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Abstract

In this paper, we introduce a new concept of a-S-y-contractive type mappings and construct some fixed
point theorems for such mappings in metric spaces endowed with partial order. Moreover, we use fixed
point theorems to find a solution for the first-order boundary value differential equation. (©2015 All rights
reserved.
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1. Introduction and Preliminaries

The existence of fixed point in partially ordered sets has been considered in [1, 2, 3, 5, 6, 7, 8, 9, 11, 12,
15, 16, 19]. Furthermore, some applications to periodic boundary value problems and matrix equations were
given in [13, 14, 17]. Recently, Samet et al. [18] introduced a-t-contractive type mappings in complete metric
space and established some fixed point theorems as well as their applications to a second-order ordinary
differential equation. In this paper, we introduce a new concept of a-fS-y-contractive type mappings and
establish some fixed point theorems in a metric space endowed with partial order. The presented theorems
extend, generalize and improve many existing results in the literature, in particular the results of Ran and
Reurings [17], Nieto and Rodriguez-Lépez [12, 13] and Harjani and Sadarangani [7]. In the literature, we
can find results on existence of solution for ordinary differential equations in presence of both lower and
upper solutions. In this paper, we assume the existence of just one of them for the periodic boundary value
problem

W () = ht,u(t)), tel=]0,T],
{ u(0) = u(T), (L)
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where T > 0, and h : I x R — R is a continuous function. A solution to (1.1) is a function u € C(I,R)
satisfying conditions in (1.1). A lower solution for (1.1) is a function u € C'(I,R) such that

{ u'(t) < h(t,u(t)), tel=][0,T],
u(0) < u(T).

An upper solution for (1.1) satisfies the reversed inequalities. It is well known [10] that the existence of a
lower solution u and an upper solution v with v < v implies the existence of a solution of (1.1) between
uw and v. In this paper, the existence of a unique solution for problem (1.1) was obtained under suitable
conditions. Let’s start by a few definitions and lemmas.

Definition 1.1. Let (X, <) be a partially ordered set. We say that f : X — X is monotone nondecreasing
if for all x,y € X,

<y = f(z) < f(y)

Definition 1.2 ([18]). Let ¥ be a family of nondecreasing functions 1 : [0,00) — [0, 00) such that for each
YpeWandt>0,) 7 ¥"(t) < +oo, where ¥" is the n-th iterate of 9.

Lemma 1.3 ([18]). Let ¢ : [0,00) — [0,00) be a nondecreasing function. If for each t > 0, tlim P (t) =0
—00
then ¥(t) < t.

Definition 1.4. Let (X, <) be a partially ordered space with complete metric d. We say that f: X — X
is a a-f-1)-contractive mapping if there exist three functions «, 5 : X x X — [0,00), ¥ € ¥ such that for all
x,y € X with x >y,

a(z, y)d(f(z), f(y) < Bz, y)¢(d(z,y)). (1.2)

Example 1.5. If f : X — X satisfies the Banach contraction principle, then f is an a-8-1-contractive
mapping, where a(z,y) = f(x,y) =1 for all z,y € X and ¢(t) = ct for all ¢ > 0 and some c € [0,1).

Definition 1.6. Let f : X — X, o, : X x X — [0,00) and C, > 0, C3 > 0. We say that f is an
a-f-admissible mapping if for all z,y € X with = > y,

(i) a(z,y) = Cq implies a(f(2), f(y)) = Ca;
(ii) B(z,y) < Cp implies B(f(z), f(y)) < Cs;
(iii) 0 < Cp/Cy < 1.

Example 1.7. Let X = (0, 400). Define f: X — X and o, 5: X x X — [0,00) by f(z) =¢€” forall x € X

and
3 ifx>y; 1/4 ifz>uy;
alzx, = 5 xz, =
(@) {0 otherwise, fla.y) {O otherwise,

let Co, =2 and Cg = 1/2 then f is a-f-admissible.

Example 1.8. Let X = [0, +00). Define f: X — X and a, f: X x X — [0,00) by f(z) = Jx forallz € X

and
-1 - u—T .
ry " iz >y = ifz>uy;
a x? = . Y x’ = .
(@) {0 otherwise, fla.y) {0 otherwise,

let Co =1/2 and Cg = 1/3 then f is a-S-admissible.
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2. Fixed point theorems

Theorem 2.1. Let (X, <) be a partially ordered space with complete metric d. Let f : X — X be a
nondecreasing, a-3-1-contractive mapping satisfying the following conditions:

(i) [ is continuous;

(ii) f is a-f-admissible;

(iii) there exists xg € X such that xo < f(z0);

(iv) there exist Co > 0, Cg > 0 such that o f(xo),x0) > Cq, B(f(20),z0) < Cg.
Then, f has a fixed point.

Proof. If f(xzp) = xo, then the proof is finished. Suppose that f(zg) # xg. Since xg < f(zg) and f is
nondecreasing, we obtain by induction that

zo < f(z0) < f2(20) < f(20) < ... < fM(20) < T (m0) < -+ -, (2.1)

also, since f is a-B-admissible by (iv), we get

{‘“(f(azo) 20) 2 Co = a(f2(z0). f(20) = Co = .. = &l f**(z0). f(20)) > Cu. 22)

f
B(f(x0), x0) < Cg — B(f*(w0), f(20)) < Cp — ... = B(f*H(wo), f"(20)) < Cp.

Now, by (1.2), (2.1) and (2.2), we obtain

Cad(f*(x0), f(x0)) < a(f(z0), z0)d(f*(z0), f(x0))
B(f(w0), z0)(d(f(x0),T0))

Cap(d(f(w0), 0))-

VARRVANNVAN

Hence,
d(f*(w0), f(w0)) < Cp/Catp(d(f(w0),20)) < P(d(f(x0),x0))-
Continuing this process, we get

d(f"" (o), f"(20)) < ¥"(d(f(20), 20)).

Now, as n — oo then d(f"*(x¢), f™(z0)) — 0. We show that {f"(zg)}>

and let n(e) € N such that
S W (d(f(x0). x0)) < e.

n>n(e)

o, is a Cauchy sequence. Fix € > 0

Let m,n € N with m > n > n(e), by triangular inequality,

d(f" (o), f™(x0)) < d(f"(z0), f* (w0)) + ...+ d(f" " (x0), f"(20))
Y™ (d(f(z0), w0)) + ... + 9" (d(f(20), o))

m—1

Z 7 0))
k=n

Y™ (d(f(z0),w0)) < €.
>n(e)

IN A

IN

Since (X, d) is a complete metric space, then there exists € X such that lim f"(z9) = z. Now, we show
n—oo

that = is a fixed point of f(x). Suppose € > 0 is given. Since f is a continuous function, then there exists
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d > 0 such that, for each z € X, d(z,2) < § implies that d(f(z), f(z)) < §. Given n = min{5,d}, now by
convergence of {f™(z0)}>2, to z, there exists ng € N such that, for all n € N, n > ny,

d(f"(xo), ) <.

Taking n € N, n > ng, we get

therefore, d(f(z),x) = 0. Consequently, f(z) = x. O
In the next theorem, the continuity hypothesis of f has been removed.

Theorem 2.2. Let (X, <) be a partially ordered space with complete metric d. Let f : X — X be a
nondecreasing, a-3-1-contractive mapping satisfying the following conditions:
(i) f is a-B-admissible;
(i) there exists xg € X such that xo < f(z0);
(i) there exist Co >0, Cg > 0 such that o f(xo),x0) > Ca, B(f(x0),x0) < Cp;
(w) if {xn}o>, be a sequence in X such that a(xyn,Tpni1) > Co , B(@n, Tnge1) < Cg for alln € N and
lim z, =z, then a(z,, ) > Cq, B(xn,x) < Cg;

n—oo
(v) if {xn} be a nondecreasing sequence in X such that x, — = then x, < x, for alln € N.

Then, f has a fixed point.

Proof. Following the proof of Theorem 2.1, since {f"(xg)} is a cauchy sequence, then there exists z € X
such that li_>m f"(zo) = x. We will show that z is a fixed point of f(z). Given € > 0, since {f™(z0)}>2,
n oo

converges to x, there exists ng € N such that for all n > ny,

" €
Moreover, since {f™(x¢)} is a nondecreasing sequence, from (v), we have

f(xo) < z. (2.3)
From (1.2), (2.2), (2.3) and (iv), we get

Cod(z, f(2)) < Cod(f(f™(x0), f(2))) + Cad(f"(x0),z)
< a(f™(xo), 2)d(f(f"(x0), f(x))) + Cad(f"+ (x0), z)
< B(f(0), 2)P(d(f"(x0), %)) + Cad(f" (20), 7)
< Cp(d(f™ (w0), 2)) + Cod(f* (20), 2),

);
);

therefore, . .
(e, £()) < Co/Catb(@d(f" (w0),2) + d(f" (o), ) < § + 5 = .

Hence, d(z, f(z)) = 0, that is, f(x) = =. O
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Example 2.3. Let (R, <) and d(z,y) = |x — y| for all z,y € R, then (R,d) is a complete metric space.
Define f: R —- R and a, 3 : X x X — [0, +00), by

L ifx>0;
p) =1 BT=
/(@) {0 if x <0,

and

2 ifz,y > 0; 1/3 ifx,y > 0;
Oé(ﬂc,y):{ ,B(%y):{ /

0 otherwise, 0 otherwise.

Let ¥(t) = % for each t > 0. Clearly, f is an «a-f-t-contractive mapping. Moreover, f is nondecreasing
and continuous. We show that f is a-f-admissible. For all z,y € [0, 4+00) with > y. Let C, = 3/2 and
Cs = 1/2, we have

a(e.y) > Co — alf(2). /(1) = (5. 1) > Can

also

Blay) <Cs — B(f(@),fy) =Bl 1) < Cs

In addition, there exists zp = 0 € R such that a(f(zo),z9) > Cy and B(f(z0),z9) < Cg. Further, since
0 < f(0) = 0 then zy < f(z¢). Now, all the hypotheses of Theorem 2.1 are satisfied consequently, f has a
fixed point. Here, 0 is a fixed point of f.

In the following example, the continuity of f has been removed.

Example 2.4. Let (R, <) and d(z,y) = |z — y| for all z,y € R, then (R,d) is a complete metric space.
Define f : R — R and a, : X x X — [0,400), by

2:17—% if:nZ%;
flz) =3 & if 0 << i
if z <0,

O =

and
1 ifz,yel0,d); 1/3 ifz,ye(0,L);
a(z,w:{ 0.2): ﬁ(w,y)z{/ 0.2)

0 otherwise, 0 otherwise.

Clearly, f is nondecreasing and discontinuous. Let ¢(t) = % for each ¢ > 0. Obviously, if z,y € R—[0,1/2),
then f is an a-f-1-contractive mapping. Suppose that z,y € [0,1/2) with z > y, let C,, = 1/2 and C3 = 1/3
then a(x,y) > Cy and S(z,y) < Cg. Hence,

(e, y)d(f(x), F0) = () — )| = | 5 — L) = Y
and J
Byl y)) = W00 2 i
therefore,

lz—yl _lz—yl
0 — 9
In other words,

a(z,y)d(f(z), f(y)) < Bz, y)¢(d(z,y)).
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So, for all z,y € R, f is an «a-B-i-contractive mapping. Moreover, there exists g € R such that
a(f(xo),x0) > Co and B(f(xo),x0) < Cg. Let xg = 0 then

a(f(zo), z0) = a(f(0),0) = (0,0) =1 = Co =1/2,
and
B(f (o), x0) = 5(£(0),0) = 5(0,0) =1/3 < Cz = 1/3.
Since 0 = z9 < 0 = f(zo) then ¢ < f(zo). Clearly, f is a-f-admissible. Finally, if {z,} be a nondecreasing

sequence in R such that a(zp,zn41) > Co and B(xyn,xn41) < Cg for all n € N and 2, — x then, by

definitions of o and g, z, € [0, %) Consequently, z € [0, %) In addition, {z,} is nondecreasing hence
T, < z. Therefore, all the required hypotheses of Theorem 2.2 are satisfied, then f has a fixed point. Here,
0 and % are two fixed points of f.

Regarding to the above examples , it is seen that f may have more than one fixed point. In the following,
additional condition is applied to the hypotheses of Theorems 2.1 and 2.2 to obtain the singularity of the
fixed point.

Theorem 2.5. Suppose all the hypotheses of Theorems 2.1 and 2.2 are satisfied. If there exists z € X such
that for all x,y € X withx > z, y > 2,

{a(x, z) > Co and fB(x,z) < Cg, (2.4)

Oé(y, Z) > C,B and B(yv Z) < Cﬁ
Then, f has a unique fized point.

Proof. Suppose z* and y* are two fixed points of f, then, f(z*) = z* and f(y*) = y*. By the first part of
(2.4), there exists z € X such that

a(z*,z) > Cq and B(z*,2) <Cs, z*>2z. (2.5)
Since f is a-F-admissible, we get
a(f(@¥), f(z)) 2 Ca and  B(f(2"), f(2)) < Cp,  f(z") = f(2),

therefore,
a(@”, f(2)) 2 Ca and B(z7, f(2)) < Cg, " = f(2).
Continuing this process, we have
a(z®, f"(2)) 2 Ca and Bz, f"(2)) 2 Cg, x> [*(2), (2.6)
for all n € N. Since f is a-f-1-contractive mapping, then we get
Cad(z™, f"(2)) Cod(f ("), f(f*7(2)))
a(z™, [ (2)d(f (=), F(H(2)))
B, [ (2)e(d(ar, f771(2)))
Cop(d(z*, f*1(2))),

IN A IA

da*, f"(2)) < Cg/Catp(d(a”, f*7(2)))
< Y@, f171(2))
< P((d(*, f73(2))
S wn(d($*7'z))7



M. S. Asgari, Z. Badehian, J. Nonlinear Sci. Appl. 8 (2015), 518-528 524

which implies that,

d(z*, f"(2)) < P"(d(z", 2)).
For all n € N. Now, as n — oo then f"(z) — z*. Similarly for the second part of (2.4), f"(z) — y*.
Therefore, 2* = y*. That means f has a unique fixed point. O

Theorem 2.6. Let (X, <) be a partially ordered space with complete metric d. Let f : X — X be a
nondecreasing, a-B-1-contractive mapping satisfying the following conditions:

(i) f is continuous;

(ii) f is a-B-admissible;

(iii) there exists xg € X such that xo > f(x0);

() there exist Co, >0, Cg > 0 such that a(xg, f(x0)) > Cu, B(z0, f(z0)) < Cp.

Then, f has a fized point.
Theorem 2.7. Let (X, <) be a partially ordered space with complete metric d. Let f : X — X be a

nondecreasing, a-F-1-contractive mapping satisfying the following conditions:

(i) f is a-B-admissible;
(i) there exists xo € X such that xo > f(xz0);
(i) there exist Co >0, Cg > 0 such that a(zo, f(x0)) > Ca, B(xo, f(x0)) < Cp;
(w) if {xn}o>, be a sequence in X such that a(xni1,2n) > Co , B(@nt1,2n) < Cg for alln € N and
lim z, =z, then a(x,x,) > Cqo, Bz, x,) < Cg;

n—o0
(v) if {xn} be a nonincreasing sequence in X such that x,, — x then © < x,, for all n € N.

Then, f has a fized point.

Theorem 2.8. Suppose all the hypotheses of Theorems 2.6 and 2.7 are satisfied. If there exists z € X such
that for all x,y € X with z > x, z > y,

(2.7)

a(z,x) > Cy and f(z,z) < Cg,
a(2,9)>Cs and B(5y) < Cp.

Then, f has a unique fized point.

3. Application to ordinary differential equations

In this section, we prove the existence of the unique solution of problem (1.1) in the presence of it’s
lower solution with a-(-1-contractive mappings. This problem is solved by Nieto and Rodriguez-Lépez [13]
in the presence of a lower solution, as follow.

Theorem 3.1. Consider problem (1.1) with h: I x R — R continuous. Suppose that there exist A > 0 and
>0 with p < A such that for all x,y € R, with y > x,

then, the existence of a lower solution for (1.1), provides the existence of a unique solution of (1.1).
Also, Harjani and Sadarangani [7] have established following theorem:

Theorem 3.2. Consider problem (1.1) with h : I x R — R continuous. Suppose that there exists X > 0
such that for all x,y € R, with y > x,

where ¢ : [0,00) — [0,00) can be written by ¥ (x) = z—¢(x) with ¢ : [0,00) — [0,00) continuous, increasing,
positive in (0,00), ¢(0) =0 and tlim o(t) = co. Then the existence of a lower solution of (1.1) provides the
— 00

existence of a unique solution of (1.1).
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Now, we are ready to solve problem (1.1) according to our presented theorems.

Remark 3.3. For each A > 0, problem (1.1) is written as

{u’(t) +2u(t) = h(t,u(t)) + Mu(t), tel=][0,T);
u(0) = u(T),

this differential equation is equivalent to the integral equation:

T
u(t) = /0 G(t, 5)[h(s, u(s)) + Mu(s)|ds,

where,
A s5—
S, 0<s<t<T:
G(t,s) =
A(s—t)
e@)\Ti_l, 0 S t<s S T.

In the theory of differential equations, G(t, s) is called Green function.
Theorem 3.4. Consider differential equation (1.1) with continuous h : I x R — R by following conditions:

(i) there exists X > 0 such that for all x,y € R, with y > =, and ¢ € ¥,
0 <h(t,y)+ Ay —h(t,z) — Az < \p(y — x);
(ii) there exists a function & : R> — R such that for all t € I, for all a,b € R with &(a,b) >0,

([ ctsints o + xuslas ) 2o,

where v € C(I,R) be a lower solution of (1.1);
(iii) for allt € I and all z,y € C(I,R), &(x(t),y(t)) > 0 implies,

T T
13 </0 G(t,s)[h(s,z(s)) + )\u(s)]ds,/o G(t,s)[h(s,y(s)) + Au(s)]ds) > 0;

(v) if oz, — x € C(I,R) and {(xn, Tpt1) > 0 then &(xy,z) > 0 for alln € N.
Therefore, the existence of a lower solution for (1.1) provides a unique solution of (1.1).

Proof. Regarding to the Remark 3.3, we define A: C(I,R) — C(I,R) by
T
[Au] (t) = / G(t,s)[h(s,u(s)) + Au(s)lds, tel.
0

Note that if u € C(I,R) is a fixed point of A, then u € C'(I,R) is a solution of (1.1). Let X = C(I,R).
By the following order relation, X is a partially ordered set.

r,ye X, z<y<= z(t) <y(t), tel.
If we choose
d(z,y) = Sup lz(t) —y(®)], xyeX
€

then (X,d) is a complete metric space. Assume a monotone nondecreasing sequence {z,} C C(I,R)
converging to z € C(I,R), then for each ¢ € I,

.1‘1(t) < .Cl?g(t) < .leg(t) <. < xn(t) < --.
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The convergence of this sequence to x(t) implies that z,(t) < z(t), for all t € I, all n € N. Therefore, x,, < z
for all n € N. Moreover, A is a nondecreasing mapping, since for all u,v € X with u > v,

h(t,u) + Au > h(t,v) + v
and also G(t,s) > 0 for all (¢,s) € I x I, then
T
[Aul (1) = / G(t,5)[h(s, u(s)) + Au(s)]ds
0T
> / G(t,s)[h(s,v(s)) + Av(s)]ds = [Av] (t).
0

In addition, for u > v by (i) and the definition of G(t,s), we obtain
d(Au, Av) = sup|Au(t) — Av(t)]
tel

IN

T
sup/ G(t, s)|h(s,u(s)) + Au(s) — h(s,v(s)) — Av(s)|ds
0

tel

IN

T
sup /0 G(t, 8)| \p(u(s) — v(s))|ds

tel

IN

T
sup /0 Gt s)M(u(s) — v(s)])ds

tel

IN

tel

T
A (d(u,v)) Sup/0 G(t,s)ds
1

_ 1 A(T+s—t)‘t 1 A(s—t)‘T
= )\w(d(u,v))stlel? T 1 <)\ e . + 3 € .

= Mp(d(u,v)) x % = Y(d(u,v)),

then
(Au, Av) < (d(u,v)).

Define av: X x X — [0, 00) by

() = {1 it €ult), o)) > 0, 1 € I

0 otherwise,

and f: X x X — [0,00) by

0 otherwise,

Blu,v) = {1 it £(u(t), v(t)) > 0, t € I;

for all u,v € X with u > v. Then,
a(u, v)d(Au, Av) < B(u, v)i(d(u, v)),

which implies that A is an a-f-1-contractive mapping. Let C, = Cg = 1. From (i), for all u,v € X with
u > v, we get

a(u,v) >1=Cq = &(u(t),v(t)) > 0= {(Au(t), Av(t)) > 0 = a(Au, Av) > 1

Ca,

also,
Blu,v) <1 =Cg = &(u(t),v(t)) > 0= &(Au(t), Av(t)) > 0 = [B(Au, Av) <1 = Cg.
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Therefore, A is a-f-admissible. Let 1 be a lower solution of (1.1), from (3),
a(An,n) > Ca;
B(An,n) < C.
Now, we show that An > n. From the definition of lower solution, we have

{n'<t> < h(t,n(t), tel=10,T];
n(0) < n(T).

E(AD(D). (D) = 0 = {

For all t € I and A\ > 0, hence

1'(8) + Mp(t) < h(t,n(t)) + An(t),
multiplying by e, we get

(n(£)e*)" < (A(t n(t)) + An(t))e™,

by integration, we obtain .

n(t)e™ < n(0) + / [h(s,7(s)) + An(s)]e>ds, (3.1)
which implies that

T
()T < §(T)eT < 7(0) + /0 [h(s,1(s)) + Ai(s)]e*ds,
and so
T 6)\5
W0 < [ (o) + An(o)lds. (32)
0

From (3.1) and (3.2),

n(t)e

IN

T 6)\5 t
| g tsants) + d)ds + [ [hGsunt) + nls)eas

6)\5

t 6)\(ths) T
| St + ceds [ g on(e) + (sl

dividing by e, we obtain

t A(T+s—t) T A(s—t)
n(t) </o eAT_l[h(S,U(S))JF)\U(S)]dSJF/t o 1 s, m(s)) + An(s)]ds.

Then, by the definition of G(¢, s), we have

T
n(t) < /0 G(t, )[h(s,(s)) + An(s))ds = [An] (¢),
for all t € I, then, An > n. Finally, from (iv) if z,, — = € X for all n, we get
é(ajnal‘n—‘rl) > 0= f(xml“) > 07

therefore
a(l‘nvxn—i—l) > Ca = Oé(l‘n,.%‘) > Ca’

also
B(xn, xnt1) < Cg = B(an,z) < Cp.

Then, all the hypotheses of Theorem 2.2 are satisfied. Consequently, A has a fixed point and so equation
(1.1) has a solution. The uniqueness of the solution comes from Theorem 2.5. O

Theorem 3.5. If we replace the existence of lower solution to (1.1) by upper solution, Theorem 8.4 still
holds.
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