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Abstract

In this paper we study optimal control problems governed by fractional stochastic partial neutral functional
integro-differential equations with infinite delay in Hilbert spaces. We prove an existence result of mild
solutions by using the fractional calculus, stochastic analysis theory, and fixed point theorems with the
properties of analytic a-resolvent operators. Next, we derive the existence conditions of optimal pairs of
these systems. Finally an example of a nonlinear fractional stochastic parabolic optimal control system is
worked out in detail. (©2015 All rights reserved.
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1. Introduction

The optimal control is one of the important fundamental concepts in mathematical control theory and
plays a vital role in both deterministic and stochastic control systems. Optimal control problems appear in
many applications. For example, for biological reasons delays occur naturally in population dynamics models.
Therefore, when dealing with optimal harvesting problem of biological systems, one is led to optimal control
of systems with delay. In recent years, optimal control problems for various types of nonlinear dynamical
systems in infinite dimensional spaces by using different kinds of approaches have been considered in many
publications (see [3], [7] and the references therein).
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The theory of stochastic differential equations has attracted great interest due to its applications in
characterizing many problems in physics, biology, chemistry, mechanics, and so on. The deterministic models
often fluctuate due to noise, so we must move from deterministic control to stochastic control problems. It
is well-known that the optimal control problems for stochastic differential equations have become a field of
increasing interest (see [18] and references therein). In particular, there are several papers devoted to the
existence of an optimal controls of systems governed by stochastic partial differential equations in abstract
spaces (see [4], [5], [23]). Recently, Ahmed [6] considered a class of partially observed semilinear stochastic
evolution equations on infinite dimensional Hilbert spaces. Zhu and Zhou [28] considered an infinite horizon
optimal control problem in which the controlled state dynamics is governed by a stochastic delay evolution
equation in Hilbert spaces. The existence of optimal controls for backward stochastic partial evolution
differential systems in the abstract space; see Meng and Shi [16], Zhou and Liu [27]. Brzezniak and Serrano
[8] discussed the existence of optimal relaxed controls for a class of semilinear stochastic evolution equation
on Banach spaces perturbed by multiplicative noise and driven by a cylindrical Wiener process.

Fractional differential equations have gained considerable importance due to their applications in various
fields of the science such as physics, mechanics, chemistry engineering etc. Significant development has been
made in ordinary and partial differential equations involving fractional derivatives; see [20]. Further, many
authors investigated the existence of mild solutions of abstract fractional functional differential and integro-
differential equations in Banach spaces by using fixed point techniques; see [2], [10], [11] and references
therein. Optimal controls for system governed by fractional differential systems is studied; see Agrawal [1].
For semilinear fractional control systems including delay systems in Banach spaces, some papers discussed
the existence of optimal controls of systems. For instance, Mophou [17] considered the optimal control of
fractional diffusion equation by using the classical control theory. Wang et al. [25] discussed the optimal
control problems for a class of fractional integrodifferential controlled systems. The authors [24] also studied
the solvability and optimal controls of fractional integrodifferential evolution systems with infinite delay in
Banach spaces by using Banach contraction principle.

More recently, the existence, uniqueness and other quantitative and qualitative properties of mild so-
lutions to various semilinear fractional stochastic differential and integro-differential equations have been
studied; see [12], [22], [26] and references therein. However, to the best of our knowledge, the optimal control
problem for nonlinear fractional stochastic system in Hilbert spaces has not been investigated yet. Moti-
vated by this consideration, in this paper we will study the optimal control problem for nonlinear fractional
stochastic systems, which are natural generalizations of optimal control concepts well known in the theory
of infinite dimensional deterministic control systems. Specifically, we will consider the Bolza problem of sys-
tems governed by fractional stochastic partial neutral functional integro-differentia equations with infinite
delay in an ¥-norm and the existence result of optimal controls will be presented. In fact, the results in
this paper are motivated by the recent work of [5], [6] and the fractional differential equations discussed in
[24], [25]. The main tools used in this paper are the fractional calculus, stochastic analysis theory, and the
Sadovskii’s fixed point theorem with the properties of analytic a-resolvent operators. Moreover, an example
is given to demonstrate the applicability of our results.

2. Problem Formulation and Preliminaries

Throughout this paper, we use the following notations. Let (2, F, P) be a complete probability space
with probability measure P on €2 and a filtration {F; };+>¢ satisfying the usual conditions, that is the filtration
is right continuous and Fy contains all P-null sets. Let H, K be two real separable Hilbert spaces and we
denote by (-,-)m, (-, )k their inner products and by || - ||z, || - ||k their vector norms, respectively. L(K, H)
be the space of linear operators mapping K into H, and Ly(K, H) be the space of bounded linear operators
mapping K into H equipped with the usual norm || - ||z and Ly(H) denotes the Hilbert space of bounded
linear operators from H to H. Let {w(t) : t > 0} denote an K-valued Wiener process defined on the
probability space (2, F, P) with covariance operator @, that is E(w(t), z) g (w(s),y)x = (t A s)(Qz,y) K, for
all x,y € K, where @ is a positive, self-adjoint, trace class operator on K. In particular, we denote w(t) an
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K-valued @Q-Wiener process with respect to {F;}+>0.

In order to define stochastic integrals with respect to the Q-Wiener process w(t), we introduce the
subspace Ky = Q/?(K) of K which is endowed with the inner product (@i, 9)x, = (Q'/?u, Q~Y?%)k is
a Hilbert space. We assume that there exists a complete orthonormal system {e,}2°; in K, a bounded
sequence of nonnegative real numbers {\,} >, such that Qe, = \,e,, and a sequence 3, of independent
Brownian motions such that

(w(t),e) =Y VAnlen, €)Bu(t), e € K,t €[0,T],
n=1

and F; = F{, where F/* is the o-algebra generated by {w(s) : 0 < s < t}. Let LY = Ly(Ko, H) be the
space of all Hilbert-Schmidt operators from K¢ to H with the norm | ¢ Hioz Tr((¥QY?)(4QY?)*) for any
2
¥ € LY. Clearly for any bounded operators ¢ € Ly(K, H) this norm reduces to || ||%0: Tr(yQvy™).
2

In this article, we consider a mathematical model given by the following fractional stochastic partial
neutral functional integro-differential equations with infinite delay

‘Dx(t) — g(t, x¢)] = Az(t) + /0 R(t — s)x(s)ds + B(t)u(t) + h(t,x¢) + f(t,:vt)ducjlit), (2.1)
teJ=10,T],
ro =9 €B, 2'(0)=0, (2.2)

where the state x(-) takes values in a separable real Hilbert space H, D is the Caputo fractional derivative
of order a € (1,2); A, (R(t))t>0 are closed linear operators defined on a common domain D(A) which is
dense in (H, || - ||m), the control function u takes value from a separable reflexive Hilbert space Y, and B
is a linear operator from Y into H, p > 2 be an integer. D{'o(t) represents the Caputo derivative of order
a > 0 defined by

mn

Doo(t) = /0 gnalt = 5) S o(s)ds,

where n is the smallest integer greater than or equal to o and gg(t) := %, t > 0,8 > 0. The time history

x¢ : (—00,0] — H given by x(0) = z(t + 6) belongs to some abstract phase space B defined axiomatically;
and g, h, f are appropriate functions specified latter. The initial data {¢(t) : —oo < t < 0} is an Fp-adapted,
B-valued random variable independent of the Wiener process w with finite second moment.

In this paper, the notation [D(A)] represents the domain of A endowed with the graph norm. Fur-
thermore, for appropriate functions K : [0,00) — H the notation K denotes the Laplace transform of IC,
and B, (x, H) stands for the closed ball with center at z and radius 7 > 0 in H. We denote by (—A)” the
fractional power of the operator —A for 0 < ¢ < 1. The subspace D((—A")) is dense in H and the expression
| = |lo=| (—=A)’z ||,» € D((—A)?”), defines a norm on D((—A)?). Hereafter, we denote by Hy be the Banach
space D((—A)?) endowed with the norm || ||y, which is equivalent to the graph norm of (—A)”. For more
details about the above preliminaries, we refer to [19].

Let LP(Fr,H) be the Banach space of all Fy-measurable pth power integrable random variables with
values in the Hilbert space H. Let C(]0,T]; LP(F,H)) be the Banach space of continuous maps from
[0,T] into LP(F, H) satisfying the condition sup,c; E || z(t) ||P< oo. In particular, we introduce the space
C(J, Hy) denote the closed subspace of C([0,T]; LP(F, Hy)) consisting of measurable and F;-adapted Hy-
valued stochastic processes x € C([0,T]; LP(F, Hy)) endowed with the norm

1
|z lle=(sup E | x(t)[§)?
0<t<T

Then (C, || - ||c) is a Banach space.
Now, we give knowledge on the a-resolvent operator which appeared in [2].
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Definition 2.1. A one-parameter family of bounded linear operators (Rq(t))i>0 on H is called an
a-resolvent operator for

‘D% (t) = Ax(t) + /0 R(t — s)x(s)ds, (2.3)

zo=p € H, 2'(0)=0, (2.4)
if the following conditions are verified.
(a) The function R4(-) @ [0,00) — Ly(H) is strongly continuous and R, (0)z = x for all x € H and
a € (1,2).
(b) For z € D(A),Ra(-)x € C(]0,00), [D(A)]) N C*((0,00), H), and

Dy R (t)r = AR, (t)x + /t R(t — s)Ra(s)xds, D{fRa(t)x = Ra(t)Az + /t Ra(t — s)R(s)xds
0 0

for every t > 0.

In this work we have considered the following conditions.

(P1) The operator A : D(A) C H — H is a closed linear operator with [D(A)] dense in H. Let a € (1, 2).
For some ¢g € (0, 5], for each ¢ < ¢q there is a positive constant Cy = Cp(¢) such that X € p(A) for

each
A€ Xpay ={A e C,A#0,|arg(N)| < ad},
where ¥ = ¢ + 5 and || R(\, A) |5 < % for all A € g 9.
(P2) For all t > 0,R(t) : D(R(t)) € H — H is a closed linear operator, D(A) C D(R(t)) and R(-)x is
strongly measurable on (0,00) for each # € D(A). There exists b(-) € L{ (RT) such that b()\) exists

loc

for Re(A) > 0 and || R(t)z |[g< b(?) ||  [[1 for all £ > 0 and = € D(A). Moreover, the operator valued
function R : ¥ /2 — Ly([D(A)], H) has an analytical extension (still denoted by R) to Xy such that

| ROV <l RO llall @ I for all & € D(A), and || RN [la= (), as |A| - oo.
(P2) There exists a subspace D C D(A) dense in [D(A)] and a positive constant C; such that

~

A(D) C D(A),R(\)(D) C D(A), and || AR(\)z ||g< C1 || = ||z for every z € D and all \ € Y09
In the sequel, for 7 > 0 and 6 € (7, 9),

S0 = (A€ C. A > 1. [arg(V)] < 0},
for T, g, Piﬁ,z‘ =1,2,3, are the paths
Dhy={te st >0}, T2 = {1 : [l <0}, T3, = {te 1> 0),
and I'; p = U?:l Pi,e oriented counterclockwise. In addition, p,(G4) are the sets
Pa(Ga) = A EC: Ga(N) := AN T — A—Q(\) ' € L(H)}.

We now define the operator family (Rq(t))e>0 by

L[ MG (N)dN,  t>0,
Ra(t) = { ]2_7” frrﬂ t _ O

Lemma 2.2 ([10]). There exists r1 > 0 such that 3, 9 C pa(Ga) and the function Go : X, 9 — Ly(H) is
analytic. Moreover,
Ga(A) = X IR(, AT = QNR(A, A) 7,

and there exist constants ]\7Z for i =1,2 such that
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M,
Goc )\ H— 717>
| Ga) =73
M.
| AGa(N)a || = WQ |2 |1, = e D(A),
L
| AGo(N) || = W

for every A € X, .

Lemma 2.3 ([2]). Assume that conditions (P1)-(P3) are fulfilled. Then there exists a unique a-resolvent
operator for problem (2.3)-(2.4).

Lemma 2.4 ([2]). The function R, : [0,00) — Ly(H) is strongly continuous and R, : (0,00) — L(H) is
uniformly continuous.

Definition 2.5 ([2]). Let o € (1,2), we define the family (S, (t)):>0 by

So(t)x = /0 Ja—1(t — $)Ra(s)ds

for each t > 0.

Lemma 2.6 ([2]). If the function Rq(-) is exponentially bounded in Ly(H), then So(-) is exponentially
bounded in Ly(H)

Lemma 2.7 ([2]). If the function R/(+) is exponentially bounded in Ly([D(A)]), then So(-) is exponentially
bounded in Ly([D(A)]).

Lemma 2.8 ([2]). If R(\§, A) is compact for some A\ € p(A), then Ry (t) and Su(t) are compact for all
t>0.

Lemma 2.9 ([10]). Suppose that the conditions (P1)-(P3) are satisfied. Let o € (1,2) and ¥ € (0,1) such
that a € (0,1), then there exists positive number My such that

I (A Ra(t) |m< Mye™t=%, || (=A)"Sa(t) < My 2007
for allt > 0. If v € [D((—A)?)], then
(—A)"Ra(t)r = Ra(t)(=A)"z, (~4)"Sa(t)z = Sa(t)(—A4)"z.

In this paper, we assume that the phase space (B, || - ||z) is a seminormed linear space of functions
mapping (—oo, 0] into Hy, and satisfying the following fundamental axioms due to Hale and Kato (see e.g.,
in [13]).

(A) If 2 (—o0,0 +T] = Hy, T > 0, is such that z|js ;177 € C([0,0 + T, Hy) and x, € B, then for every

t € [0,0 4 T] the following conditions hold:

(i) @t isin B;
(i) [ () [lo< H || = [|s; ~
(iii) || = ||IBS K(t —o)sup{E || z(s) ||9: 0 < s <t} + M(t — o) || xo ||B, where H > 0 is a constant;
K, M :1]0,00) — [1,00), K is continuous and M is locally bounded; H, K, M are independent of

(B) For the function z(-) in (A), the function ¢ — z; is continuous from [0, o + b] into B.
(C) The space B is complete.
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In the following, let Y is a separable reflexive Hilbert space from which the controls u take the values.
Operator B € Loo(J,L(Y,H)),|| B || stands for the norm of operator B on Banach space Lo (J, L(Y, H)),
where Loo(J, L(Y, H)) denote the space of operator valued functions which are measurable in the strong
operator topology and uniformly bounded on the interval J. Let LI;(J,Y) is the closed subspace of
L?_-(J x ,Y), consisting of all measurable and Fi-adapted, Y-valued stochastic processes satisfying the

condition F fOT | w(t) || dt < oo, and endowed with the norm

r .
lubigam= (B [ 1u0) 18 )

Let U be a nonempty closed bounded convex subset of Y. We define the admissible control set
Uag = {v(-) € L5(J,Y);v(t) e U ae. t € J}.

Then, Bu € LP(J, H) for all u € Uggq.
Now we will derive the appropriate definition of mild solutions of (2.1)-(2.2).

Definition 2.10. An F;-adapted stochastic process x : (—o0,T] — H is called a mild solution of the system
(2.1)-(2.2) with respect to u on (—o0, T, if xg = ¢ € B, z|; € C(J, Hy) for every u € U,q there exists a
T =T(u) >0 and

(i) x(t) is measurable and adapted to F¢,t > 0.
(ii) «(t) € H has cadlag paths on t € J a.s and for each t € J, z(t) satisfies

z(t) = ©(0) — g(0, )] + g(t, z¢) / AS,(t —s)g(s, xs)ds

//RS—T o(t—9)g T.CCTdeS—l-/S (t —s)B(s)u(s)ds
+/0 Sa(t—s)h(s,xs)ds—i—/o Sa(t —s)f(s,zs)dw(s), te .

The next result is a consequence of the phase space axioms.

Lemma 2.11. Let z : (—oo0,T| — H be an Fi-adapted measurable process such that the Fy-adapted process
xo = p(t) € LY(Q, B) and x|; € C(J, Hy), then

| zs ls< MrE || ¢ |5 +Kr sup E || 2(s) |ls,
0<s<T

where My = sup,c; M(t) and K = sup,c; K(t).

Lemma 2.12 ([9]). For any p > 1 and for arbitrary LY(K, H)-valued predictable process ¢(-) such that

/ " g(0)du(v)

Lemma 2.13 ([15]). A measurable function V' : J — H is Bochner integrable, if | V | g is Lebesgue
integrable.

sup E
s€[0,t]

2p t p
. P 2p1/p8 00).
< - 1) (/O<E||¢><>|| ) d),te[oa )

Lemma 2.14 ([21]). Let ® be a condensing operator on a Banach space X, that is, ® is continuous and
takes bounded sets into bounded sets, and k(®(D)) < k(D) for every bounded set D of X with x(D) > 0.
If ®(N) C N for a convex, closed and bounded set N of X, then ® has a fized point in X (where k(-) denotes
Kuratowski’s measure of noncompactness.)
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3. Existence of solutions for fractional stochastic control system
In this section, we prove the existence of solutions for fractional stochastic control system (2.1)-(2.2).
We make the following hypotheses:
(H1) The operator families R, (t) and S, (t) are compact for all ¢ > 0, and there exist constants M and M;
such that || Ra(t) ||z, < M and || Sa(t) ||, ()< M for every t € J and
| (—A)?Sa(t) |g< Mt =D=1 o<t <T.

(H2) R(:)x € C(J,H) for every = € [D((—A)'~")], and there exist a constant My and a positive function
p:J — RT such that the function p?(-) € L*(J,R*") and

H R(S)Sa(t) HLb([D((—A)ﬁ)],H)S MgM(S)taﬂ_l, 0<s<t<T.

(H3) There exists a constant 3 € (0, 1) such that g : J x B — [D((—A)?*+?)] satisfies the Lipschitz condition,
i.e., there exists a constant L, > 0 such that

E || (=4 g(t1,91) — (=A) P g(ta, o) [I5< Ly | 1 — 2 |15
forany 0 <t;, <T,y; € B,i=1,2, and
E || (=4 g(t,v) < Lol ¢ I +1)

forall 0 <t < T,y € B.
(H4) The function h : J x B — H satisfies the following conditions:
(i) The function h(t,-) : B — H is continuous for each ¢ € J, and for every ¢ € B, the function
t — h(t,1) is strongly measurable.
(i) There exists a positive function my, € LP(J,R") such that

E || h(t, ) 5= ma(t)

forallt e J ¢ € B.
(H5) The function f: J x B — Ly(K, H) satisfies the following conditions:
(i) The function f(¢,-) : B — Ly(K, H) is continuous for each ¢ € J, and for every ¢ € B, the function
t — f(t,) is strongly measurable.
(ii) There exists a positive function my € LP(J,R™) such that

E | f(t.4) < my()
forallt € J ¢ € B.

Theorem 3.1. Let mg € LY(Q, H,). If the assumptions (H1)-(H5) are satisfied, then for each u € Uyq, the
system (2.1)-(2.2) has at least one mild solution on J with respect to u, provided that p*(a(1—19)—1)+p > 1

and
paf TpoS+p—1

T
14P-1KP, AV BN M — L MP P _ | < 1. 3.1
Tg[H( )77 e+ 1p(aﬁ—1)—|—1+ 2w HLlp(aﬂ—l)—l—l (3:1)

Proof. Consider the space BC' = {x € C(J,Hy) : x(0) = ¢(0)} endowed with the uniform convergence
topology and define the operator ® : BC' — BC by

(®2)(t) =Ra()]2(0) — 9(0,¢)] + g(t, 71) / ASa(t - )g(s, Ts)ds

// (s — 7)Sa(t — s)g TdeTds+/S (t — s)B(s)u(s)ds

+/0 Sa(ts)h(s,a_cs)ds+/0 Sa(t —8)f(s,Zs)dw(s), teJ,
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where Z(t) : (—o0,0] — Hy is such that z(0) = ¢ and Z = z on J. From axiom (A), the strong continuity of
Ra(t),Sa(t) and assumptions (H1)-(H5), we infer that ®x € BC. For = € B,(0,BC), from Lemma 2.11, it
follows that

|z I < 2271 (M || @ I5)7 + 27 Kfr =1 (3.2)

By (H1)-(H3) and (3.2), we have

p

H/ FPSa(t — 5)(—A) T g(s, 25)ds

H

< MPT /0 (t— sPEBDE || (—A) (s, 2,) |, ds

t
<Mp7r ! [(e = s OL (| 3 +1)ds
0

1
< MPTPLL (p* 11 r(af—1)+1
— 1 9(7“ + )p(aﬁ— 1)+1 )
t s p
E H / / R(s — 7)Sa(t — s)(—=A)g(7, T, )drds
H

<1200 [ "B R = 718000 - AV g(r.22) 1 s

< METHP=Y) // (t —71)(t — s)POBVL (|| Z, ||} +1)drds
1
< MpT2 p—1) Lo(r*+1 —Tp(a5,1)+1
< METO | s Lyl 1) e ,
and
P
H/ A)S,(t — 5)B(s)u(s)ds
H

<E[/ | (=AY Saft = ) llll Bls)u <>||Hds]p
SN /0 (t - )"0 | u(s) uyds]p

» » ¢ ple(=0)-1) 1) »
<M BIE, /Oos—s) = /||u 2 ds

P p—1 Pt (1-9)-1
p . y&r - jJel

N e e 12
by p*(a(l —9) — 1) + p > 1, we know that pa(l — ) > 1. Then from Lemma 2.13, it follows that
AS,(t — 5)g(s,Ts),Sal(t — s)B(s)u(s) are integrable on J. Therefore, ® is well defined on B,(0,5C). In
order to apply Lemma 2.14, we break the proof into a sequence of steps.

Step 1. There exists r > 0 such that ®(B,(0,BC)) C B,(0,BC).
For each r > 0, B,(0,BC) is clearly a bounded closed convex subset in BC. We claim that there exists
r > 0 such that ®(B,(0,BC)) C B,(0,BC). In fact, if this is not true, then for each r > 0 there exists
2" € B,(0,BC) and ¢" € J such that r < E || (—A)%(®z")(¢") ||}, . Then, by using (H1)-(H5), we have

r< B (—A)"(@2a")(t") |I%
< 77| Rat)[(=A4)"0(0) = (~A) (=4 g(0,0)] I

+ B | (—A) P (A gt ) |y

tr P
+ 7 E H / (—APS, (1" — 5)(—A)P P g(s,27,)ds

0

H
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p

t" s
+777'E / / R(s — 7)S4(t" — s)(—A)g(r, 2", )drds
0 0 H
t?"

P
+777'E / (=A)?S,(t" — 5)B(s)u(s)ds

0 H
t" p
+777'E / (—A)?S,(t" — s)h(s,z7s)ds
0 H
tr p
+ 7B [ S - 9 (5.7 )
0 H

< 1P| (= A) 0(0) gy + | (=A) 7 (1 E 1l (A" 9(0,) 1]
+ T (AT B (A gt 7)) |y

T

L qpigret /0 | (~A)2Sat” — ) Iy B || (~A)%+Pg(s,77) [ ds

tr s
el / / E || R(s — 7)Salt” — 8)(—A)g(r.77,) |, drds
0 0

| 7E[ [ 1 A8 =)l Bs)uts) ds}

T

v [ CAPS —) y B G 1y

tr p/2
+ 7p10p[/ [l (~A)Sa(t” = s) I}, E || f(s,275) H%]Q/pd%
0
< 4PMP[(H || @ |l8)P+ || (—A) P |5 Ly(ll @ |5 +1)]
+ 77 (AP Ly(l 27 | +1)

T

LAt /O (7 — @S DL (| T |5 +1)ds
tr s
e g [ [ = n) e — et L) 77 I +1)drds

1 p—1
s B () T

pa(l—19)—1 L (JY)
7p lMpr 1 p— 1 ijlsz(a(l—’&)*l)+p71 tr ( ))pd )110
+ - P mp(s S
(e 5T ([ o
=10 Mpr/2 1 p—1 %sz(a<1—ﬂ>—1)+p—,l " ))pd )110
+ B P me(s s] ,
T e ) ([ onst

where C, = (p(p — 1)/2)?/2. Using (3.2), it follows that

r* < 27N My || @ |18) + 28" MPER[(H || @ ||5)"+ | (=A) P 1[5 Ly || ¢ I +1)]
p—1g-P -B p * p—173-P 7 rPp—1 Trlef— U+ *
Tp(ocﬁ—l)-f—l

4P R MET2 P~ || P || ——————
+ M3 [Nzt paB 1) +1

Ly(r* + 1)+ 2P K2 M,
where

p—1
A — 71 gP p (_P=1 pa(1—9)—1 p
M- () T I
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p—1
-1 T pAad-9)-Dtp-1 T »
+7P—1MPTP—1< P ) T v < / m (s Pds>
N TPy ey , (me(s)

p—1 1

1 T p2(a(1—9)—1)+p—1 T P

+ 77 c MPTP/2—1< P ) /A ( / me(s Pds> .
pT1 p2(oz(1—19)—1)+p—1 0 ( f( ))

Dividing both sides by r* and taking the lower limit, we have

1 paf TpoS+p—1
LS 1 REL | | (-4 [ ]

A MP P

which contradicts (3.1). Hence, there exists > 0 such that ®(B,(0,BC)) C B,(0,5C). In what follows, we
aim to show that the operator ® has a fixed point on B, (0, BC), which implies that (2.1)-(2.2) has a mild
solution. To this end, we decompose ® as | + o where

(P12)(t) = —Ra(t)g(0,¢) + g(t, 7t) +/0 ASa(t — 5)g(s,25)ds

t s
—i—/ / R(s — 7)Sa(t — 8)g(1, 2, )drds, t € J,
0 Jo

(Do) (t) = Ra(t)p(0) + /0 St — s)B(s)u(s)ds

—i—/o Sa(t—s)h(s,xs)ds—i—/o So(t —s)f(s,zs)dw(s), teJ

We will verify that ®; is a contraction while ®9 is a completely continuous operator.
Step 2. ®4 is a contraction.
Let ¢t € [0,T] and z*, 2** € B,(0,BC). From (H3), we have

E || (=A)"(®127)(t) — (—A)" (@12™) (1) |I%y
< 3PTE | (~A) P~ A gt 7)) — (A gt )] Y
o 1EH / P8t — ) [(—A)P T g(s,a%s) — (—A) T g(s, 7)) ds ’

H
p

L3 1EH/ / R(s — 7)Salt — 8)[(—A)g(r,7%) — (—A)?g(r, 7%, drds

<3| (A) P Ly || @ — 2

H

T 3?*1MfT’“’1 / (t = PO Ly || T — 7, |} ds
0

t rs
4 3p71M§T2(p71) /0 /0 pP(t —7)(t — S)p(aﬁfl)Lg | 7%, — 27, HIZ; drds

< 6P| (—A)P B KBL, sup E | 2%(s) — 27 (s) ||}
s€[0,T

t
6 MPREL, T / (t— )P Vs sup E | T(s) — 7(s) |}
0 s€[0,T]

t s
+ 6P MY K L, 7?P~Y) / / PPt —71)(t — 5P Vdrds sup E | z%(s) — 27 (s) |}
o Jo s€[0,T7]
Tp(Oé,Bfl)+].
< 6P 'KPL —A) P 4 MPTPT 4 MP || P || THPY
<O, | () Iy M M |
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sup E || z*(s) —a™(s) |5 (since T = on J)

Tp(a6—1)+1 :|
s€[0,T7]

X e —
plaf—1)+1
paf TpoB+p—1

— MY ————— 2.

- 67’_1KZ}L9[ | (—4)P |2, 4027

Taking supremum over ¢,
| @ 10" — Bya™ |2 Lo || * — 2™ |,

where Lo = 147 KDL [|| (—A)77 |7, +pr(;gpiaﬁ)+1+M2 (NI %] < 1. Thus @, is a contraction
on B,(0,BC).

Step 3. @4 is completely continuous on B, (0, 5C).

(1) @5 is continuous on B, (0, BC).

Let {z"} C B,(0,BC) with 2" — x(n — o0) in BC. From axiom (A), it is easy to see that (z™)s — s
uniformly for s € (=00, T as n — co. By the assumptions (H4)-(H5), we have

h(s,z™s) — h(s,Zs) as n — o0,
f(s,2™s) — f(s,Zs) as n — 00

for each s € [0,¢], and since
E || h(s,z™s

E | f(s, 2"

= h(s,7) < 277 ma(s),
= fs,2s) 1< 27 my(s),

and (fg(mh(s))pds)% < +o00, (fg(mf(s))pds)% < +o00. Then, by the dominated convergence theorem, we
have

)
)

E || (=A)" (@22")(t) — (= A)"(D22)(t) Iy

< supEH/ AV St — $)[h(s,775) — his, 7,)|ds
teJ
p

+ / (=AY St — $)[f (5, 77) — (5, 22)]duw ()

H

< 2p lTp 1/ H 798 t— 3) Hp E || h(s xn )_ h(S,i’S) ||];I ds
— p/2
+or~t [/0 (I (—A)Su(t — ) |15 E || f(s,275) — f(s,s) H?{]Q/pd8:|

p—1 7 rprp—1 ! Pea-n-n \ 5 t - N
< P~ MPT ; (t—s)  » 1 ds ; [E || h(s,z75) — h(s, Z,) |[%,]Pds
p—1 .

ey (=" ) T (B £ — f(s,70) [BPds )
+2 1~p O(t S) P S 0[ || f(S,l’ S) f(S,fL‘s) ”H] S

— 0 as n — oco.

Therefore, ®5 is continuous.
(2) @2(BT(O,BC)) = {@Qx x € B, (0
(3) ®2(B(0,BC)) = {®2z : x € By(0,
Let 0 < t; < te <T. For each = € B,(
E || (=A)"(®22)(t2) — (= A)" (®22) (1) [I;
<4'E || [Ralt2) = Ra (tl)](—A)%(O) [

+4r- 1EH / o (ta — 8)B(s)u(s)ds — /0 tl(—A)ﬂsa(tl—S)B(s)u(s)ds

,BC)} is clearly bounded.
BC)} is equicontinuous.
0,BC), we have

p

H
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bR / tQ(—A)ﬂs (ts — 5)B(s)u(s)ds — / A Sa(ts — $)B(s)u(s)ds |
0 H
p—1 _5 u(s)ds — 1— ”9(1 — s sussp
4 E/o 2 = 9)Bu(s)ds = [ (=40 )Blau(s)ds |
to t1 p
p—1 — s)h(s,zs)ds — —A)Y —3s)h(s,Zs)ds
+ 4P F /0 o (T2 h(s,Zs)d /0 (—A)’S,(t Yh(s,Zs)d .
to t1 p
-1 —3 f(s,zs)dw(s) — —A)Y — 5 S, Tg)dw(s
w18 [ Ay St = ) (s aduts) - [ =4S ) 2)d(s) |
4
= ZI
i=1
In view of (H1),(H2), (H4) and (H5) and Holder’s inequality, it follows that
I = #71F || [Ra(tz) - Ral(t)])(—4)°9(0) 1,
L <2 'E /tl(A)ﬂ[Sa(tg —5) — Sa(ty — 9)|B(s)u(s)ds ’
0 H
to P
+2r7 g / (—A)?S,(ty — s)B(s)u(s)ds
t1 H
t1 p p—1 t1
<o B ([N -9 - S -9l15 T as) B [ o) 1

1 of (7 plai=0)-ny P71t »
+277 || B [|5 My / (ta—s) vt ds) B[ uls) [y ds,
t1

t1

p

I; < 2P7'E /Otl(—A)ﬁ[Sa(tg —8) — Sa(ty — 8)|h(s, zs)ds

H
to p
+or1p / (= AY?Su(ts — 8)h(s, T5)ds

t1

H

<2 [ A8 )~ Salts — 9] g B | s, Iy ds
0

to
Lty — ) / | (—A4)?Salts — 5) |y B || h(s. %) |I% ds

2 p—1

N e t1 7
< Lty 1(/ | (=AY [Salts — ) — Salts — 9)] |51 ds> (/ (mh(s))pds>
0
t2 RPaa-n-n \5 [ [P 7
+2p_1Mf(t2—t1)p_1</ (tog —s)  »1 ds) </ (mh(s))pd8> :
t1 t1

I, <2 'E /tl(—A)ﬁ[Sa(tg —8) — Sa(ts — 9)]|f(s,&s)dw(s) ’
0 H
+ 2Pl / 2(—A)198a(t2 —8)f(s,Zs)dw(s)
t1 H

t1 p/2
< ot [ [ a2 = 9) - Salts = )] 1 B | £, ||5’q12/pds]

21| / U (~A)Salts— ) I B || £(s, x3>]2/pds]p/2
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p—1
P

0 ([ tmtopras) 11’

t2 2aion-n N\ [ [P >
+2P—10pr<tz—tl>p/2‘1</t (ta—s)" >0 1d3> ,, </ <mf<s>>pd5)p‘
1

t1

< gp—lcp(tl)p/z—1</t1 | (=A4)?[Sa(ts — 5) — Salt1 — 3)] Hfﬁ d8> '

We see that E || (—A)%(®22)(t2) — (—A)(@2z)(t1) ||, tends to zero independently of z € B,(0,BC) as
ta — t1 — 0, since the compactness of R (t), So(t) for ¢ > 0 implies imply the continuity in the uniform
operator topology The equicontinuities for the cases t1 < to <0 or t; <0 <ty <T are very simple. Thus
the set {®ox : & € B, (0,BC)} is equicontinuous.

(4) (P2(B,(0,BC))(t) = {(P2zx)(t) : © € B-(0,BC)} is relatively compact for each t € J.

We note that (®2(B, (0, BC))(t) is relatively compact in BC for ¢t = 0. Let 0 <t < s < T be fixed and ¢
a real number satisfying 0 < ¢ < ¢ for z € B, (0, BC'). We define

(@32)(t) = Ra(t)p(0) + ; N Sa(t = 5)B(s)u(s)ds

+ ; Salt — s)h(s,Zs)ds + ; Sa(t —s)f(s,Ts)dw(s).

Using the compactness of R, (t),Sa(t) for ¢t > 0, we deduce that the set U.(t) = {(P5x)(t) : € B,(0,BC)}
is relatively compact in Hy for every €,0 < € < t. Moreover, for every x € B,.(0, BC) we have

E || (=A4)"(@22)(t) — (~A)" (@52)(¢) |}

§3p‘1EH /t;<—A)ﬂsa(t—s)B(s)u(s)ds ’

H

+ 3”_1E‘ /t (—A)?S,(t — s)h(s, Z,)ds ’
t—e H
+ 3”_1E‘ /t_ (—A)S,(t — ) f(s,ZTs)dw(s) ;

<o ] [ APt —5) lall B I 45

t
et [ A8 1 PG s

—&

t p/2
+3p‘10p[/t [l (—4)’Sa(t —s) I E | f(s,%s) H%}Q/”dS]

—&

b1 - plaa-—v)-n \P~L -t »
<3| Bl M (t—s) 1 ds) E [ [u(s)|pds
t

—€ t—e

t P(a(1—9)—1) p=1 t 1
+3P1M{’Tp1</ (t—s)”pld8> z </ (mh(s))pds)p
t—e e
vz [ Pea-n-n \F [ [t N\
+ 3P MIT /t (t—s) p—1 ds /t (my(s))Pds |,
. B

and there are relatively compact sets arbitrarily close to the set {(®az)(t) : x € B,(0,BC)}, and (®2(B,(0,
BC))(t) is a relatively compact in Hy. By the Arzeld-Ascoli theorem, we can conclude that ®5 is a completely
continuous map.

Therefore, & = ®; + &5 is a condensing map from B, (0, BC) into B,(0, BC). Consequently, by Lemma
2.14, we deduce that ® has a fixed point = € B, (0, BC'), which is a mild solution of problem (2.1)-(2.2). The
proof is complete. 0
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4. Existence of fractional stochastic optimal controls

In this section we consider a control problem and present a result on the existence of fractional stochastic
optimal controls.

Let z* denote the mild solution of system (2. 1) (2.2) corresponding to the control u € Uyy. We consider
the Bolza problem (P): find an optimal pair (z°,u®) € BC x U,q such that

T (2% u%) < J(2*,u) for all u € Uyg,

where the cost function
J(x% u) E/ (t,xf, " (t),u(t))dt + EV(z“(T)).

We introduce the following assumption on [ and W.

(B1) The functional I : J x Bx H x Y — RU {oo} is Borel measurable.

(B2) I(t,-,-,-) is sequentially lower semicontinuous on B x H x Y for almost all ¢t € J.

(B2) I(t,z,y,-) is convex on Y for each = € B,y € H and almost all ¢ € J.

(B3) There exist constants dq,ds > 0,d3 > 0, p is nonnegative and p € L'(J,R) such that I(t,z,y,u) >
pt) +du ||l +do || @ la +dz [l |y -

(B4) The functional ¥ : H — R is continuous and nonnegative.

To prove the existence of solution for problem (P), we need the following important lemma.

Lemma 4.1. Operator Q : LP(J,Y') — BC for some pa(l —19) > 1 given by

_ /O S(- — 5)B(s)u(s)ds

1s completely continuous.

Proof. Suppose that ™ C L%(J,Y) is bounded, we define ©,(t) = (Qu™)(t),t € J. Similar to the proof of
Theorem 3.1, one can know that for any fixed t € J and, E || ©,(t) ||} is bounded. By using (H1)-(H5),
it is ease to Verlfy that ©,(t) is relatively compact in Hy and is also equicontinuous. Due to Ascoli-Arzela
Theorem again, {O,,(t)} is compact in Hy. Obviously, Q is linear and continuous. Hence, Q is a completely
continuous operator. The proof is complete. O

Next we can give the following result on existence of optimal controls for problem (P).

Theorem 4.2. Let vy € LY(Q, H,). If the assumptions (B1)-(B4) and the assumptions of Theorem 3.1
hold. Then the Bolza problem (P) admits at least one optimal pair on BC x Uyg.

Proof. Without loss of generality, we assume that inf{ 7 (z% u)|u € U,q} = ¢ < +00. Otherwise, there is
nothing to prove. Using assumptions (B1)-(B4), we have

T T T
T (2" ) > / p(t)dt + dy / | () s dt + do / | 2 (t) o dt
0 0 0
T
+dy / | u() [ dt + (@(T)) > —n > —oc,
0

where n > 0 is a constant. Hence, ¢ > —n > —oo. On the other hand, by using definition of in-
fimum there exists a minimizing sequence of feasible pair {(z™,u™)} C Auq, where A,q = {(z,u)|z
is a mild solution of system (2.1)-(2.2) corresponding to u € U,g}, such that J (2™, u™) — € as m — +o0.
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For {u™} C Ugq, {u™} is bounded in L%(J,Y), so there exists a subsequence, relabeled as {u™}, and
u® € L2.(J,Y) such that
u™ 5 U in LB (J,Y) as m — oo.

Since U,q is closed and convex, by Marzur Lemma, we conclude that u0 € U,g.
Now we suppose that 2™ are the mild solutions of system (2.1)-(2.2) corresponding to v (m = 0,1,2,...),
and x™ satisfied the following integral equation

() = Ra(D)]p(0) - 9(0,0)] + gt 7) / ASa(t — )g(s, T, ds

/1/ (s — 7)Su(t — 8)g(r, 77 des+/n5 (t — s)B(s)u™(s)ds
+1}%@—SM®JWQ%%1/SMt—ﬁﬂ&f%Mw@L te

Let hp,(s) = h(s,2™5), fm(s) = f(s,2™). Then by (H4) and (H5), we obtain that

I P 20, = E(/o I s Iy as) = /Erh )11 ds
/mh d3<T;</O (mn(s ))pds)”,

T
” Im ||1[7,p(J,Lb(K7H) = E(/O || fm( ) HLb(KH > / E ” fm ||Lb K,H)

/ mp(s)ds < T'5 (ATWW@»mw>p

That is to say, hy @ J — H and f,, : J — Ly(K,H) are bounded continuous operators. Hence,
hi(:) € LP(J,H), fm(-) € LP(J, Ly(K, H)). Furthermore, {hy,(-)}, {fm()} is bounded in LP(J, H) and
in LP(J, Ly(K, H)), and there are subsequences, relabeled as {hm ()}, {fm(-)}, and &(-) € LP(J, H),f() €
LP(J,Ly(K, H)) such that

hM%ﬂH)mHMM%m%m

fm() == f(-) in LP(J,Ly(K, H)) as m — oo.

By Lemma 4.1, we have R
Qh,y, — Qh in BC as m — oo,

Qfm—>Qf in BC as m — oo.

Next we turn to consider the following controlled system

D) — o)) = As(0) + [ Rt = pa(s)is + B0+ hio) + Ty 0 (4.1)
teJ=1[0,T],u’ € Uy,
ro=¢ €B, 2'(0)=0. (4.2)

By Theorem 3.1, it is easy to see that system (4.1)-(4.2) has a mild solution

z(t) = ©(0) — g(0,¢ / AS,(t — 5)g(s,2s)ds

//'57 ts)7m&%+/5t8 (s)u(s)ds
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t t
+/ Salt — s)h(s)ds + / So(t —s)f(s)dw(s), teJ
0 0
For each t € J, z,(+),Z(-) € BC, we have
E || 2™ () = 2(t) I[5< v () + v (1) + v (@) + v (1) + v () + v (2),

where
viD(t) = 6P E || (—A)PSu(t — s)(—A) P [g(t, 2™) — g(t,70)] |IF),

vA(t)=6"'E /t(—A)lﬁSa(t — 8)(—=A)P T [g(s,7™,) — g(s,7s)]ds ’ ,
0 H
3 (t) = 6P e s—1)(—A)S,(t — 8)[g(r,2™) — g(T, %5 Tsp,
(1) = 6 E/O/Om (=AY St = 8ol 777) — gl F)ldrds |
t p
vy =6""1E /0 (—A)S,(t — s)B(s)[u™(s) — u’(s)]ds g
t N P
VO () = 6P~ E / (—A)S,(t — 8)[hm(s) — h(s)]ds ||
0 H
t . P
VO (t) = 61 /0 (=4 Slt = 5)ns) = Fldu(s) |

By (H1)-(H3), we can obtain
v (8) + v () + v (t)

t p—
<O (= A) P Iy L | 7 — T +6p1Mpr1/0 (t = )PP DLy || 7 — T | ds

t s o
+ 6P M T2 /O /0 PPt — 1)t — s)PeP=VL, || 2™, —Z, |% drds

< 6P| (=A) TP B KRL, sup || 2™ (s) —2(s) |}

s€l0,T

t —
4+ MPRPL, TP / (t— )" @F Vs sup | T(s) —3(s) |1
0 s€[0,7]

t s o
4+ 67 MPKPL,T® ) / / WP(t—7)(t — )P Vdrds sup || T(s) — 3(s) |
0 JO

s€[0,T]
Tr(aB—1) TP(af-1)
< 6PIKPL [ —A)TPP A MPTP T S ME | P T2<P—1>]
Lg| | (=A4)7" Iy 1 paf—1) 5 | | p(af —1)
x sup || z™(s)—z(s) || (since Z =z on J)

s€[0,7
<Lolla™ =77 .
Using the Holder inequality again, we have

t P
V(1) < 6E[ 1B 500 - )~ 6] ds]

t
<o BT [ B A St = ) () = o) I s
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vB)(t) < 6P~ IEU | (—A)?Su(t — 8)[hm(s) — h(s)] ||l ds}
< gt /O E || (~A)?Sa(t — ) hm(s) — h(s)] 15 ds,

t . /2
90 <076y 1B (-4 Sult = 9)l4n(e) — Fo] 2

B Gp—lcprﬂ—l/o E || (=A)"Sa(t = 5)[fm(s) = F()] I3 ds.

By virtue of Lemma 4.1 and Lebesgue’s dominated convergence theorem,

/EH Se(t — 8)[um(s) — u’(s)] || ds — 0 as m — oo,

E | (—A)?Se(t — ) [hm(s) —ﬁ(s)] |5 ds — 0 as m — oo,

~

E || (=A)?Sa(t — 8)[fm(s) — F(s)] |5 ds — 0 as m — oo.

Thus
v (1), 19 (), 1O (t) — 0 as m — oco.

Then we have
E |l a™t) —2(t) [5< Lo || 2™ = & |2 +v{0(8) + v () + v (1),

which implies that

(4) (5) (6)
am i) o< PO 0+ ()
1— Lo

and we can infer that
Tm — 2 in BC as m — oo.

Further, by (H4) and (H5), we can obtain
hm(-) = h(-,2.) BC as m — oo,

fm() = f(-,z.) BC as m — oo.

Using the uniqueness of limit, we have

Therefore, Z can be given by

2(t) = Ra(£)[(0) — 9(0,9)] + g(t.71) + / ASa(t — 8)g(s, ) ds

// (s = 7)Sa(t — s)g T,deTds—i—/S (t — 5)B(s)u’(s)ds

/S (t —s)h ds—l—/S t—s (s)dw(s), teJ,

which is just a mild solution of system (2.1)-(2.2) corresponding to u°. Since BC — L'(J, H), using (B1)-

(B5) and Balder’s theorem, we can obtain
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e= lim F Tl(t '™ (t),u(t))dt + lim EV(z™(T))

m—00 m—00
> E/ Ut 50, 5(8),u0(1))dt + BU(R(T)) = T (7, u0) > .
This shows that J attains its minimum at (Z,u") € BC x U,q and the proof is complete. O]

5. Application

Consider the following fractional stochastic partial neutral functional integro-differential system of the

form
[ (t,2) / / bi(t— 5,7 2)2 (ST)des}

0?
— Co—s(t—s) Z__
696 2(t, x)—l—/o (t—s)%e 52 2(s,x ds—{—/()ﬂ/ (t,x)u(s, T))dsdr

—i—/t Bg(t,t—s,x,z(s,x))ds+/t Eg(t,t—s,m,z( ))dsﬂ’ (5.1)

. o dt
0<t<T 0<z<mu€ Uy,

z(t,0) = z(t,m) =0, 0<t<T, (5.2)
2(0,2) =0, 0<z<m, (5.3)
z2(t, ) = p(t,x), t<0,0<z<m, (5.4)

where D is a Caputo fractional partial derivative of order o € (1,2), ¢ and ¢ are positive numbers, and
q:[0,7] x [0, 7] — R is continuous. w(t) denotes a one-dimensional standard Wiener process in H defined
on a stochastic space (Q, F,P). Let H = Y = L?([0,7]) with the norm || - || and define the operators
A:D(A) C H— H by Aw = w” with the domain

D(A) :={w € H : w,w are absolutely continuous, w” € H,w(0) = w(m) = 0}.

Then A generates a compact, analytic semigroup 7'(-) of uniformly bounded linear operator. Moreover,
the eigenvalues of A are n’n? and the corresponding normalized eigenvectors are e,(x) = v/2sin(nrz),

n=12-. Let H = (D((—A)2),]| - 1), where || - [[1:=] (—A)zz || for each 2 € D((—A)2). The
operator (—A)% is given by

l\:)\»—‘

[e9)
E n{w, ep)e
n=1

on the space D((—A)%) ={w(-) € H,Y 2 n{w,en)e, € H} and || (—A)fé ||= 1. Hence, A is sectorial of
type and (P1) is satisfied. The operator R(t) : D(A) C H — H,t > 0, R(t)x = tSe~<'z” for x € D(A).
Moreover, it is easy to see that conditions (P2) and (P3) in Section 2 are satisfied with b(t) = t¢e~* and
D(A) = C§°([0,7]), where C5°(]0, 7]) is the space of infinitely differentiable functions that vanish at x = 0
and z = 7.

For d > 0, we define the admissible control set U,y = {u(-,y)|[0,7] — Y measurable, Fi-adapted
stochastic processes, and || u ||;» 2 ((0,117) < d}. Next we consider that the following the phase space.

Let 7 > 0,1 <p <1 and let h: (—co, —r] — R be a nonnegative measurable function which satisfies the
conditions (h-5), (h-6) in the terminology of Hino et al. [14]. Briefly, this means that h is locally integrable
and there is a non-negative, locally bounded function v on (—o0,0] such that k(€ + 7) < v(€)h(r) for all
£ <0and @ € (—o0,—r)\ Ng, where N C (—o0,—7) is a set whose Lebesgue measure zero. We denote by
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Crx L2(h, H1) the set consists of all classes of functions ¢ : (—oo,0] — H1 such that Pl_,.q € C([=7,0], H%),
2 ~ 2 ™
©(+) is Lebesgue measurable on (—oc, —r), and & || ¢ ||} is Lebesgue integrable on (—oc, —r). The seminorm
2

is given by

- _ 1/p
lels= _sup 1@ Iy +( [ o)1 o) 1 a0)
The space B = C, x L?(h, H%) satisfies axioms (A)-(C). Moreover, when » = 0 and p = 2, we can take
H=1, M(t) = ~v(—t)2 and K(t ) =1+ fo h(0)d)z, for t > 0 (see [14], Theorem 1.3.8 for details).
Additionally, we choose 8 = § and assume that the following conditions hold:
(i) The functions bl(S,T,(I?), ablgg’m), i bla(;;j’m) are measurable, bl(S,T, ) = bl(S,T,O) = 0 for every
(s,7) € (—00,0] x [0, 7] and

i 2 3
g—maX{(/ / / <ab188$:— x)) desdx)Q:i:O,1,2}<oo

(i) The function by : R* — R is continuous and there is continuous function j; : R — R such that

‘BQ(tv‘s?x?y)’ < :ul(tvs) cos\y[, (t737x7y) eR*.
(i) The function b3 : R* — R is continuous and there is continuous function s : R — R such that
‘53(t787x7y)’ < :u2(t73) cos\y[, (t737x7y) eR*.

Take ¢ € B = Cp x L?(B,Hl) with o(s)(7) = @(s, 7).
Let g:[0,T] x B— H, h: [0, ]xB—)H f:10,T) x B— Ly(K, H) be the operators defined by

/ / bi(—s,v,2)¢(s, v)dvds,

h(t,w)(x):/_ ba(t, —s,, (s, 2))ds,

0
ZL'):/_ l~)3(t, —s,x,1(s,x))ds

T
and B(t)u(t)(m):/[o ]/0 q(t,x)u(s,7))dsdr.

Using these definitions, we can represent the system (5.1)-(5.4) in the abstract form (2.1)-(2.2) with the cost
function

0
T(eu) = E / / | 2t + s,2) | dsda + E / | 24t 2) | de
[0,7] J —o0 2 [0,7] 2

VB [ ulat) [§ dot B 2(D) .

Moreover, using (i) we can prove that g is D(A)-valued and

£ gt 17 < (1160 1+ ([ o) 1wy 12 o) H

< |B| 1A I a0 |

¥ (/ 00 | ) P -y 12 ao) ||

Jun
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= [z oy +( [ (; () | 0(6) I de)éﬂp AT

It follows by assumptions (ii) and (iii) that
E | g(t,¥) IP< (ar(8))?, E || f(t, ) [[P< (a2(t))

for all (¢,7) € [0,T] x B, where a;(t) = (ff)oo %ds)% < 00,az(t) = (ff)oo %ds)% < o0o. Moreover,

suppose that conditions p2(%a —1)4+p>1and (3.1) hold. Then it satisfies all the assumptions given in
Theorem 4.2. Therefore, we can conclude that problem (5.1)-(5.4) has at least one optimal pair.
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