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Abstract

In this paper, we prove that every F™* space (i.e., Hausdorff topological vector space satisfying the first
countable axiom) can be characterized by means of its “standard generating family of pseudo-norms”. By
using the standard generating family of pseudo-norms &, the concepts of &-bounded set and ~-max-
pseudo-norm-subadditive operator in F™* space are introduced. The uniform boundedness principles for
family of v-max-pseudo-norm-subadditive and quasi-homogeneous operators in F* spaces are established.
As applications, we obtain the corresponding uniform boundedness principles in classical normed spaces and
Menger probabilistic normed spaces. (©2015 All rights reserved.
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1. Introduction

The uniform boundedness principle (or the resonance theorem) is one of the foundation stones of func-
tional analysis. For its importance there has been a lot of work (see books [2, 14, 16]) on uniform boundedness
principles since Banach-Steinhaus theorems were established in 1927. Especially, today we can find some
new improvements for uniform boundedness principles in many different mathematical fields (for examples,
see [1, 5, 6, 8,9, 10, 11, 12, 15, 17, 18)).

Recently, in [4, 7], R. Li et al. gave the definition of quasi-homogeneous operator and showed the family
of quasi-homogeneous operators included all linear and many more nonlinear operators. The introduction
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of quasi-homogeneous operators has strongly broadened our research scope of operators. After that, some
new uniform boundedness principles for quasi-homogeneous operators have appeared in the literature (see
[9, 12]).

On the other hand, it is well known that the subadditive functions have played a important role in the
study of uniqueness of differential equations, convex solids and extension of linear functional. Then the
uniform boundedness principles for family of y-subadditive functionals in some topological vector groups
are established in [5]. Inspired by the work of [4, 5, 7, 9, 12], the main work of this paper is to establish
the uniform boundedness principles for family of y-max-pseudo-norm-subadditive and quasi-homogeneous
operators in F* spaces.

In this paper, we use the terminology in [14], where a F* space means a Hausdorff topological vec-
tor space satisfying the first countable axiom, and a complete F* space is called a F' space. In Section
2, we first prove that every F* space can be characterized by means of its “standard generating family
of pseudo-norms”. Then by using the standard generating family of pseudo-norms &, the concepts of
Z-bounded set and ~-max-pseudo-norm-subadditive operator in F* space are introduced. In Section 3,
the uniform boundedness principles for family of pointwise bounded ~-max-pseudo-norm-subadditive and
quasi-homogeneous operators in F* spaces (or normed spaces) are established. In Section 4, we give some
applications concerning our results. As example, we obtain the corresponding uniform boundedness princi-
ples for family of pointwise probabilistic bounded y-max-probabilistic subadditive and quasi-homogeneous
operators in Menger probabilistic normed spaces, and the elements of the space (I?) form a subset of the
first category in the space (¢g), where p > 1.

2. Preliminaries

In this section, we first introduce the concept of “standard generating family of pseudo-norms” of a
F* space, and prove that the linear topology on every F'* space can be determined by its standard generating
family of pseudo-norms &?. Secondly, we use the standard generating family of pseudo-norms & to give the
definitions of &-bounded set and ~-max-pseudo-norm-subadditive operator in F™* spaces, and study their
relevant properties.

Throughout this paper, let R = (—o0, +00), RT = [0, +00) and N be the set of all positive integers. In
order to give a new characteristic description of F* spaces, we need the following lemma.

Lemma 2.1. (¢f.[11]) Suppose X is a linear space on a number field K (real number field or complex field),
P ={pxr| A € (0,1]} is a family of pseudo-norms in X satisfying the following conditions:

(P-1) pa(z) = infocycrpu(x) for each x € X and X € (0,1];

(P-2) pa(kz) = |klpa(z) forallxz € X, A € (0,1] and k € K;

(P-3) for each X € (0,1], there exists u € (0, \], such that
oz +y) <pu(x) +puly) forallz,ye X;

(P-4) px(z) =0 for each X € (0,1] < =z =16.

Then there ezists a unique topology 7 on X, such that (X, .7) is a Hausdorff topological vector space, and
U ={U(g,\) | e >0, Ae (0,1]}
is a T -neighborhood base of 0, where U(e,\) ={x € X | pxr(z) < e}.

Remark 2.2. Below, the topology 7 introduced in Lemma 2.1 on the linear space X, is called a topology
generated by the family of pseudo-norms & in X.

Theorem 2.3. Let (X,T) be a F* space, then there exists a family of pseudo-norms 22 = {px | A € (0,1]} in
X satisfying conditions (P-1)—(P-4), such that the topology 7 generated by & is equivalent to the original
topology T on X.
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Proof. Since (X, T) is a topological vector space satisfying the first countable axiom, there exists a balanced
T-neighborhood base {V;, | n € N} of 0, with V,,;.1 C V,, (n=1,2,---). For each A € (0,1], we define U, as
follows:

1
IfAe( 1 |, then Uy =V, (n=1,2,---). (2.1)

1

n n

Obviously, {Uy | A € (0,1]} is also a balanced T-neighborhood base of #, and from (2.1) we know
i) 0<pu<A<1l = U, CUy;

(ii) T A p € (557, +), then Uy = 2U,.

Assume p)(-) is a Minkowski functional on Uy, that is,
pa(z) =inf{t >0 |z €tUy}, ze€X. (2.2)

We now prove that & = {py | A € (0,1]} is a family of pseudo-norms in X satisfying conditions (P-1)—(P-5).

(P-1) From (i) and (2.2) we know, 0 < u < A = px(x) < pu(x), and so py(x) <infocpycr pu(x). On the

other hand, for any A € (0, 1], we can assume \ € (#_1, %} without loss of generality. Taking u € (%_H, A),
by (ii) and (2.2) we have
tA
pa(z) = inf{t>0| metUA}:inf{t>O x € MUM}
0 g
= B > ,
apul@) 2 3 Inf | pa(w)

Letting p1 — A, we get pa(z) > infoe(o,x) Pa(z). Hence px(z) = inf, (o, x) pu(r) and (P-1) holds.
(P-2) can be easily checked by (2.2) and the balance of Uy.

(P-3) Note that {Uy | A € (0,1]} is the T-neighborhood base of 6 satisfying (i), hence for each A € (0, 1],
there exists p € (0, A] such that U, + U, C Uy. Let p,(x) = a, pu(y) = b, then for any € > 0, there exist
0<s<a+ecand 0 <t <b+e¢,such that x € sU,, y € tU,. Thus

'
vy € sU,+tU,=(s+1) (sitU“+s+tU“>

C (s+t)(Uu+U,) C(s+1t)Uy,
which means that py(z +vy) < s+t < a+ b+ 2ec. By the arbitrariness of €, (P-3) holds.

(P-4) By (2.2), pA(8) = 0 for each A € (0, 1]. Conversely, if for each A € (0,1], pa(x) = 0, then from (2.2)
and the balance of Uy, we know z € [\{U | A € (0,1]}. Since {Uy | A € (0,1]} is a T-neighborhood base of
0 in the Hausdorff topological vector space (X, T ), we have z = . Therefore, (P-4) holds.

Since the family of pseudo-norms & = {p) | A € (0,1]} satisfies conditions (P-1)—(P-4), then by
Lemma 2.1, there exists a topology .7 on X, such that (X,.7) is a Hausdorff topological vector space, and
U ={U(g,\) | € >0, X € (0,1]} is the T-neighborhood base of 6, where

Ue,\) = {z € X | px(z) < £} (2.3)

It is easy to show that for any ¢ > 0 and A € (0, 1], we have the following two inclusion relations between
sets

U(1,)\) C Uy, %UA C U, N).

Therefore, the topology .7 generated by &2 is equivalent to the original topology 7 on X. O
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Remark 2.4. If the topology 7 generated by a family of pseudo-norms &2 on X is equivalent to the topology
T in a F* space (X, T), then we call & a generating family of pseudo-norms of .7 on X, or a generating
family of pseudo-norms of (X,.7) for short. If a family of pseudo-norms &7 = {py | A € (0, 1]} satisfies
conditions (P-1)—(P-4), then we call & a standard generating family of pseudo-norms in the F™* space X.
According to the proof of Theorem 2.3, we know that % = {U(e,\) | e > 0, A € (0,1]} is a neighborhood
base of # in (X, .7), where Ul(e, \) is given by (2.3).

For the sake of neatness, below we will denote a I'* space (X, ) by (X, &) or (X, {pr}re(0,1]), where &
or {pa}re(o,1] is a standard generating family of pseudo-norms on (X,.7). It is easy to see that if {z,}72,
is a sequence in X, and x € X, then

)xn—>:c(n—>oo) iff for each A € (0,1], px(zn — ) = 0 (n — 00).

(1
(2) {zn}2, is a Z-Cauchy sequence iff for each ¢ > 0 and A € (0, 1], there exists N € N, such that
px(Tm — T5) < €, whenever m,n > N.

Notice that the definition of a family of pseudo-norms in Theorem 2.3, we can easily obtain the following
lemma.

Lemma 2.5. If (X, ) be a locally convexr F* space, then there exists a standard generating family of
semi-norms {px}ae(o,1] i X, such that py is a semi-norm for each A € (0,1].

Example 2.6. Let X = C(R) and the family of pseudo-norms {py}e(o,1) be defined on X as follows

pa(z) = sup |z(s)| for all X e (0,1].
s€[1— )\,)\ —1]

Then (X, 2) (or (C(R), {pr}re(0,1])) is a locally convex ['* space, and the family of semi-norms {px}e(o,1]
satisfies conditions (P-1)—(P-4).

Obviously, {pr}reo, is a family of semi-norms, and (P-2)—(P-4) are easy to check. For any
0<p<A<1, we know [1 — %,% -1 cl—- i, i — 1] = pa(z) < pu(z), and so py(zr) < infoeyar pu(z).
On the other hand, note that z(s) € C(R), we have py(z) = MaXen 1 1) |z(s)|. From the continuity of
x(s), we can know that for any € > 0, there exist 6 > 0 such that

T) = max z(s)| = max z(s)| —e> inf .
pa(z) se[l_%&_”\ (s)| /Se[l_l_&l_l+6]! (s)| odnf  pu() =

By the arbitrariness of €, we have py(x) > info<,<x pu(x). Thus (P-1) holds. Hence the check is completed.

From the proof of Example 2.6 we have the following example.
Example 2.7. Let X = C(R™") and the family of pseudo-norms {p, } Ae(0,1] be defined on X as follows

pa(z) = sup |z(s)| forall A€ (0,1].
s€[0,5—1]

Then (C(R"), {pa}ae(o,]) is a locally convex F* space, and the family of semi-norms {px} (o] satisfies
conditions (P-1)—(P-4).

Now we use the standard generating family of pseudo-norms & = {p, | A € (0,1]} in a F* space (X, &)
to give the definitions of &Z-bounded set.

Definition 2.8. Let (X, &) be a F* space and A C X. A is said to be a &-bounded set if

sup pa(z) < 4oofor eachA € (0, 1].
z€A
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Proposition 2.9. Let (X, ) be a F* space and A C X, then A is a P-bounded set in (X, 2?) iff A is a
topology bounded set (for short, bounded set) in (X, ), i.e., A can be absorbed by any T -neighborhood of
0 in (X, P).

Proof. Suppose A is a Z-bounded set, i.e., for each A € (0, 1], sup,capa(z) < +00. Suppose W is a
Z -neighborhood of ¢ in (X, ). By Remark 2.4, % = {U(e,\) | ¢ > 0, A € (0,1]} is a neighbor-
hood base of 6, and so there exist g9 > 0 and Ao € (0,1], such that U(eg,A\g) C W. Evidently, there
exists M > 0 such that sup,c4py,(z) < M, which implies A C U(M,\o). Applying (P-2), we have
U(M, o) = (M/eo)U(g, A\o). Let tg = M/eq, then A C toW. Therefore, A is a bounded set.

Conversely, suppose A is a bounded set. Note that for any A € (0,1], U(1,\) is a 7 -neighborhood of ¢
in (X, Z), hence there exists M > 0 such that A ¢ MU(1,\) = U(M, ), which means

suppa(z) < M < 4o0.
x€A

Therefore, A is a &-bounded set. O

Remark 2.10. The concept “bounded set” is well known in an ordinary topological vector spaces. As a
consequence of the above proposition, in a F™* space, a “bounded set” is equivalent to a “Z?-bounded set”.

Lemma 2.11. Let (X,|| - ||) be a classical normed space. Set ||z|| = pa(x), x € X and X € (0,1]. Then
(X, P) is a locally conver F* space, and we call it the induced F* space by the norm || - ||.

Remark 2.12. By Lemma 2.11, it is easy to see that if (X, Z?) be an induced F* space by a norm || - ||, then
|z|| = p1(x) = pa(z) for all A € (0,1] and = € X. Hence, we have

(1) Ais a bounded set in (X, || - ||) iff A is a #-bounded set in (X, Z);

(2) (X, - ) is complete iff (X, &) is complete.

Definition 2.13. ( cf. [4, 7]) Let X,Y be vector spaces. An operator 7' from X to Y is said to be
quasi-homogeneous if there exists a function ¢ : R — R satisfying lim; o ¢(t) = 0 = ¢(0), such that
T(tx) = p(t)T(x) for all t € R and = € X.

Remark 2.14. Say that the function ¢ in Definition 2.13 is the eigenfunction of a quasi-homogeneous operator
T. It is clear that , if ¢ : R — R is a function such that T : X — Y is quasi-homogeneous, then ¢ satisfies
o(st) = p(s)p(t) for all s,t € R. Let

C(0) = {p € R* : lim (1) = 9(0) = 0, w(st) = p(s)(t), Vs, t € R}
Obviously, if ¢ is the eigenfunction of a quasi-homogeneous operator 7', then ¢ € C(0).
Below, for convenience, for each ¢ € C(0), let
QH,(X,Y) ={T eY* :T(tz) = p(t)T(z), VtE R,z € X}.

We define a function ¢g : R — R by ¢o(t) =t (t € R). Obviously, ¢o € C(0), and we know that if T is an
ordinary homogeneous operator from X to Y, then T' € QH,, (X,Y) and QH,, (X,Y’) is just the family of
all homogeneous operators from X to Y.

Definition 2.15. Let (X, 2) and (Y, 2) be F* spaces, with (Y, 2) is locally convex.
(1) An operator T': X — Y is said to be y-max-pseudo-norm-subadditive if there exists v > 0, such that
A(T(z +y)) <v-max{pr(Tz), pA(Ty)} (2.4)
for all z,y € X and X € (0,1];
(2) An operator T': X — Y is said to be y-pseudo-norm-subadditive if there exists v > 0, such that
PA(T(z +y)) < v(DA(Tz) + pA(Ty)) (2.5)

for all z,y € X and A € (0,1]. In particular, T' is pseudo-norm-subadditive if v = 1.
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Remark 2.16. It is easy to see that an additive operator must be v-pseudo-norm-subadditive, and a ~-
pseudo-norm-subadditive operator must be 7-max-pseudo-norm-subadditive since v(px(Tz) + pr(Ty)) <
27y - max{px(Tz), px(T'y)}. But the converses are not always true. For example, we can refer to examples
in [5] or Examples 2.17-2.20 in this paper.

If X and Y be two F* spaces with Y is locally convex, by -MSAQH(X,Y) we denote the y-max-
pseudo-norm-subadditive and quasi-homogeneous operators from X to Y. By +-SAQH(X,Y) we de-
note the ~-pseudo-norm-subadditive and quasi-homogeneous operators from X to Y. In particular, by
-MSAQH,,(X,Y) and »-SAQH,(X,Y) we denote the y-max-pseudo-norm-subadditive and v-pseudo-
norm-subadditive with p-quasi-homogeneous operators from X to Y, respectively. Moreover, denote the
continuous operators from X to Y by C(X,Y), the linear operators from X to Y by L(X,Y), and the
bounded linear operators from X to Y by BL(X,Y). It is clear that

BL(X,Y) C -SAQH(X,Y) N C(X,Y) c ~-MSAQH(X,Y) N C(X,Y),
but BL(X,Y) can be a proper subfamily of v-SAQH(X,Y)NC(X,Y), and v-SAQH(X,Y)NC(X,Y) can
be a proper subfamily of ~-MSAQH(X,Y)NC(X,Y).
Example 2.17. Let (X, 2?) = (C(R"), {pa}rco,1]) (see Example 2.7). For 1 > a > 0, we define the
operator T : C(R+) — C(R™T) as follows:
= [y |z(u)|*du for all z € X and s >

Then T(x) € X foralze X and T € 1-SAQH(X, X) N C(X, X).

In fact, it is easy to see that T'(z) € X forall x € X, and T € QH(X X) with ¢(t) = [t|* € C(0) is the
eigenfunction of a quasi- homogeneous operator T'. Note that (a +b)* < a® +b* (a,b>0,1 > a > 0), for
all z,y € X and A € (0, 1], wi

m(T@+y) = sup / 2(u) + y(w)|*du
560,%—1]
< sup /<rw< ) 4 ()|
SE[O,%—I]
< swp / ()| *du+  sup / ly(w)|@du
s€[0,3-1] /0 s€[0,3—1] /0

= pa(Tx) +pr(Ty),

which implies that the operator T is pseudo-norm-subadditive.
Furthermore, for any {z,},z € X, if z,, = = (n — 00) , then we have for each A € (0, 1], px(z,, — z) —
0 (n — 00). Note that |z, (u)|* < (Jzp(u) — z(u)| + |z(u))® < |zp(u) — 2(u)|* + |z(uw)]* for 1 > a > 0, we

can obtain ||z, (u)|* — |z(u)|¥| < |zn(u) — z(uw)|®. Then we have
paA(Txy, —Tz) =  sup /l’n \O‘du—/ |z (uw)|“du
5607—1]
< s [l = e du
s€[0,+—1]
< sw (o) s du
86[07%71] 0
1

< (5D Galen—2)",

which implies that for each A € (0,1], px(Tx, —Tz) — 0 (n — o0). This shows that T'€ C(X, X ). Hence
T € 1-SAQH(X, X) N C(X, X).
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Example 2.18. Let (X, Z) = (C(R),{pr}ac(0,1)) (see Example 2.6). For a > 1, we define the operator
T:CR) — C(R) as follows:

T(x)(s) = |z(s)|* forall z € X and s eR.
Then T'(z) € X for all z € X and T' € 2*-MSAQH(X, X) N C(X, X).
Obviously, T'(z) € X for all z € X, and T € QH(X, X)) with ¢(t) = |[t|* € C(0) is the eigenfunction of

a quasi-homogeneous operator T'. For all z,y € X and A € (0, 1], we have

m(T(x+y) = sup |z(s) + y(s)|*
< sup  (|lz(s)| + [y(s))®

< suwp o (2% max{fa(s)% [y(s)})
s€l—3,5—1]

< 2%max{px(Tz),pr(Ty)},

which implies that the operator T' is 2*-max-pseudo-norm-subadditive.

Furthermore, for any {z,},z € X, if x, —  (n — 00) , then we have for each X € (0,1], px(zp, — ) —
0 (n — o0). Note that {z,} U {z} is a bounded set, by Definition 2.1, we know that for each A € (0,1],
there exists My > 0 such that py(y) < M) for all y € {x,} U {z}.

If o € {2,3,4,---}, then we have

pA(Tzy =Txz) = sup  |Jzn(s)[" = [z(s)|]
sell—3,5—1]
= suplza(s)l = |2 (s)l] - (Jun(s)|*T
se[l—+,1 1]

N

sup fan(s) — z(s)] - (Jon ()|
56[1—%%—1]

Han(s)[* T a(s)] + -+ fa(s)[*T)

< aMY T pa(x, — ),

which implies that for each A € (0,1], px(Tx, —Tx) — 0 (n — o0). This shows that 7' € C(X, X).
Ifl<a¢{23,4,---}, then there exists m € {1,2,---} such that « — m € (0,1). Similarly, we can
obtain that

pA(Tay =Tx) = sup|lza(s)[" = [x(s)|]

= sup|laa(s)[™ (lzn(s)[*T" — |2 (s)[*M)
Ha ()™ - (Jan(s)[™ = z(s)|™)]

[lzn ()™ - ||z (s)|*™ = fa(s)]* 7]

/AN
n
o
ol

Ha ()T lzn ()™ = 2 (s)™] ]

N

M3 - (pa(zn — )™ + mM/‘\j‘_1 -palan — ),
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which shows that for each A € (0,1], pA(Tx, — Tx) — 0 (n — o0); that is, T € C(X,X). Hence
T € 2°-MSAQH(X, X) N C(X, X).

Example 2.19. Let (X, ||-||) and (Y, | -|) be two normed spaces, and f € BL(X,Y). For 0 < a < 1, define
T:X =Y by
f(z)
Tow) = T T@70 o meex.
0, flz) =9,
Then the family {Tf}fGBL(X,Y) C l—SAQH(X, Y) N C(X, Y)

For each f € BL(X,Y), Ty € QH(X,Y') is obvious, since ¢(t) € C(0), where

_ [t/ t#0,
) = { 0, t=0.

For all z,y € X, without loss of generality, suppose that = # 6 and y # 6. Note that f € BL(X,Y) and
0 < a <1, we have

1Ty + )l = 1@+l < U@+ I1F @)D
< @I+ 1N = 1T @)+ |1 Ty (),

which implies that T is pseudo-norm-subadditive.
Moreover, for any {z,},z € X, if z, - = (n — o) , by f € BL(X,Y), we can know that f(x,) —

f(x) (n = o0). If © # 0, without loss of generality, we can suppose that x,, # 6 for all n = 1,2,--- . Note
that f € BL(X,Y) and f(z,) — f(z) (n — o0), we have
f(zn) f(=)
Te(xy) —T = —
imen - 1@ = [ - T
1f () = F@ NN -(IF @I = 1 @)l (= 00),

S @l 1)l - 11 f ()]l

which implies that Ty € C(X,Y). If z = 0, Ty € C(X,Y) is clear. Thus {7t} epr(x,y) C 1-SAQH(X,Y)N
C(X,Y).

Example 2.20. Let X = R. Define T : R — R by T'(z) = 22 for all z € R.Then T € 2-SAQH,, (X, X)N
C(X, X), where p(t) = t? € C(0).
3. Main results

For the sake of brevity, before we state the main results we introduce the following definitions.

Definition 3.1. Let (X, &) and (Y, &) be F* spaces. A family {Tj}secn of quasi-homogeneous operators
from X to Y is said to be uniformly quasi-homogeneous if lim;_,o ¢5(t) = 0 uniformly for 8 € A, where ¢g
is the eigenfunction of Tp.

Definition 3.2. Let (X, 2) and (Y, ) be F* spaces. A family {T5} e of y-max-pseudo-norm-subadditive
(or y-pseudo-norm-subadditive) operators from X to Y is said to be uniformly y-bounded if supgep {75} <
+-00.

Let 6 > 0 and w > 1 are two constants, then we denote by Cjs,,(0) the set

C5,(0) ={peC(0):0 <p(t)<tY forall tell,+o0)}.
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Theorem 3.3. Let (X, ) be a F* space of second category and let (Y, ) be a locally convex F* space.
Assume that {Tg}gen C v-MSAQH(X,Y)NC(X,Y) satisfying:

(a) {Ts}gen is uniformly quasi-homogeneous, and ¢z € Cs,,(0) for each 5 € A, where pg is the eigenfunc-
tion of Tp;

(b) {Ts}gen is uniformly y-bounded;

(c) For each x € X, the set {Tg(z) : € A} is &-bounded in'Y .

Then Ugep Tp(A) is a P-bounded set in'Y for each P-bounded set A in X.

To prove Theorem 3.3, we need the following some lemmas:

Lemma 3.4. Let (X, Z) be a locally convexr F* space. Then for each A € (0,1], Vi = {z € X : px(x) < A}
1$ a closed, convex and absorbing set.

Proof. Let z,y € V) and t € [0,1]. By Lemma 2.1 and Lemma 2.5, we have
paltr + (1 —t)y) <palte) +pa((1 —t)y) <A+ (1 —H)A = A,
and so tz + (1 —t)y € V). Hence V), is convex.
Let {z,} C V) and ), KreX (n — 00). Then we have

pa(x) < palx — zn) + pa(zn) < prlz — ) + A

Letting n — 0o, we obtain py(z) < A. So V), is closed. By Lemma 2.1 we know that V) is a neighborhood
of 6 in (X, &?). Therefore, V) is absorbing. O

Lemma 3.5. (cf.[9, 12]) Let ¢ € C(0). If there exists a non-zero and continuous operator T : X —'Y such
that T € QH,(X,Y), then ¢ has the following properties:

(1) o(1) = 1= |p(~1)];

(2) ©(t) is continuous on [0, 4+00);

(3) (t) >0 for allt > 0;

(4) @(1/t) =1/p(t) for allt > 0.

Proof. of Theorem 3.3. For each A € (0,1], we now denote by

Vi={yeY:h(y) <1} and Wy=[]T;'(Va)
BEA
We shall first prove that W) is a closed and absorbing set for each A € (0, 1].

By Lemma 3.4 , we know that V) is a closed set in Y. Note that T is continuous, we have Tg 1(V,\) is a
closed set in X, and so W), is a closed set in X.

Moreover, since Tj is quasi-homogeneous, T3(0) = T3(0 - z) = ©5(0)Ts(z) = 0 € V3, and so § € W).
Note that condition (c), {Ts(z) : € A} is a P-bounded set in Y for each x € X. Hence, from Definition
2.8, we know that for each A € (0, 1] there exists My > 0 such that py(T3(x)) < M) for all § € A. Further,
applying (3) of Lemma 3.5, we have pg(t) > 0 for each 5 € A and ¢ > 0. By condition (a), lim; 0 pg(t) =0
uniformly for 8 € A. Hence for the above M) > 0 there exists m) € N such that 0 < ¢g(1/my) < 1/M),
for all B € A. And then it is easy to obtain that

1 1 1

AT ) = Paleslon ) T@) = 0 I (Ts(a)
< mn;)MA@,

which implies that € N BeA _1(V>\) =Wy, i.e., x € myWy. These show that W) is a absorbing set for
each A € (0, 1].
In the next step we shall estimate the upper bounded of {py(Ts(x)) : S € A} for every x € X.
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Note that absorptivity of Wy, we have X = J;2, kW). By (X, 2) is of second category , W is closed
and {U(M\,A) : A € (0,1]} is also a neighborhood base of 6 in (X, &), it is not difficult to see that there
exist kg € N, g € X and A\g € (0, 1] such that

xo + U()\(), /\0) C koW)\ = koW)\.
For any x € X and ¢ > 0, taking z = z/(py,(x) + €). It is clear that

A

r1 =g+ %Z € X9 —i—U(/\o,)\(]) C koW,
A

To = Ty — %Z € l’o—i—U()\(),/\o) C koW,

and so x1/ko,z2/ko € W) C T/JTI(V,\). This shows that px(Ts(x1/ko)) < 1 and px(Ts(z2/ko)) < 1. Note
that T is ys-max-pseudo-norm-subadditve, applying (1) of Lemma 3.5, it is not difficult to obtain that

T — X2

BT3P 2)) <y - mascla (T3 (7). 5a(Th(~ 1)) < (3.1)

xl 752_

Obviously By using (4) of Lemma 3.5, from (3.1) we can obtain that

kO(PAO(JU)'f‘a)
PA(Tp(7)) < vppp(ko(prg(z) +€)/Xo) for all B € A.

From (2) of Lemma 3.5, we know that ¢g is continuous on [0,+00). Hence, letting ¢ — 0 in the above
inequality, we can obtain that

Pa(T(2)) < vppp(koprg (x)/Ao) for all § € A.

Note that condition (b), {Tj3}gea is uniformly ~-bounded. Hence there exists M > 0 such that v < M for
all B € A. We have

PA(T(z)) < Mpg(kopa,(x)/Ao) forall B e A. (3.2)

Indeed, for (3.2) we have three cases to consider:

Case 1: py,(z) = 0. By Definition 2.13, we have ¢5(0) = 0. Then it follows from (3.2) that supge, pa(T(z)) =
0.

Case 2: 0 < py,(z) < 1?0 This implies that > 1. Note that pg € Cs,,(0), we have ¢g (W) >0
0

(w)
for all 3 € A. Applying (4) of Lemma 3.5, we can obtain that g (kop;ig()) < % for all 5 € A.

So, from (3.2) it is not difficult to see that supgey pa(Ts(z)) < M/6.
Case 3: py,(z) > 72. This shows that Lo(x) > 1. Since pg € Cs,4,(0), we can obtain that

, <kop;g($)> < <kop;g($)>w’

and so from (3.2) we have

pa(Ta(x)) < M <w>w for all 3 € A.
0

In view of the above discussions, we can claim that

sup i (T (2)) < max{A;,M<’“()1’;g(x)>w}. (3.3)

BEA
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Finally, We shall prove that sup sup p)(7s(z)) < 400 for each Z-bounded set A in X. Note that A is
€A BEA

a P-bounded set in X, by Definition 2.8 we can find that for the above \¢ there exists My = My(N\g) > 0
such that py,(z) < My for all x € A. Thus, from (3.3) we have

M koMo \ "
sup sup pa(T(x)) < max{,M < 0 O) } < +o0
zE€A BEA o Ao

for each A € (0, 1]. This implies that (g T5(A) is a Z-bounded set in Y. This makes end to the proof. [J
Lemma 3.6. (c¢f. [14, 16]) Each F space (i.e. complete F* space) (X, ) is of the second category.

Form Lemma 3.6 we can immediately deduce the following theorem.

Theorem 3.7. If in Theorem 3.3 we replace the F* space of second category (X, P) by the F' space (X, P)
, then the conclusion of Theorem 3.3 remains true.

Note that {Tg}gen C SAQH(X,Y) C v-SAQH(X,Y) C v~-MSAQH(X,Y), by Lemma 3.6, it is easy
to obtain the following corollaries.

Corollary 3.8. If in Theorem 3.3 we replace {Tg}gcn C y-MSAQH(X,Y) by {Ts}ser C v-SAQH(X,Y),
then the conclusion of Theorem 3.3 remains true.

Corollary 3.9. Let (X, 2) be a F* space of second category (or a F space) and let (Y, P) be a locally
convex F* space. Assume that {Tg}gen C SAQH(X,Y) N C(X,Y), with {Tg}geca is uniformly quasi-
homogeneous, and pg € Cs,,(0) for each 5 € A, where g is the eigenfunction of Ts. If for each x € X, the
set {Tg(x): B € A} is P-bounded in'Y , then the conclusion of Theorem 3.3 remains true.

Proof. Since {T3}gen C SAQH(X,Y), {T3}sen is uniformly y-bounded by Definition 3.2. This shows that
condition (b) in Theorem 3.3 is satisfied. In addition, by the assumption, we know that conditions (a) and
(c) in Theorem 3.3 are also satisfied. Therefore the conclusion follows from Theorem 3.3 immediately. [

Theorem 3.10. Let (X, P) be a F* space of second category (or a F space) and let (Y, P) be a locally
convexr F* space. Assume that T : X — Y be a y-max-pseudo-norm-subadditive, quasi-homogeneous and

continuous operator. Then T is a bounded operator, i.e., T(A) is a P -bounded set in'Y for each &2-bounded
set A in X.

Proof. Obviously, {T(z)} is a &-bounded set in Y for each z € X. As in the proof of Theorem 3.3, we can
prove that there exist kg € N and g € (0, 1] such that

PA(T(2)) < yolkopr,(x)/No) for each X € (0,1]. (3.4)

Note that A is a &?-bounded set in X, by Definition 2.8 we know that for the above Ay there exists
My = My(Xo) > 0 such that py,(z) < My for all z € A. Thus, from (3.4) and (2) of Lemma 3.5 we have

sup pA(T'(x)) < sup yp(kopa, (£)/A0) v max {p(t)} < +00
z€A z€A telo, OAOO}
for each A € (0,1]. This implies that T'(A) is a Z-bounded set in Y. O

Applying Theorem 3.3 (or Theorem (3.7)) , it follows from Lemma 2.11 and Remark 2.12 that:

Theorem 3.11. Let (X, ||-||x) be a normed space of second category (or a Banach space) and let (Y, ||-|ly) be
a normed space. Let {Tg}gen C v-MSAQH(X,Y) N C(X,Y), {Ts}sen is uniformly y-bounded, uniformly
quasi-homogeneous and ¢z € Cs,,(0) for each B € A, where @z is the eigenfunction of Tg. If for each x € X,
the set {Tp(x) : B € A} is bounded in Y, then (Jgep Tp(A) is bounded in'Y for each bounded set A in X.



M. L. Song, J. Nonlinear Sci. Appl. 8 (2015), 540-556 551

Remark 3.12. Note that SAQH(X,Y) C v-SAQH(X,Y) C ~-MSAQH(X,Y), we easily obtain Theorem
3.3 in [12]. In addition, it is easy to see that Theorem 3.11 is the extension of classical uniform boundedness
principle on normed spaces.

Theorem 3.13. Let (X, ||-||x) be a normed space of second category (or a Banach space) and let (Y, | -|lv)
be a normed space. Assume that {Tg}gen C v-MSAQH(X,Y)N C(X,Y) satisfying:

(a) @ € C54,(0) for each B € A, where @g is the eigenfunction of Tg;
(b) {Ts}gen is uniformly y-bounded;

(c) There exists some subset E of second category in X such that for each x € E, the set {Tg(x) : [ € A}
s bounded in Y .

Then Ugep T5(A) is bounded in'Y for each bounded set A in X.
Proof. Obviously, for each bounded set A in X, there exists r > 0 such that

ACBO,r)={ze X :|z|x <r}.

Thus we need only to prove that supgep sup,ep(,1|75(z)|ly } < +oo for each > 0.
Let p(x) = supgea{l|Tp(z)[|y} for all x € X, where p(z) = +oc is admissible. For each k € N, set

Wi ={x:p(x) < k,z € E}.

Note that condition (c), by Definition 2.8 and Remark 2.12, we have E = |J;; Wi. By E is of second
category, we can see that there exist kg € N, g > 0 and z¢g € Wy, such that

B(zo,00) = {z € X : ||z — zo|lx < o} C Wh,-
Below, we shall prove that p(z) is upper bounded on B(6,d). In fact, for each 5 € A and = € B(0,dp), by
Ts € C(X,Y), we have that for a given g9 > 0 there exists d(, gy > 0 such that
[Ts(z)lly <eo+ | Ts(y)lly forall ye B(x,64)- (3.5)
It is clear that xg + = € B(xg,d0). Since Wy, is dense in B(xzg,dp), there exists a yo € Wy, such that
lyo — zo — zl|x = [lyo — (w0 + )[|x < 6(a,8)- By {Tjs}sen is uniformly y-bounded, we know that there exists
a M > 0 such that supgep{ys} < M. Note that T € »-MSAQH(X,Y), from (1) of Lemma 3.5 and (3.5),
we have
IZ()ly < 20+ [T — 20)ly < o+ v mac{ 1 Tawo)llv |Z(~z0) )
= o + g max{ [Tl ls(~1)| - 1Ty (zo) Iy},
ie.,
[T (x)[ly < o+ Mko. (3.6)
From (3.6) we can see that €9 + Mko is independent of 5 € A and x € B(0,dp). This shows that p(x) is
upper bounded on B(6, dp).
Moreover, we know that for each r > 0, there exists a ¢, > 0 such that B(6,r) C ¢,B(6,60). Thus for

each x € B(6,r), there exists a T € B(6,0p) such that x = t,z. Note that pg € Cs,,(0), by using (4) of
Lemma 3.5 and 3.6, we can obtain that for each = € B(6,r) such that

p(z) = sup |[T(z)|ly = sup [[T(t-@)|ly = sup |@s(tr)] - | T5(@)[ly
BEA BEA BeA
< (g0 + Mko) sup |pa(tr)|
BeA
(Eo + Mk'o) e, if ¢, € [1,—|—OO),
(e0 + Mko) - 5, if ¢, €(0,1)
< 400,

which implies that supgea sup,ep,1llTs(z)|ly} < +oo for each r > 0. Hence the conclusion of theorem
holds. O
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4. Some applications

In this section, we shall give some applications concerning our results. As example, first we shall apply
Theorem 3.3 to establish uniform boundedness principles for family of pointwise probabilistic bounded -
max-probabilistic subadditive and quasi-homogeneous operators in Menger probabilistic normed spaces. To
complete the results, we need state some basic concepts and results which will be used in Menger probabilistic
normed spaces (cf. [3] or [13] ).

We denote by Z the set of all (left-continuous) distribution functions F' satisfying sup;cg F'(t) = 1 and
infier F(t) =0. 27 ={F € 9 : F(0) =0} and H is a specific distribution function defined by

0 if t<0,
H(t)_{ 1 if >0,

A function A : [0,1] x [0,1] — [0,1] is called a triangular norm (for short, a ¢-norm) if the following
conditions are satisfied:
for any a,b,c,d € [0,1],A(a,1) = a; A(a,b) = A(b,a); a = b, c > d = A(a,c) = A(b,d);
A(a,A(b,c)) = A(A(a,b),c).

Definition 4.1. (cf.[3, 13]) A triplet (X, .#,A) is a Menger probabilistic normed space (for short, Menger
PN-space) if X is a real linear space, A is a t-norm and .% : X — 2% is a mapping satisfying the following
conditions (in the sequel, .% (z) is denoted by Fj):

(PN-1) Fy(t) = H(¢t) for all t € R iff z = 0,
(PN-2) Fop(t) = Fy(t/|a|), for o € R with a # 0;
(PN-3) Fpyy(s+1t) > A(Fy(s), Fy(t)) forallz, ye X and s, t > 0.

Lemma 4.2. (cf.[3, 13]) Let (X, #,A) be a Menger PN-space, A satisfies the condition:

sup A(t,t) =1, (4.1)
0<t<1

then (X,.7,A) is a Hausdorff topological vector space in the topology 7 induced by the neighborhood base
of 6

U ={N(,\):e>0, A€ (0,1]},
where
N N)={re X :F,(¢) >1-\}. (4.2)

Remark 4.3. The above topology 7 on (X, .%#,A) is called its (¢, \)-topology. In addition, it is not difficult
to see that {U(1/n,1/n): n € N} is also a neighborhood base of 6 in (X,.#,A). Hence (X,.#,A) satisfies
the first countability axiom.

In the following, we always assume that a t-norm A satisfies condition (4.1), unless otherwise stated.

Definition 4.4. (cf.[3]) Let (X,.#,A) be a Menger PN-space and A C X. A is said to be a probabilistic
bounded set if sup;.qinfyea Fr(t) = 1.

Lemma 4.5. Let (X,.#,A) be a Menger PN-space. Define a functional px(-) on X by
pa(z) =inf{t >0| z € N(t,\)}, (4.3)

for each X € (0,1] and x € X. Then (X, ) is a F* space, called the induced F* space by Menger PN-space
(X,.Z,A), and px(-) is called the induced pseudo-norm by %, where & = {py | A € (0,1]} is its standard
generating family of pseudo-norms satisfying conditions (P-1)- (P-4).
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Proof. Firstly, according to Lemma 4.2 and the fact that {N(1/n,1/n) | n € N} is also a .7 -neighborhood
base of 6, (X,.#,A) is a F"* space. By (4.3) and the non-increasing and left continuity of the distribution
function Fy(-), we have

pa(z) <t <= x e N(t,\) <= Fy(t) >1—- A\ (4.4)

We now prove that & satisfies conditions (P-1)—(P-4).
(P-1) Obviously, 0 < p < X = N(t,u) C N(t,A) (Yt > 0) = pr(z) < pu(z). Hence
pa(z) <infocpyer pu(x). On the other hand, by (4.3), for any € > 0, there exists 0 < ¢ < py(x) + ¢ such that
x € N(t, ), i.e., Fy(t) > 1—\. Evidently, there exists p19 € (0, A) such that F,(t) > 1—po, i.e., x € N (¢, uo).

By (4.4), we have p,, () <t < px(z)+e. By the arbitrariness of e, info< ;<) pu(2) < puo(x) < pa(x). There-
fore py(x) = infocycr pu(x), and (P-1) is satisfied.

(P-2) For any k € K with k # 0, note that

t
pa(kz) <t <= kx € N(t,\) <= F,(t) :Fz(m) >1—A
t t
(:HUGN(W’A) <~ p(2) < T

< |klpa(z) < t.
Thus py(kx) = |k|px(z), which also holds for £ = 0. Therefore, (P-2) holds.
(P-3) Since supg;1 A(t,t) = 1, for each A € (0, 1], there exists p € (0, A) such that A(1—p, 1—p) > 1-A.
This implies that for any t,s > 0, N(¢, ) + N(s,u) C N(t + s,A). Then by (4.4), we have
pa(x+y) < pu(x) + puy), and (P-3) is satisfied.

(P-4) Since (X,.%#,A) is a Hausdorff topological vector space with % = {N(g,\) | e >0, A € (0,1]} a
T -neighborhood base of 6, we have ({N(e,\) | e >0, X € (0,1]} = {#}. Note that

pa(z) =0 (VA€ (0,1]) <= x € N(e,\) (Ve >0, A €(0,1])
= aze[ NN [e>0, Ae(0,1]}.

Therefore, (P-4) holds. This shows that & = {py | A € (0, 1]} is the standard generating family of pseudo-
norms in X. O

Remark 4.6. If we assume A = min in Lemma 4.5, then (X,.%#, A) is a locally convex F* space with respect
to its (g, A)-topology .7, and & = {px | A € (0,1]} defined by (4.3) is its family of standard generating
semi-norms satisfying conditions (P-1)—(P-4). In fact, it suffices to show that for any ¢ > 0, X € (0, 1],
N(e, ) is convex set in X. Taking any z,y € N(e,\) and ¢t € [0,1], by (4.2) in Lemma 4.2 and (PN-2),
(PN-3) in Definition 4.1, we have

Fiot(4t)y(€) = min{ Fyp(te), Fli—py (1 — t)e)} = min{Fy (), Fy(e)} > 1 — A,
which implies tx + (1 4+ t)y € N(e, A), i.e., N(e,\) is a convex set in X.

Lemma 4.7. Let (X,.7,A) be a Menger PN-space. Let &2 = {px | X € (0,1]} be its standard generating
family of pseudo-norms, where py(-) is defined by (4.3), and A C X. Then A is a probabilistic bounded set
iff Ais a P-bounded set.

Proof. Denote D(A) = sup;~qinfzea Fi(t). Suppose A is a probabilistic bounded set, i.e., D(A) = 1, then
for each A € (0, 1], there exists ¢y > 0 such that Fy(tgp) > 1 — X for all z € A. Then from (4.4) we get
SUp,ea PA(z) < to < +00, ie., A is a P-bounded set.

Conversely, suppose A is a &-bounded set, i.e., for each A € (0, 1], there exists tg = to(A) > 0 such that
pa(z) <to (Vz € A). According to (4.4), D(A) > infyea Fi(to) > 1—A. By the randomness of A, D(A) = 1.
Therefore, A is a probabilistic bounded set. O
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Definition 4.8. Let (X,.#,A;) and (Y,j,Ag) be Menger PN-spaces.
(1) An operator from X to Y is said to be v-max-probabilistic subadditive if there exists v > 0 such that

FT(x+y) (ymax{s,t}) = Ao{Fr.(s), Pr,(t)} forall z,y€ X and s,t> 0; (4.5)

(2) An operator from X to Y is said to be probabilistic subadditive if
Friziy (s +1) = Ao{Fry(s), Fry(t)} forall z,y€ X and s,t>0. (4.6)
Lemma 4.9. Let (X,.7#,A1) and (Y, j,Ag) be Menger PN-spaces, and let (X, ) and (Y, ) be the

induced F* spaces by (X, %, A1) and (Y, F,As) respectively.

(1) If T : X =Y is a y-max-probabilistic subadditive operator and Ay = min, then it is also y-max-pseudo-
norm-subadditive.

(2) If T : X — Y 1is a probabilistic subadditive operator and Ay = min, then it is also pseudo-norm-
subadditive.

Proof. (1) Suppose that py(Tx) = a,pr(Ty) = b for any z,y € X and X € (0,1]. It follows from (4.3) that
Fro(a+e)>1—X, Fr,(b+e)>1-)\
for all € > 0. Since T is a y-max-probabilistic subadditive and As = min, we have
FT(Hy) (ymax{a +¢&,b+¢}) > min (FTw(a +¢), Fry(b+ 5)) >1-— ),
and so
AT (x+y)) <ymax{a+e, b+e}
Hence, by the arbitrariness of &, we have

PA(T(x +y)) < ymax{pr(Tz), pr(Ty)}

for any z,y € X and A € (0,1], i.e., T is y-max-pseudo-norm-subadditive.

(2) In a similar way, we can show that conclusion (2) holds. O

Theorem 4.10. Let (X,.%#,A1) be a complete Menger PN-space and let (Y, Z, Ay) be a Menger PN-space
with Ay = min. Assume that {Tp € YX : B € A} be a family of y-max-probabilistic subadditive and
continuous operators satisfying :

(a) {Ts}gen is uniformly quasi-homogeneous, and pg € Cs,(0) for each € A, where pg is the eigenfunction
Of T[37

(b) {Ts}pen is uniformly y-bounded, i.e., supgep{ys} < +o00;

(c) For each x € X, {T(x): B € A} is probabilistic bounded in'Y .

Then Ugep T3(A) is probabilistic bounded in Y for each probabilistic bounded set A in X.

Proof. Suppose that (X, Z?) and (Y, 9’?) are the induced F* spaces by (X,.#,A;) and (Y,gZ',AQ) respec-
tively. By (X,.%#, A1) is complete, we can prove that (X, #?) is also complete, i.e., (X, &) is a F space. By
Remark 4.6, Ay = min implies that (Y, 2) is a locally convex F* space. By Lemma 4.7 and (1) of Lemma
4.9, we can see that {T}gca in this theorem also satisfies that {Ts}geca C »-MSAQH(X,Y)NC(X,Y) and
conditions (a), (b) and (c) in Theorem 3.3. Therefore from Theorem 3.3 we can prove that the conclusion
holds. O
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As the proof of Theorem 4.10, we can prove the following corollary.

Corollary 4.11. Let (X, #,A1) and (Y, j,Ag) be Menger PN-spaces, with (X,.%,A1) is complete and
Ay = min. Assume that {Tp € YX : B € A} be a family of probabilistic subadditive and continuous
operators, with {Tz}gen is uniformly quasi-homogeneous, and ¢z € Cs,,(0) for each 5 € A, where g is the
eigenfunction of Tg. If for each v € X, {Tg(x) : B € A} is probabilistic bounded in Y, then Jgep Tp(A) is
probabilistic bounded in Y for each probabilistic bounded set A in X.

Remark 4.12. 1t is easy to see that the probabilistic subadditive operators of Theorem 4.1 in [12] (and the
linear operators of Theorem 2 in [17]) are necessarily y-max-probabilistic subadditive operators in this paper.
Therefore, the conclusions in this paper unite and generalize the corresponding conclusions in [12, 17].

Finally, we shall give an application of Theorem 3.13 in normed spaces.
Let (co) = {{&} : & — 0 (n = 00),&, € R,n € N}. Define the norm || - || by ||z||c = sup,,cy |&n] for all
x € (cg), then ((co), || - Ic) is a complete normed space.

For p > 1, Let (I?) = {{&.} : Z |EnlP < +00,&, € R,n € N}. Define the norm || - ||; by ||z|; = (D] |§n|p)%
n=1
for all € (IP), then ((I?), | - ||l) is a complete normed space. It is clear that (I?) C (cp).

Theorem 4.13. For each p > 1, the elements of the space (IP) form a subset of the first category in the
space (co). Further, it constitutes by itself a normed subspace of the first category in the norm of the space

(co)-

Proof. Obviously, ((co), || - ||c) is a Banach space and ((I), || - ||;) is a normed space. For z € (¢p),m € N,

define the operator T, as follows T, (z) = (|&1],- - ,1&ml,0,--+). We have T;,,(z) € (I?), since ) |£,P =
n=1

> 1€n|P < +oo. This shows that we can define the family of operators {T),}men from ((co),|| - ||c) to

n=1
(@), 0 1lo)-
It is clear that {7}, }men C QH,((co), (I7)), where ¢(t) = [t| € C1,1(0).

For all x = {&,},y = {nn} € (o), by (a+ b)P < 2P(a? +bP) (a,b>0,p > 1), we have

|~

T+ )l = }jmn+mwp }j%wsw+mwmﬁ
- <j£j|§HV’+—j£j|nnV)% <2 L&) + (O Inal?)7)
n=1 n=1 n=1

N

4max{|| T (z )Hh 1T ()11}

)
which implies that {7}, }men C 7-MSA((co), (IP)) with uniformly ~-bounded.
Moreover, for any {z,},z € (co), if 21 — x(k — o0), then ||} — x||c = sup,ey |€F — & — 0(k — o).
Then we have

| T () = T(@)lli = Q]MA%&PE }]@ &lP)7
n=1

[un

<()W%—ﬂkﬁmhﬁm)

which shows that {1}, }men € C((cp), (IP)). Furthermore, for each x € (IP), we have
1 > 1
Su£{||Tm(x)||l} = Slé%{(z Enl?)7} = (Z [€nl?)? < 400

Now we can claim that for each p > 1, the elements of the space ({P) form a subset of the first category
in the space (¢g). In fact, suppose that the elements of the space (I?) form a subset of the second category
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in the space (co), from Theorem 3.13, we can know that the set | J,,,cyy T (B(6,2)) is bounded in ((I7), || - [2),
where B(6,2) C (cp), i.e.,

sup sup {||Tn(2)|i} < +oo. (4.7)
meNzeB(6,2)

If we take x = (1, %, e ,%, ---) € B(0,2) C (cp), then it is clear that,
1
sup {[| T ()1} = D — = +o0. (4.8)
meN n—1 n

This is a contradiction with (4.7).
In addition, note that the elements of the space (IP) is dense in the norm of the space (cy), we can know
that the conclusion of theorem holds. O
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