + /0 *g(s. 7 u(r))dr] ds

+ > Uultti)L(u(t), 0<t<b. (3.1)
0<t;<t

In this paper, we denote My = sup{||Uy(t,s)| : (¢t,s) € [0,b] x [0,0]} for all u € X. Without loss of

generality, we let ug = 0. Assume the following conditions:

(H1) The evolution family {U,(t, s) }o<s<t<p generated by A(t,u(t)) is equicontinuous and ||U,(t, s)|| < My
for almost ¢, s € [0, b].
(Hz2) (a) The function h : PC([0,b] x X — X is continuous and compact.

(b) There exist Ny > 0 such that ||h(u)|| < Ny for all u € PC([0,b]; X).
(Hs) (i) The nonlinear function f : [0,b] x X — X satisfies the Caratheodory-type conditions; i.e., f(-,u)
is measurable for all uw € X and f(¢,-) is continuous for a.e ¢ € [a, ].

(i) There exists a function o € £(]0,b]; R™) such that for every u € X, we have

1t w)ll < a@)(1 + [lull)

a.e t €0,b].
(iii) There exists a function k1 € £([0,b]; R™) such that, for every bounded D C X, we have

W(f(t, D)) < k1 (1) ¥(D)

a.e t €[0,b].
(Hy) (i) The nonlinear function g : [0,b] x [0,b] x X — X satisfies the Caratheodory-type conditions; i.e.,
g(+,-,u) is measurable for all u € X and g¢(t, s,-) is continuous for a.e t € [a, b].

(i) There exist two functions 31 € £([0,b]; RT) and (2 € L([0,b]; RT) such that for every u € X, we
have

lg(t, s, u(s))]| < Br(t)B2(s)(1 + [[u(s)l])
a.e t €[0,b].
(iii) There exists a function ko € £([0,b]; R") such that, for every bounded D C X, we have
W(g(t,s, D)) < ka(t)ks(s)¥(D)

a.e t € [0,b]. Assume that the finite bound of fg ka(s)ds is Gy.



F. P. Samuel, K. Balachandran, J. Nonlinear Sci. Appl. 7 (2014), 115-125 119

(Hs) For every t € [0,b] and there exist positive constants N and Na, the scalar equation
t n
m(t) = MoNy + MoNy [/ [a(s) + Cofa(9)](L +m(s))ds + > dz} .
0 i=1
(Hs) I; : X — X is continuous. There exists a constant d; >0 i =1,2,3,...,n such that

n
(1L (u(t:)| < Zdi’ where, i =1,2,3,--- ,n.
i=1

For any bounded subset D C X, and there is a constant /; > 0 such that

U(I;(D)) < ili\IJ(D), i=1,2- ,n.
=1

Theorem 3.2. Assumptions (Hy) — (Hs) holds, then the impulsive nonlocal problem - has at
least one mild solution.

Proof. Let m(t) be a solution of the scalar equation
t n
m(t) = MoNo + Mo / a(s) + CoBa(s)](1 +mis))ds + 3 di]. (3.2)
0 i=1

Let us assume that the finite bound of fg B1(s)ds is Cp for t € [0, b].
Consider the map F : PC([0,b]; X) — PC([0,b]; X) defined by

FO = Va0 + [ Valtos) £ u(e) + [ glovmulo)ir]ds
+ Y Ut ) 1i(u(ts)) (3.3)

0<ti<t
for all w € PC([0,b]; X). Let us take Wy = {u € PC([0,b]; X), [lu(t)|] < m(t) for all ¢ € [0,b]}. Then
Wo C PC([0,b]; X) is bounded and convex.

We define W, = conK (W), where ¢on means the closure of the convex hull in PC([0,b]; X). As Uy(t,s)
is equicontinuous, h is compact and Wy C PC([0,b]; X) is bounded, due to Lemma 2.6 and using the
assumptions, W; C PC([0,b]; X) is bounded closed convex nonempty and equicontinuous on [0, b]. For any
u € F(Wyp), we know

Ju@®)] < ||Uu(t,0)h(u)||+/0 ||Uu(t78)[f(8au(3))+/0 g(SaTau(S))dT}HdS
+ Z [T (t, t:) Li(u(ts))]|

o<t; <t

Moo+ Mol [ 15 ueDlds + [ [ gt ru(rllards] + o 3 [uce )]

i=1

IN

IN

MoNo + My /0 a(s)(1+ lu(s)ll)ds + Mo /0 /0 T Bu(s)a(r) (1 + [[u(r) ) drds + Mo 3,

=1

IA

MyNy + My /Ot[a(s)(l + m(s))ds + MyCyh /Ot 62(8)(1 + m(s))ds + My Z d;
=1

IN

MoNoy + M [/Ot[a(s) + CoB2(s)|(1 +m(s))ds + Z dz}, for ¢ e 0,b].
i=1
= m(t).
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It follows that W; € Wy. We define W,y = conF(W,,), for n = 1,2,3,--- . From above we know that
{W,}o°, is a decreasing sequence of bounded, closed, convex, equicontinuous on [0, b] and nonempty subsets
in PC([0,b]; X).

Now for n > 1 and t € [0,b], W,,(t) and F(W,,(t)) are bounded subsets of X, hence, for any € > 0, there
is a sequence {uy}32; € W,, such that (see, e.g.[6], pp125).

W(Wia (1) = W(FW,(0)
< 20y [ 9o o)) s+ 400 [ [0 (ot funtm)}isy))ards

oM > (L({ur(t) L)) + e

=1

< oM, /0 t k()0 ({9} ) s+ 40g /0 t /O ) k() () (7)) 52 ) s
+2My Zn: 0 ({un ()17 ) + e
=1
<

2Mo[/0 k1(s)W (W, (s))ds + 2G0/0 k3(s)U (W, (s))ds + ; lz\If(Wn(tz))} T

Since € > 0 is arbitrary, it follows that from the above inequality that
t n
\I’(Wn+1(t)) < 2Mj |:/ [k:l(s) + 2G0k‘3(8)]\1’(wn(8))d8 + Z lz\P(Wn(tl)] (34)
0 i=1

for all t € [0, b]. Because W, is decreasing for n, we have
Y(t) = limp 00U (W, (8))

for all t € [0,b]. From (3.4)), we have
(0 < 20 [ Bha(s) + 26kl (5)ds + Y- ta(20)]
i=1

for ¢t € [0,b], which implies that v(¢) = 0 for all ¢; € [0,b]. By Lemma 2.3, we know that lim, .o ¥ (W, (t)) =
0. Using Lemma 2.1 we know that W = (>, W,, is convex compact and nonempty in PC([0,b]; X) and
F(W) C W. By the Schauder fixed point theorem, there exist at least one mild solution u of the intimal
value problem - , where © € W is a fixed point of the continuous map F.

Remark 3.3. If the functions f, g and I; are compact or Lipschitz continuous (see e.g [7, 9], then (H3) — (Hs)
is automatically satisfied.

In some of the early related results in references and above results, it is supposed that the map A is
uniformly bounded. In fact, if h is compact, then it must be bounded on bounded set. Here we give an
existence result under growth condition of f,g and I;, when h is not uniformly bounded. Precisely, we
replace the assumptions (Hs) — (Hy) by

Hg) There exists a function p € £([0,b]; RT) and a increasing function ¢ : Rt — R™ such that
(

1F (8wl < p(&)e([|ul),
for a.e t € [0,b] and forall u € PC(]0, b]; X)
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(H7) There exist two functions ¢ € £([0,b]; RT)and ¢ € £([0,b]; RT) and a increasing function x : Rt — R*
such that

lg(t, s, u)ll < a(@)gq(s)x([lul),
for a.e t € [0,b] and for all uw € PC([0,b]; X). Assume that the finite bound of fo s)ds is G1.

Theorem 3.4. Suppose that the assumptions (H1) — (Hz) and (Hg) — (H7) are satisfied, then the equation
— has at least one mild solution if

Tll)rgosupMT( (r) + o(r )/t (s)ds + G1x(r) /Ot qA(s)deriZn;di) <1, (3.5)

where (r) = sup{[|a(u)]], [ul] < r}.

Proof. The inequality (3.5)) implies that there exist a constant r > 0 such that

Mo [or) +60) [ s+ Gntr) [ atsyis+ D] <

As in the proof of Theorem 3.1, let Wo = {u € PC(]0,b]; X), |lu(t)|| < r} and Wy = conFWy. Then for any
u € Wy, we have

[u@®)ll < [[Uu(t,0)h H+/ 1Uu(t, )| f(s,u(s ))+/0 g(S,Tau(T))dT}dS
+ ) Ut ) Liu(t)|

0<t; <t

Vo) + Mo [ wiopottutohas + [ [ aoaeduieylards + 3]
=1

Maglr) + Mo [ pls)outs) s + G [ (o)) ds+2d}

IN

IA

O < Mofor) +60) [ po)is +Gix) [ sy +>oa] <7

for ¢t € [0,b]. It means that Wy C Wy. So we can complete the proof similarly to Theorem 3.1.

4. When h is Lipschitz

In this section, we discuss the equation ([1.1]) - (1.3)) when A is Lipschitz and f, g and I; are not Lipschitz.
Assume that

(Hg) The function h is a Lipschitz continuous in X, there exist a constant Ly > 0 such that
|h(u) — h(v)|| < Lollu —v||, wu,v e PC([0,b]; X).

Theorem 4.1. Suppose that the assumptions (H1) — (Hg) are satisfied, then the equation - has
at least one mild solution provided that

M() |:L0 + 2 /Ot(k‘l (8) + 2G0)d8 + En: lli| < 1. (4.1)

=1
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Proof. Consider the map F : PC([0, B]; X) — PC([0, B]; X)
is defined by F = F; + Fo, where
(Fru)(t) = Uu(t, 0)h(w),

¢
Fau)(®) = [ Uuts)[Fs.u(s) + [ g murhar|ds+ 37 Ut Iu)
0 0 0<ti<t

for w € PC([0, B]; X). As defined in the proof of Theorem 3.1. We define Wy = {u € PC([0,B]; X) :
[|u(t)|| < m(t) for all t € [0,b] and let W = conFWy. Then from the proof of Theorem 3.1 we know that W
is a bounded closed convex and equicontinuous subset of PC([0,b]; X) and FW C W. We shall prove that
F is W.-contraction on W. Then Darbo-Sadovskii’s fixed point theorem can be used to get a fixed point of
F in W, which is a mild solution of - . First, for every bounded subset B C W, from the (Hs)
and Lemma 2.1 we have

U (FiB) = U (Ug(t,0)h(B)) < MyW.(h(B)) < MyLoW.(B). (4.2)

s

Next, for every bounded subset B C W, for t € [0,b] and every € > 0, there is a sequence {uy}3>, C B, such
that
U(Fo(B(t)) < 20 ({ Foup(t)}22, + .

Note that B and F2 B are equicontinuous, we can get from Lemma 2.1, Lemma 2.4, Lemma 2.5 and using
the assumptions we get

WEB1) < 2M, /O t\I/(f(s,{uk(s)}Zil)>ds+4Mo /O t /0 Sq/(g(s,T, (7)) ) drds

w2y 3 W (L{unt)})) + e

0<t;<t

2 M /O t kl(s)w({uk(s)}ggl)ds+4Mo /0 t /O ) kg(s)kg(r)\ll({uk(r)},‘zozl)des

IN

20y Y0 (un(t))2) +
=1

¢ t n
< 2M0[/ kl(s)\Il(B)ds+2G0/ k3(3)\P(B)d$+Zl1\P(B)} + €.
0 0 =1
Since € > 0 is arbitrary, it follows that from the above inequality that
t n
(F2B() < 2Mo| / [ (s) -+ 2Goks(s)]ds + >_ L] We(B) (4.3)
0 i=1

for any bounded B C W.
Now, for any subset B C W, due to Lemma 2.1, (4.2) and (4.3]) we have

Ve(FB) < We(FiB)+ Ve(F2B)

My |:L() + 2 /Dt[kl (8) + 2G0k3(8)]d8 + i lz:| \IIC(B) (4.4)

IN

By (4.4) we know that F is a W .-contraction on W. By Lemma 2.2, there is a fixed point u of F in W,
which is a solution of ([I.1]) - (L.3]). This completes the proof.

Theorem 4.2. Suppose that the assumptions (H1) — (Hg) are satisfied, then the equation - has
at least one mild solution if and the following condition are satisfied.

t t n
MyLyg —|—T1LI£10 sup% ((b(r)/o p(s)ds +X(T)G1/O q(s)ds + Zch) < 1. (4.5)
i=1



F. P. Samuel, K. Balachandran, J. Nonlinear Sci. Appl. 7 (2014), 115-125

123

Proof. From the equation (4.5)) and fact that Ly < 1, there exist a constant r > 0 such that

Mg<rL0+||h(())||+¢(r)/t (s)ds + x(r)G / ds—l—Zd) <

We define Wy = {u € PC([0,0]; X), ||u(t)|| <, for all ¢ € [0,b]}. Then for every u € Wy we have

|Fu(®) < IUu(t,00h n+/nUts (sl + [ gt u(r)ir] s
+ > Ut ) (ult)]
0<t; <t

IN

(1) =10 +-1O) + M [ (o
+ [ doaenieeanas) + 3
=1

|Fu(t) < Mﬂﬂm+M®N+Mﬂ/n(ﬁk+xﬂ>t/ w+§jd><r

for t € [0, b]. This means that FWy C Wy. Define W = conFW. The above proof also implies that FW C W.

So we can prove the theorem similar with Theorem 4.1 and hence we omit it.

5. Application

As an application of Theorem 3.1 we shall consider the system (1.1)) - (1.3)) with a control parameter

such as

u'(t) + At w)u(t) = f(t,u(t)) + Co(t) +/0 g(t,s,u(s))ds, teJ=][0,b], t#t;

w(0) + h(u) = wuog.
Au(tz) IZ(U(tz)), i=1,2,--- n, 0<t; <+ <t, <bh,,

(5.1)

(5.2)
(5.3)

where A, f,g,h and I; are as before and C' is a bounded linear operator from a Banach space V into X and

v € L2(J,V). The mild solution of (5.1)) - (5.3)) is given by

ut) = Ult,0)[uo — h(uw)] + /O Uult, 5) | £(s,uls)) + Cu(s) + /O Sg(S,T,u(T))dT}ds
+ > Uutt)Li(u(t), 0<t<b

0<t; <t

Definition 5.1 ([2]). system (/5.1 is said to be controllable on the 1nterval J if for every up,u; € X,

there exists a control v € L?(/J, V) such that the mild solution u(-) of (5.1 . satisfies
u(0) + h(u) = up and u(b) = u;.

To study the controllability, we need the following additional condition

(Hg) The linear operator W : L?(J,V) — X, defined by

b
Wv—/ U (b, s)Cv(s)ds,
0
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induces an inverse operator W~ defined an L?(J,V)/kerW and there exists a positive constant M; > 0
such that
|CW | < My.

Theorem 5.2. If the assumptions (Hy) — (Hyg) are satisfied, then the system (5.1)-(5.3) is controllable on
J.

Proof. Using the assumption (Hy), for an arbitrary function u(-), define the control

S

o(t) = I/T/1[ul—Uu(b,O)[uo—h(u)]—/Oqu(t,s)(f(s,u(s))+/O g(s,T,u(T))dT)ds

- > Ut L) ).

0<t;<t

We shall show that when using this control, the operator H : Z — Z defined by

(Hv)(t) = Uy(t,0)[up — h(u)] —l—/o Uy(t, s) {f(s,u(s)) + Cu(s) + /OS g(s,,u(r))dr|ds
+ > Ut ) Ti(u(t)).

o<t;<t

has a fixed point. This fixed point is, then a solution of (5.1)-(5.3). Clearly, (Hv)(b) = u1, which means
that the control v steers the system — from the initial state ug to w1 in time b, provided we can
obtain a fixed point of the nonlinear operator . The remaining part of the proof is similar to Theorem 3.1
and hence, it is omitted.
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