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Abstract

In this paper, we study the higher-order degenerate g-Euler polynomials and give some identities of symmetry
on these polynomials derived from symmetric properties for certain multivariate fermionic p-adic g-integrals
on Zy,. (©2016 All rights reserved.
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1. Introduction

Let p be an odd prime number. Throughout this paper, Z,, Q, and C, will denote the ring of p-adic
integers, the field of p-adic rational numbers and the completion of the algebraic closure of Q,. The p-adic

1
norm is normalized so that [p|, = %. Let ¢ be an indeterminate in C, such that [1—g¢|, < p »-7. The
g-analogue of the number x is defined as [z], = %. Note that limg1 [z], = z. Let f(z) be a continuous

functional Z,. Then, the fermionic p-adic g-integral on Z,, is defined by Kim as
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where [z]_, = 1_1(;5)33

Note that

q—1 7

pY—1
ti [ f () d—y (0) = Jim 3 f (@) (- (1.2)
D x=0

is the ordinary fermonic p-adic integral on Z,,.
From (|1.1), we can easily derive the following equation:

| @t n)dpg () + (-1)"! | (@) g Zf e, (1.3)

and

Pl Ny @)+ [ F @)y () = 21,10), oee [, (1.4)

Zp

As is well known, the higher-order Euler polynomials are defined by the generating function

<et+1> :Z (1.5)

When z =0, g =g (0) are called the higher-order Euler numbers (see [1]-[23]).
From (|1.2)), we note that

2 T
[ et ) di () = <> ot
/Zp /Zpe pi—1 (1) -+ - dp—y (z7) 1) ©

= i E)

Carlitz considered g-Bernoulli numbers defined by the recurrence relation

1, ifn=1
=1, F 1) = Bug =1 ’ 1.6
Bo.q q(aBq ) Bn.q {0’ > 1, (1.6)
with the usual convention about replacing Sy by S, 4 (see [4]).
In [12, [14], Kim defined Carlitz’s type ¢-Euler numbers given by
507(] = ]_, q (ng + ].)n — gmq = [2](1 6O,n7 (17)

where 6y, is the Kronecker’s symbol.
Recently, the higher-order g-Euler polynomials are defined by the multivariate fermionic p-adic ¢-integral

on Zy
o0

/Z /Z plztotar+a] oty o (z1) - dp_g (z,) Z (see [14]) . (1.8)

When =z = 0, 57(12 = 57(:3 (0) are called the higher-order g-Euler numbers. In particular, » = 1, then
Eng (@) = Eng ().
From (1.8]), we have

/ / 21+ + 2y + 2] dpg (21) - dpg (z,) = E]) () (1.9)
z, Jz,
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“wmr 5 () (i)

o0

=2 Y (™ g me 2]l

q
mi,...,mr=0

where r € N and n > 0.
By (1.9)), we get the generating function of the higher-order g-Euler polynomials as follows:

A S (1.10)

= &) (x) %, (see [14), [15]) .
n=0 ’

Carlitz introduced the higher-order degenerate Euler polynomials given by the generating function

9 " P t”
S B ADY =560 (2] A .
((1+>\t)§ ) (14 At) 7;) (| ) (1.11)

When z = 0, £ (x) = gl (0] M) are called the higher-order degenerate Euler numbers (see [5]). In
particular, r =1, g (x| A) =&, (x| A) are called degenerate Euler polynomials.

Note that limy_ g (x| )= EY) (), (n >0).

In this paper, we study the higher-order degenerate g-Euler polynomials and give some identities of
symmetry on these polynomials derived from symmetric properties for certain multivariate fermionic p-adic
g-integrals on Z,,.

2. Symmetric identities of higher-order degenerate g-Euler polynomials

Let A, t € Cp, be such that [At], < pip%l. From (1.2)) and (1.3), we note that

/ / (1423 duy (1) -dp_y (2,) = (21> (14 At (2.1)
Zp Ly (1 + )\t)A

—ZE :1:|)\

In view of (1.8]), we define the higher-order degenerate ¢-Euler polynomials by the generating function

as
/ / (14 Ap)rlEttertely gy @) dp g (2) Z SOl (2.2)
Zp Zyp
Thus, by (2.2 , we get
(r) — e(r)
)l\li)r%]gnq,)\( ) _Sn,q (x)7 (nzo)
From , we can derive
/Z /Z ([xl ootz + x]q)mdﬂ_q (21) - dpg (z) = £ (@), (n>0), (2.3)
P p ’
where

(lal,) = lal, (), =2) (o), =22) - (lal, ~(n=1)2), (n=1)
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and ([m]q) =1.
0.\
By (2.3), we get

£l 5 (@)

/Z/ <[;U1+ ] )n dp_q (21) - dp_q ()

NER M:

St (n, ) AlEN) (2),

l

I
o

where Sp (n l) is the Stirling number of the first kind.

From and (| ., we have

)

1=0 m1,....mp=0

Therefore, by (2.4), we obtain the following theorem.

Theorem 2.1. Forn > 0, we have

=20 Y (=™ i+ +my 2]l St (n D) AT

Now, we observe that

[2]; Z Z (_q)m1+---+mr [ml + -+ my + l‘]f] Sl (’I’L, l) )\n—l

1=0 m,...,mp=0
oo

=2, Y ™ (e al,)

A
mi,...,mpr=0 ’

Thus, by ([2.6]), we get

L (n, ) A l/ / w1+ 2+ 2lydpg (1) - dpg ()
7, Jz,

ENN@ =S ST (=)™ g 4y 4 all S (D) AT

3 (r) ﬁ =[2]" S _ymitetme - ([ml +eoeEme+ x]Q>
2 Enlaa (@) = 2 >, (9 ) n!
n=0 ! M1y =0 o !

=2, Y (T aa T

mi,...,mpr=0

Therefore, by (2.7), we obtain the following theorem.

Theorem 2.2. Forr € N, we have

" - fmytctme taly

D& @) =02 D> (™Mt

n=0 mi,...,myr=0

(2.5)
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By replacing ¢ by % (e)‘t — 1) in , we get

[21++arta] t (eM - 1)m
L © “dp—g (1) dp—q (zr) = Z ,q, T (2.8)
P m=
tn
:Z(Z AP mgmq/\ )SQ(n,m)> R
n=0 v
where S3 (n, m) is the Stirling number of the second kind.
Therefore, by (1.8) and ([2.8)), we obtain the following theorem.
Theorem 2.3. Forn >0, we have
£ (x) Z AmmE) | (x) Sa (n,m).
Let wq,wq € N be such that w; = 1,wy =1 (mod 2). Then, by (2.2]), we get
1 [wywae+wy Sy dr+wr Si_q v,
o [ [ aen ; Qi 1)+~ dp—gos () (2.9)
P P
N—l r . T
1 p 1 [w1w2m+w2 Zl:l Jitwy El:l yl]q
= lim —— (1 + \t) x
[w1]”,, N—oo y17.§0 Tl
% ( qw1)y1+ +yr
N*l r . r
1 1 w2p [wiwgz+wy ST dj+w1 X]—; vi)
=—— lim g Soa+ay X !
[w ] —q N—oo [w2p ] —q"1 Y1seensyr=0
% ( q)w1y1+ Fwiyr
— N—l r . s .
[2]; ) w21 P [wiwgztwy 3y di+wi Eiog (i+wau)],
B TS e
11,82, ,ir =0 Yy1,...,yr=0
% (_1)y1+~~~+yr qw1(i1+w2y1)+w1(i2+w2y2)+~-~+w1(ir+w2yr) « (_1)i1+~-~+ir
[2]7‘ wo—1 .
— 2Tq Z (_1)21:1 U qwl D=1 b
11,0y =0
Pl [wiwgztwy 37y ditw1 Tiog (i +wau)],
x i 1 t B)
yl"“»y’I‘ZO
% (_1)yl+“'+yr qw1w2y1+w1w2y2+---+w1w2yr‘
From (2.9)), we note that
1 wi—1 _ .
ol Z g2 Zimdn (—1)2i=1 0 (2.10)
qjl’ 7]r—0
[w1w21+w2 Yi—q ditwi X yz]q
Zp Zyp
wo—1 wi—1

[zrq ]\}E)noo Z Z Z Zz L (i +i+u)

115058 =0 J1,..,3r =0 y1,.. Yr=0
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x g 2= it w2 3y Jrtwiwe 3y

1 T . r . r
X (14 A3 (ot iy drvon Siyivtwrwe Sis v,

On the other hand,

wo—1 ]
Z qwl St 71)21:13l (2.11)
_q J1yesdr=0
[wrwoztwy Sy Gi+wa Ti_q wil,
X/z /Z (14 M) X dpp—gwz (Y1) -+ - dpp—qw2 (yr)
D p
[2] w1—1 wo—1 p N_1

“lq ]\}gnoo Z Z Z zz 1(+gi+u)

0158 =071,....,5r=0y1,..., Yr=
X gt 2t=1 Jitwe Yy it wiwa 3y v

1 r . r . r
T |lwwez+w E _ —+w E _q1 y1twiw _
X(l—i—)\t)*[ 12 1200 w2 3o twiws 3 l_lyz]q'

Therefore, by (2.10) and (2.11]), we obtain the following theorem.

Theorem 2.4. Let wy,ws € N such that w; =1 (mod 2) and wy =1 (mod 2). Then, we have

wi—1

Z qw2 Zl 11 _1)2;:1jl

q J1yee0sdr=0

[wiwoetws g gi+w1 Ti_q wil,
></ / (1+ At) X dp—gu1 (Y1) - - dpi—qer (yr)
Zp Zy

wo—1

Z qwl St di _1)2121]'1

q J1seees Jr=0
[wiwgz+wy X7 dj+wa Xy yl]q
X / h / (1+At) A dp—qoz (Y1) -+ - dpr—quz (yr) -
Zp Zp

We observe that

[wlng + Z]lw2 + Z ylw1] w1

w2x+—zﬂ+2yl . (2.12)

g1
From (2.12)), we have
1 T . T
/ B / (1 + )\t)X[wlwng_Zl:l Jiwa+> ylwl]q du—qwl (yl) . dﬂ—qwl (yr) (2.13)
Zp Zp
[wi]q [ww-&-2 P TR B yl]
— / .. / (1+ At) w1 @ dp_qu (y1) - -~ dpp—gu (yr)
Zp Zp

n

£ wy . . nt
—Z i <w2$+w1(]1+"'+]r)>[w1]qn!-

Therefore, by Theorem (2.12) and (2.13]), we obtain the following theorem.

Theorem 2.5. Forn >0, wy,wy € N with w; =1 (mod 2), wy =1 (mod 2), we have

wq ™ w1 . . . .
[ 1]rq Z (_1)]1+~-~+]r qw2(]1+---+jr)g(7“) . (wa + % (]1 4+ 4 Jr))

borl=g im0 T,
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n wo—1

B . gt tir g (Gr4e4gp) o(1) L ]
o S g ttin g N <w1$+m(]1+-..+]r)).

n,q*2,
-4 jlv"'vjr:O [wQ]q

From ({2.3]), we have

L f () (o

waw + *Z]l +Zyz] ) (2.14)
qvt A

)

Xdp—gw1 (y1) - - - dp— qwl (yr)
ZSl(n,l ( ) / / w2$+2]l+zyl]
1=0 Zp ZP q¥1

n A n—l I [w ] A ‘

[wi],

x [ o / [wox + y1 + -+ + Yol dpt—qur (y1) -~ dpi_gor (yr)
Zyp

n l
=N St )X ] [wall [+ -+ el

=0 =0

N (] r
qug(lfl) Dokt Jk <l> gl(—)i,qwl (w2:1:) .

Thus, by (2.14)), we get

[wl]n vt roo o 1 "
qu 21:1 Vi _1 Zl:l Jl - 215
ol 2, 0 =

T 7
w9 .
wox + 1712 i) y’] ) dpp—qer (Y1) - - dp—gr (yr)
=1 =t dge )y

o ([wﬂq
1 n 1

l n— —ir i elr = (r w
5 ()51 (X" ol Funly €10, ) T o 4.
=0 =0

q
where L
T7(L7:Z) (w]q) = Z (_1)j1+~--+jr [j1+ - ‘|‘jr](i] q("—i) 1 dt (2.16)
jl,---,jrio
On the other hand,
n wo—1 n
[w2]Tq Z g St di (_1)27:1 Ji <>\> (2.17)
[wa],
x [ oo e + — Zjl + Z yi dp—gqwz (Y1) -+ dp—qu2 (yy)
ZP ZP l 1 qv2 A

)

!
1 l n— i i elr = (r
N [ r Z (> S1(n, 1) A : [U’?]fz [wl]q gl(—)i,qw2 (w12) Tl(—l-)lﬂ (w2 | ™).



D. S. Kim, T. Kim, J. Nonlinear Sci. Appl. 9 (2016), 443-451 450

Therefore, by (2.15) and (2.17)), we obtain the following theorem.

Theorem 2.6. Forn >0, wy,wy € N with w; =1 (mod 2), we =1 (mod 2), we have

n l
1 l n— —1 7 T (T w
o 22 ()51 DXl e 85 s 020 T 1 0)
—4q =0 =0
1 n Lo nel I—i i o(r) (1) w1
N [wa]” Z i S1(n, 1) A [w2]q [wl]q &1 gvz (wiz) T (w2 [ ")
—4 =0 =0

Remark 2.7. If we take A — 0, then we get

1 - n n—i 7 r ~(r w
g Z (1> ol [wQ]qg’(l—)iqul (w2) T?’(L-‘Zl,i (w1 | ¢*?)

1 " n —q 7 T (T w
- L () sl ]} £,y (wr2) T, (| ).
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