Available online at www.tjnsa.com
J. Nonlinear Sci. Appl. 9 (2016), 641-651

Research Article

Nonlincar Scicnces
s s Asoncanens

-LamEyy Journal of Nonlinear Science and Applications
= bP

Print: ISSN 2008-1898 Online: ISSN 2008-1901

A viscosity method for solving convex feasibility
problems

Yunpeng Zhang®*, Yanling LiP

?College of Electric Power, North China University of Water Resources and Electric Power, Zhengzhou, 450011, China.

bSchool of Mathematics and Information Sciences, North China University of Water Resources and Electric Power University,
Zhengzhou 450011, China.

Communicated by Yonghong Yao

Abstract

In this paper, generalized equilibrium problems and strict pseudocontractions are investigated based on a
viscosity algorithm. Strong convergence theorems are established in the framework of real Hilbert spaces.
(©2016 All rights reserved.

Keywords: Equilibrium problem, variational inequality, nonexpansive mapping, fixed point, viscosity
algorithm.
2010 MSC: 47THO05, 90C33.

1. Introduction

Fixed point and equilibrium problems have been extensively studied based on iterative algorithms be-
cause of its applications in nonlinear analysis, optimization, economics, game theory, mechanics, medicine
and so forth, see [I, 2 [8 9L 10, 1T), 12} 15, 19] and the references therein. Viscosity algorithms are first
introduced by Moudafi [18] in Hilbert spaces to study fixed points of nonexpansive mappings. The fixed
point of nonexpansive mappings is revealed that it is also a unique solution of some variational inequality.
The viscosity algorithms recently were extensively studied by many authors in different spaces, for more
detail; see [B]-[7], [13}, 14 20} 2], 24, 23, 27] and the references therein.

In this paper, we consider the problem of approximating a common element of fixed point sets of strict
pseudocontractions and solution sets of generalized equilibrium problems. Theorems of strong convergence
are established in real Hilbert spaces. The organization of this paper is as follows. In Section 2] we provide
some necessary preliminaries. In Section |3 a viscosity algorithm is proposed and analyzed. Theorems of
strong convergence are established, too. Some corollaries are also provided.
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2. Preliminaries

From now on, we always assume that H is a real Hilbert space with the inner product (-,-) and the norm
I - || and that C' is a nonempty closed convex subset of H. Pc denotes the metric projection from H onto C.
Let S be a mapping on C. F(S) stands for the fixed point set of S. Recall that S is said to be
nonexpansive if
ISz = Syll < |z —yll, ¥ayeC.

S is said to be k-strictly pseudocontractive if there exists a constant k € [0, 1) such that
ISz — Syl < llz — y|2 + xl(x — Sz) — (y— SY)I’. Var,y € C.

The class of strict pseudocontractions was introduced by Brower and Petryshyn [4]. It is clear that every
nonexpansive mapping is a 0-strict pseudocontraction.
Let A: C — H be a mapping. Recall that A is said to be monotone if

(Az — Ay,z —y) >0, Va,yeC.
A is said to be strongly monotone if there exists a constant o > 0 such that
<A.%'—Ay,$—y> 2Oé|’x_:l/||2> vx??JeO'

For such a case, we also call it an a-strongly monotone mapping. A is said to be inverse-strongly monotone
if there exists a constant o > 0 such that

<A$ - Ay7$ - y> > OzHAiL' - AyH27 VUC’?J eC.

For such a case, we also call it an a-inverse-strongly monotone mapping. It is clear that A is inverse-strongly
monotone if and only if A~! is strongly monotone.
Recall that the classical variational inequality problem is to find x € C' such that

(Az,y —x) >0, VyeC. (2.1)

It is known that z € C is a solution to if and only if x is a fixed point of the mapping Po(I — rA),
where r > 0 is a constant and I is the identity mapping. Recently, projection methods have been intensively
investigated for solving solutions of variational inequality by many authors in the framework of Hilbert
spaces.

Let F' be a bifunction of C' x C into R, where R denotes the set of real numbers and A : C — H
an inverse-strongly monotone mapping. In this paper, we consider the following generalized equilibrium
problem.

Find z € C such that F(z,y) + (Az,y —z) >0, VyeC. (2.2)

In this paper, the set of such an « € C is denoted by EP(F, A), i.e.,
EP(F,A)={zecC:F(z,y)+ (Az,y —x) >0, VyeC}.
To study generalized equilibrium problem , we may assume that F' satisfies the following conditions:
Al. F(z,z) =0 for all z € C;
A2. F is monotone, i.e., F(z,y) + F(y,x) <0 for all 2,y € C;
A3. for each z,y,2z € C,
lintlﬁ)up Ftz+ (1 —-t)z,y) < F(z,y);
A4. for each z € C, y — F(x,y) is convex and lower semi-continuous.

If FF =0, then generalized equilibrium problem ([2.2)) is reduced to classical variational inequality ({2.1).
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If A =0, then generalized equilibrium problem is reduced to the following equilibrium problem:
Find z € C such that F(z,y) >0, VYyeC. (2.3)

In this paper, the set of such an x € C is denoted by EP(F), i.e.,

EP(F)={xe€C: F(x,y) >0, VyeC}.

Recently, problems , and were studied based on Halpern-like methods by many authors;
see [17], [22], [26], [28]-[31] and the references therein. The advantage of Halpern-like methods is that
compact assumptions are relaxed due to contractive conditions. Motivated by the research going on this
direction, we study the problem of solving common solutions of generalized equilibrium problem and
fixed points of a strict pseudocontraction. Possible computation errors are taken into account. Strong
convergence theorems are established in the framework of real Hilbert spaces.

In order to prove our main results, we also need the following lemmas.

Lemma 2.1 ([3]). Let C be a nonempty convex and closed subset of a real Hilbert space H. Let F': CxC — R
be a bifunction satisfying (A1)-(A4). Then, for any r > 0 and x € H, there exists z € C such that

F(z,y)+ %(y—z,z—m) >0, VyeC.
Further, define
Trm’:{z60:F(z,y)+%<y—z,z—a:> >0, VyeC}
for all r > 0 and x € H. Then, the following hold:
(a) T, is single-valued;
(b) T, is firmly nonexpansive, i.e., for any x,y € H,

HTrx - TryHQ < <T7~ZE - Ty, x — y);

(c) P(T,) = EP(F);
(d) EP(F) is closed and convez.

Lemma 2.2 ([4]). Let C be a nonempty convex and closed subset of a real Hilbert space H. Let S : C' — C
be a strict pseudocontraction. Then I — S is demi-closed, this is, if {x,} is a sequence in C with x, — x
and x, — Sxy, — 0, then x € F(S).

Lemma 2.3 ([4]). Let C be a nonempty convex and closed subset of a real Hilbert space H. Let S : C — C
be a k-strict pseudocontraction. Define a mapping T by T = X + (1 — \)S, where X is a constant in (0,1).
If X € [k, 1) then T is nonexpansive and F(T) = F(S).

Lemma 2.4 ([25]). Let {z,} and {y,} be bounded sequences in a real Hilbert space H and let {B,} be a
sequence in (0,1) with 0 < liminf,,_, B, < limsup,,_,.. Bn < 1. Suppose xp+1 = (1 — Bn)yn + Bnxn for all
integers n > 0 and

lmsup({[yni1 = yul = 241 — znl)) 0.
n—oo
Then limy, o0 ||Yyn — xn|| = 0.
Lemma 2.5 ([16]). Assume that {a,} is a sequence of nonnegative real numbers such that
Qpt1 < (1 - ’Yn)an + 0n + €n,

where {y,} is a sequence in (0,1) and {0y}, {en} are real sequences such that
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X (o)
(1) Z Tn = OO;
n=1
.. w
(i) > len| < o0
n=1

oo
(iii) limsupdn /v <0 or > |0,] < oco.
n=1

n—oo

Then lim «, = 0.
n—oo

The following lemma was proved in [26]. For the sake of completeness, we still give the proof.

Lemma 2.6. Let C be a nonempty convex and closed subset of a real Hilbert space H. Let F: C x C — R
be a bifunction satisfying A1-A4. T, is defined as in Lemma 2.1 Then

|s — ]
s

|Tsx — Thx|| < |Tsx — x|.
Proof. Put u = T,z and v = Tyx. It follows that F(u,v)+2(v—u,u—z) > 0 and F(v,u)+1{u—v,v—z) > 0.
Hence, we have

1 1
7<v—u,u—m)+¥<u—v,v—x> > 0.
s

This implies that (u —v,u — 2 — £(u—z)) > 0. It follows that

—1
e —ol? < =" fu —v,u — ).
S

This proves this lemma. O

3. Main results

Theorem 3.1. Let C be a nonempty convex and closed subset of a real Hilbert space H. Let A: C — H
be an a-inverse-strongly monotone mapping and let F be a bifunction from C x C to R which satisfies
Al1-A4. Let S : C — C be a k-strict pseudocontraction and let f : C — C be a p-contraction. Assume that
F(S)NEP(F,A) # (. Let {r,} be a positive real number sequence. Let {c,}, {Bn}, {7}, {0n} and {\,}
be real number sequences in (0,1). Let {z,} be a sequence generated in the following process:

x1 € C,
F(ynay) + <A$n7y - yn> + %(y — Yn>sYn — l‘n> >0,Vy € C,
Tn+l1 = O‘nf(xn) + ﬂnxn + Yn ()\nyn + (1 - )\n)Syn) + 5716717

where {ey} is a bounded sequence in C. Assume that the control sequences satisfy the following restrictions:
a. p + P+ Y+ 0, =15
oo
b. lim a, = and > a, = o0
n—00 nel
c. 0 <liminf g, <limsup g, < 1;
n—oo n—00
o
d. Y 0p <ooand lim |rpy; —7p| = lm |[App1 — M| = 0;
n=1 n—00 n—00
e 0<k<M<A<landd<r<r, <7 <2aq,
where A\, 7,1’ are real constants. Then {x,} converges strongly to T = Pr(synpp(r,A)f(Z)-

Proof. First, we show that the sequence {x,} is bounded. Let p € F(S) N EP(F,A) be fixed arbitrarily.
For any x,y € C, we see that
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11 = rA)e — (I = rnAYyl2 = |2 = ylI? — 2ralz — y, Az — Ag) + 1] Az — Ay]?
<llz = yl? = (20 = rp)l| Az — Ay]>.
Using restriction e, we see that ||(/—r,A)z—(I—r,A)y| < ||xr—y||. This proves that I —r, A is nonexpansive.

Put S, = A + (1 — A,)S. It follows from Lemma [2.3] that S, is nonexpansive and F(S,) = F(S). Hence,
we have

|zni1 — pl| < anllf(zn) = pll + Bulln — Pl + Y0l Snyn — Pl + Onllen — ||
< anpl|zy = pll + anllf(p) = pll + Bullzn — pll + Yallyn — pll + dnllen — pll
< (1= an(l = )z — pll + anllf(p) — pll + dnllen — pll

maX{Hwn »ll, ”f( ) Hp”}wnuen—p\l

max{nxn_ ol ”f ) Mp” } b allent — pll + dnllen — pl

IN

IN

IN

< max{”:cl —pll, ||f(1 r) MPH } + MZ@,

where M = sup{||e, — p||}. This shows that {z,} is bounded, so is {y,}. Putting z, = (I — r,A)z,, we see
n>1

that
lzne1 — 2ol SN = rnp1 )z — (I — rppr A)wg|| + [[(1 = o1 A)zn — (I — 1 A)z, ||

<zt — 2ol + [rag1 — ral | Aza||-
This implies from Lemma [2.6] that

|Ynt+1 — ynll = ”Trn+1zn+1 — T 2nl|
< ||Trn+1zn+1 - Trn+1zn|| + HTrnﬂzn — Ty 2nl|

|Tn+1 - TTL‘ HT

< lzna1 — znll + Tr41? — 2|
T'n+1
T 1 T
< st — Zall + g — ralll Az + MH v zall
n+
Hence, we have
||Sn+1yn+1 - SnynH < ||Sn+lyn+1 - SnJrlynH + HSnJrlyn - SnynH
< ||yn+1 - yn” + ||Sn+lyn - SnynH
Tl — T (3.1)
< st — 2all + g — ralll Az + T2l
n+

+ |)\n+1 - )\n|HSyn - ynH

Let ¢, = Z2t1=0n%n Tt follows that

17511

_ an+1f(xn+1) + Yn+15n+1Yn+1 + 6n+1en+1 O‘nf(xn) + YnSnYn + Onen
Gret — G = - L

1 — Bni1 1— 8y
_ o1 (f(@nt1) = Sngayn) + (1= Bna1) Snt1¥nt1 + Onti(nts = Sni1n)
1- /Bn—f—l
_ an(f(xn) — Snyn) (1 — Bn) nYn + 5 ( B Snyn)
- /Bn

_ Oén+1(f($n+1) - Sn+1yn+1) 5n+1(€n+1 - Sn+1yn+1)
1 - Bnt1 1 — fBnt1
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an(f(Tn) — Snyn)  Onlen — Snyn)
- — S, — Snln.
This implies from (3.1]) that
[Gn+1 = Call = [Znt1 — @nl|
< Wt f(@nt1) = Snt1Yntill | Intillents — Snt1yntl
- 1= Bn+1 1 — Bny1
Q@ Tp) — S, Onllen — S
’fl”f( n) nynH + ’VZH n nynH |’$n+1 _ :UnH + |rn+1 _ rn”‘Aan
- Bn 1- Bn
Tpil —T
I 2Tyl D = Al — il
Tn+1
It follows from restrictions b-e that
limsup(|[Gn1 = Gull = [Zn1 — @) < 0.
n—oo
With the aid of Lemma we see that lim ||¢, — 2| = 0, which in turn implies that
n—oo
lim ||zp+1 — x| = 0. (3.2)
n—oo
Notice that ) )
[yn = plI” < ll(zn = p) — ra(Azn — Ap)||
= ||«Tn - p”2 - 2Tn<$n iy 2 Axy, — Ap> + TnQHAxn - Ap||2 (3'3)
< lzn — pH2 — (20 — 1) Az, — Asz-
Since || - ||? is convex, we see from (3.3) that
Znt1 = 21 < anllf(@n) = plI* + Bullzn — pI* +0l1Suyn — plI* + nllen — plI?
< anllf(zn) = pII* + Bullzn = plI* +Ynllyn — plI* + dnllen — pl®
< Oéan(l'n) - p||2 + Hxn - pH2 - rn(2a - Tn)7n"Axn - ApH2 + 5n||en - p”Q‘
This yields that
(200 = 1) Yu || A, — ApH2
< lzn = pl1* + anll f(@n) = plI* = [2p41 = pI* + dnllen — plI?
< (lzn = pll + 2041 = pID2ns1 = 2l + anll f(z0) = plI* + dullen — p|*.
In view of restrictions b-e, we obtain from (3.2)) that
lim ||Az, — Ap| = 0. (3.4)
n—o0

On the other hand, we have

3 — pH2 =T, (xn — rnAzyn) — Tp, (p — rnAp)HQ
< ((wn —rpAzy) — (P — T AD), Y — D)

1
= 5 (@ = mmAzn) = (0 = T AP)* + llym — pII*
= [(xn — rnAxn) — (p — rnAp) — (Yn —p)||2
1
2
1
§(||33n —pll>+ lyn — 2I* = |0 — ynll® — r2|| Az, — Ap||?

IA

(lzn = pI* + llyn = pI? = llzn = g = ra(Azn — Ap)|?)

IN

+ 2rn|zn — ynl[| Azn — Ap|))

1
< S (lwn =Pl + g = PI” = llon = yall* + 2rullzn = yul[| Az, — Ap])).
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It follows that
lyn = I < [z = plI* = 20 — yall? + 2rallzn — || A2y — Ap].
This further implies that

|41 — pH2 < apl|f(zn) _pH2 + Brllzn _pH2 + Yl Snyn _PH2 + Onllen — pH2
< anllf(xn) = 21 + Ballzn — pI* + allyn — plI* + nllen — plI?
< anllf(xn) = pI? + llzn = 2lI* = Wz = yal® + dnllen — pl|?
+ 2rn || @0 — yn|| | Azn — Apl,

which yields that

Yallzn = ynll* < ol f(2n) = PI* + |20 — P)I* = 2041 — pI?
+ 2rp @0 — Ynll | Azn — Ap|| + nllen — pl?
< ol f(@n) =PI + (lon — Pl + %01 — PI)|Zns1 — 2nl
+ 2rYn @0 — ynllll Azn — Ap|l + bnllen — pl|>.

In view of restrictions b-e, we obtain from (3.2]) and (3.4) that

|2 — yull = 0. (3.5)

lim
n—oo
Notice that
Y (SnYn — Tn) = (Tn+1 — Tn) + an(Tn — f(20)) + on(Tn — €n).
By use of restrictions b-d, we obtain from (3.2)) that

lim |z, — Spyn| = 0. (3.6)
n—oo

Since [|Spxn — Tyl < [|Sn@n — Snynll + [|Snyn — xx|, and S, is nonexpansive, we see from (3.5 and ({3.6))
that
lim ||z, — Spzy| = 0. (3.7)
n—oo
Notice that
1Sz — an| < [|Szn — (Anzn + (1 = An)Szy) |
+ ()\nmn +(1- )\n)Swn) — x|
< M||Szy — 20| + [|Snxn — x|
It follows from ({3.7]) and restriction e that

lim ||z, — Sz,| = 0. (3.8)

n—o0
Next, we show that lim sup(f(z) — %, 2, — ¥) < 0, where T = Pp(5)ngp(r,4)f(Z). To show it, we can choose
n—oo
a subsequence {z,,} of {z,} such that

thUp(f(j) — T, Tp — j> = E}m <f(‘i‘) - juxni - j>

Since {zy, } is bounded, we can choose a subsequence {$an} of {xy,} which converges weakly some point z.
We may assume, without loss of generality, that {z,,} converges weakly to x. Now, we are in a position to
show z € F(S) N EP(F,A). By use of Lemma [2.2] we see that z € F(S).
Next, we show z € EP(F, A). From (3.5)), we see that {y,,} converges weakly to =. It follows that
1
F(ymy)+<Axnay_yn>+7<y_ynayn_xn> >0, Vyedl.

n
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By use of condition A2, we see that

1
(Azp,y —yn) + 7(3/ —YnsYn — Tn) > Fy,yn), YyeC.

n

Replacing n by n;, we arrive at

yni - 'rni

ng

For t with 0 <t <1andy € C, let uy =ty + (1 —t)x. Since y € C and z € C, we have u; € C. In view of

(3.9), we find that

Yni — Tn,
<ut - yni’Aut> > <ut ~ Yny» Aut> - <Axmvut - ynz> - <ut ~ Yn; u)
n;

+F(ut7ynl)
- <ut - ynia Aut - Ayn1> + <ut - ynia Ayn, - Axnz>
Yn; — Tn,
e R (TR

ng

- <’LLt - yni)

Since A is monotone, we see that (u; — yn,, Aur — Ayn,) > 0. By use of condition A4, we arrive at
(ug — x, Auy) > F(uy, x). (3.10)
Using conditions Al and A4, we find from (3.10) that

0= F(ug,ur) <tF(ug,y) + (1 —t)F(ug, )
< tF(ug,y) + (1 —t){us — x, Auy)
= tF(u,u) + (1 — t)t{y — =, Auy).

Hence, we have F'(u,y) + (1 —t)(y — =, Auy) > 0. Letting t — 0, we find
F(l‘,y) + <y_vaw> 2 07

which implies that z € EP(F, A). It follows that

limsup(f(z) — z,x, — ) < 0.

n—oo

Note that

01 — 2|

< an(f(n) = T, 21 — 2) + Bullon — Zl|| 201 — 2|
+ Ynl[Snyn — Zll[[#n41 — Zl| 4 Onllen — Z[l[|2n+1 — Z]

< an(f(zn) = f(Z), Tny1 — T) + an(f(Z) — T, 2ng1 — T) + Bullzn — Zll[[2n41 — Z]
+ Ynllzn = Z(lzns1 — 2l + Onllen — Zl|[[zn41 — 2]

« —+ + ~ B ) ) )
< W(Hxn —Z|2 + ||zns1 — Z|?) + an(f(Z) — &, 2py1 — Z)
6 ~ —_
+ 5 (len = 20* + lzn g — 2I1%).

It follows that ) )
ns1 — 317 < (1= (1 = ) ll2n — 31 + 200 { () — 3, 2ns1 — 2)
+ nllen — |-
By use of Lemma we find that nlg]go |zr, — Z|| = 0. This completes the proof. O
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If S is nonexpansive, we draw from Theorem the following result.

Corollary 3.2. Let C be a nonempty convex and closed subset of a real Hilbert space H. Let A: C — H
be an a-inverse-strongly monotone mapping and let F' be a bifunction from C x C to R which satisfies
A1-A4. Let S : C — C be a nonexpansive mapping and let f : C — C be a p-contraction. Assume that
F(S)NEP(F,A) #0. Let {r,} be a positive real number sequence. Let {an}, {fn}, {1} and {0,} be real
number sequences in (0,1). Let {z,} be a sequence generated in the following process:

r1 € C,
F(yn,y) + (A, y — o) + (Y = Yns Yo — 2a) > 0,¥y € C,
Tn4+1 = anf(xn) + ann + ’7n5yn + 5nena

where {en} is a bounded sequence in C. Assume that the control sequences satisfy the following restrictions:
a. an + fn+ v+ 0n =15
[e.°]

b. lim o, = and > a, = o;
n—oo

n=1
c. 0 <liminf g, <limsup g, < 1;
n—oo

n—o0

o
d. Y 0p <ooand lim |rpy1 — 1| = 0;

e. 0<r<r, <r <2a,
where r, 1" are real constants. Then {x,} converges strongly to T = Pr(synpp(r,a)f(Z)-

Further, if S is the identity on C, then we have the following result on generalized equilibrium problem

2.

Corollary 3.3. Let C be a nonempty convex and closed subset of a real Hilbert space H. Let A: C — H be
an a-inverse-strongly monotone mapping and let F' be a bifunction from C x C to R which satisfies A1-A4.
Let f : C — C be a p-contraction. Assume that EP(F, A) # 0. Let {r,} be a positive real number sequence.
Let {an}, {Bn}, {1} and {6} be real number sequences in (0,1). Let {x,} be a sequence generated in the
following process:

r1 € C,
F(yn,y) + (A, y = o) + (Y = Yns Yo — 2a) > 0,¥y € C,
Tpy1 = anf(Tn) + BnTn + Ynln + dnen,

where {en} is a bounded sequence in C. Assume that the control sequences satisfy the following restrictions:
a. an + P+ +0n =15
o0

b. lim a, = and > a, = co;
n—oo

n=1
c. 0 <liminf g, <limsup g, < 1;
n—oo

n—o0

o
d. Y 0p, <ooand lim |rpy — 1| =05

e. 0<r<r, <r <2a,
where r, 1" are real constants. Then {x,} converges strongly to T = Pgp(r,a)f(Z).

Next, we give a result on equilibrium problem ([2.3)).

Corollary 3.4. Let C be a nonempty convex and closed subset of a real Hilbert space H. Let F be a
bifunction from C x C to R which satisfies A1-A4. Let S : C — C be a k-strict pseudocontraction and let
f:C — C be a p-contraction. Assume that F(S)NEP(F) # (0. Let {r,} be a positive real number sequence.
Let {an}, {Bn}, {m}, {0n} and {\,} be real number sequences in (0,1). Let {z,} be a sequence generated
in the following process:
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x1 € C,
Tn+l1l = anf(xn) + /ann + Y ()\nyn + (1 - An)syn) + 5nena

where {ey} is a bounded sequence in C. Assume that the control sequences satisfy the following restrictions:
a. p + P+ Y+ 0, =15
oo

b.

lim oy, = and ) oy, = oo;

n—0o0

n=1

¢ 0 < liminf 8, <limsup 8, < 1;
n—oo

n—oo

o0
d. > 6, <ooand lim |rppq —rp| = lim [Apg1 — Ap| = 0;
n—oo n—oo

n=1

e. 0< k<A < A<land0<r <y,
where \,r, v’ are real constants. Then {x,} converges strongly to T = Pp(synppr)f(T).

Finally, we give a result on common solutions of solution sets of variational inequality (2.1]) and fixed
point set of a strict pseudocontraction.

Corollary 3.5. Let C be a nonempty conver and closed subset of a real Hilbert space H. Let A: C — H be
an a-inverse-strongly monotone mapping. Let S : C — C be a k-strict pseudocontraction and let f : C — C
be a p-contraction. Assume that F(S)NVI(C,A) # 0. Let {r,} be a positive real number sequence. Let
{an}, {Bn}, { M}, {6n} and {A\,} be real number sequences in (0,1). Let {x,} be a sequence generated in
the following process:

x1 € C,
Yn = PC’(xn - T'nAxn)a
Tn4+1 = anf(xn) + /ann + Yn ()\nyn + (1 - )\n)Syn) + 5n€na

where {ey} is a bounded sequence in C. Assume that the control sequences satisfy the following restrictions:
oo

lim o, = and > a, = oo;

a.
b.

n—o0

n=1
c. 0 <liminf 8, <limsup g, < 1;
n—0o0

n—oo

o0
d. > 0, < o0 and lim |rpiq —ry| = lm [Ayp1 — Ay = 0;

n=1

e. 0<k< M <A<landO<r<r,<r <2a,
where \,r, v’ are real constants. Then {x,} converges strongly to T = Ppsynvi(r,a)f(Z).
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