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Abstract

In this paper, we study the characterization of LP(R) spaces by using wavelet packet coefficients. We also
drive few results by using wavelet packet transform which generalize some results from the literature.(©2013
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1. Introduction

Wayvelet theory developed from interdisciplinary origin in the last 30 years and the literature on wavelets
and their applications (on data analysis, image compression and enhancement, filtering of signals and many
others) is growing rapidly. Wavelet methods are refinement of Fourier analysis whose mathematical foun-
dation was provided by Grossman et al. [12], Meyer [19], Mallat [17, [I8], Daubechies [6l, [7], Coifman et al.
[5] and Wickerhauser [21].

Signals in practice are often band-limited where their frequency contents are restricted to prescribed
bands. For such signals, it is natural to expand them in terms of band-limited functions such as band-
limited wavelets. Band-limited refinable functions play a fundamental role in the construction of band-
limited wavelets (for instance see [0, (16, 22]). Among others, contributions in the theory of band-limited
refinable functions and wavelets are made in [}, 2, 9, [13] [15], 16} 20].

Band-limited orthonormal refinable functions and wavelet already well studied in the literature [2], 3] O,
15, [16]. In order to make paper self contained, we state some basic preliminaries, notations and definitions.
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2. Preliminaries

Let (.,.) and [|.|| be usual inner product and norm of the space LP(R). The space LP(R) the class of all
measurable functions f, defined on R for which

/ (@) dx < oo,
Q

and the norm of f € LP(R) is defined by
1/
Jelf@)Pd} ™, for 1<p <o

1fllp =
ess sup |[f(x)], for p=ooc.

—oo<r<o0

We define the inner product of functions f,g € L*(R) as (f,g) = [ f(2z)g(x)dz, the Fourier transform
of f € L2(R) as f(w) = [ f(@)e ?™% dx and the relationship between functions and their Fourier

transform as 2r(f,¢) = (f, g). For f € LY(R) N L2(R), the Fourier transform f of f is in L2(R) and
satisfies the Parseval identity || f|3 = 27| f||3.

Definition 2.1 ([§]). A system of elements { f,}nea in a Hilbert space H is called a frame for H if there
exists two positive numbers A and B such that for any f € H,

AP < DA P < B

neA

The numbers A and B are called frame bounds. If A = B, the frame is said to be tight. The frame is called
exact if it ceases to be a frame whenever any single element is deleted from the frame.

The connection between frames and numerically stable reconstruction from discretized wavelet coeffi-
cients was pointed out by Grossmann et al. [I2]. A wavelet function ¢ € L?(R), also constitutes a wavelet
frame with frame bounds A and B, if for any f € L%(R),

ANFIE < Y KE vl < BIIFIB,

JkET

where A and B are some positive numbers and ¢, x(z) = 2//2¢(2x — k), j,k € Z. Again, if A = B, the
frame is said to be tight.

The continuous wavelet transformation of a L?-function f with respect to the wavelet v, satisfying
admissibility condition, is defined as,

(T f)(a,b) = |a|—1/2 /_OO HGE <t;b>dt, a,be R, a#0.

The term wavelet denotes a family of functions of the form ¢,;, = |a|_1/ 2 (%), obtained from
a single function v by the operations of dilation and translation. The wavelet coefficients at discrete
points a = %, b = %, are given by 1, = (T“““’f)(%,%).

Wavelet Packets

Though the wavelet basis has good localization in time-frequency domain but in order to get better local-
ization for high frequency components in the wavelet decomposition, Coifman et al. [5] introduced another
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kinds of bases called wavelet packets. We have the following sequence of functions due to Wickerhauser [21].
For1=0,1,2,.....,

You(2) = V2 apn(2w — k) and Py (z) = V2 b2z — k), (2.1)

kEZ keZ

where {ay} is the filter such that ) _; an—or@n—2 = Oki, D _pey On = V2 and by = (—1)*a;_g. For [ =0 in
(2.1), we get

Yo(z) = o(2x) +o(2z — 1), ¥1(x) = o(22) — Po(2z — 1),
where 1) is a scaling function and may be taken as a characteristic function. If we increase [, we get the
following

Yo(x) = ¥1(22) + 122 — 1), ¥3(z) = ¥1(2z) — 1 (22 — 1)
Ya(w) = P1(dx) +Pr1(de — 1) + 1 (4 — 2) + Y1 (dx — 3)
and so on.

Here 9;’s have a fixed scale but different frequencies. Actually, they are Walsh functions in [0,1[. The
functions ;(t — k), for integers k,l with [ > 0, form an orthonormal basis of L?(R).

Theorem 2.2 ([21]). For every partition P of the non negative integers into the sets of the form I;; = {271,
2/(1+ 1) — 1}, the collection of functions Ypx(x) = 29/%(27x — k), I; € P,k € Z, is an orthonormal
basis of L*(R).

The collection of functions gives rise to many bases including Walsh, wavelet and subband basis. A
wavelet packet basis of L?(R) is an orthonormal basis selected from among the functions vy j.

The trigonometric system {¢™* : m € Z} is an orthonormal basis of L?(R, %) . Therefore, a function
f € L3(R) if and only if its Fourier Coefficients

. dx
m — Tume 3 Z,
C /Rf(x)e 5 M €

to satisfy Z lem|? < oo,
meZ

/
1y = (3 lenl?) (2.2

127
meZ

The Littlewood-Paley G-function (cf. [4] 11l [15]), is defined by

and

aw =( [ 0=l o] a)” (23)

—_ 2 . . . .
where P, (z) = —2=0"__is Poisson kernel for the unit disk.
v 1—2vycosz+~

The discrete version of Littlewood-Paley (cf. [111 [15]) function is defined by

0@ = (X loom = 1))

meZ

(2.4)

and these expressions can be used to characterize the spaces LP(R), 1< p < co.

We say that a function ¢ defined on R belongs to the regularity class S°, if there exist constants
Coy,C1,v > 0 and € > 0 such that
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fR x)dr =0
(i) |p(z)| < uﬁ% for all z €R (2.5)

(i4) | ()| < W for all z € R.

For any function g defined on R and for a real number A > 0, we consider the maximal function [10],

gx(z) =su pyeRw, z€R. (2.6)

The Hardy-Littlewoood maximal function Mf(z) (cf. [I4]) is given by

Mi@) =swos [ |f)ldy (27)
>0 27 Jly—z|<y

for a locally integrable function f on R and M is bounded on LP(R), 1< p < oc.

Theorem 2.3 ([11], 15]). Suppose 1 < p, q < oo, there exists a constant Ay, such that

(S0} = Al (S0}

for any sequence {f; : i =1,2,....} of totally integrable functions.

<A
L) = P

LP(R)

Lemma 2.4 ([10, [I5]). Let ¢ be band limited, f € S and 0 < p < 0o such that ¢o—j * f € LP(R) for all
j €Z. Then for any real A > 0, there exists a constant Cy > 0 such that

A
(@75)(@) = Cr{ Moy + f1)(@)}, = €R,
where (675, F)(w) = supyer "SI and ¢,(x) = Lo(%).

Theorem 2.5 ([10,15]). Let ¢ € S° be a band limited function. Given a real number A > 1 and 1 < p < oo,
there exists a constant Ay \ < oo such that

ok 2 1/2 2
{18550}y < Aol vy, 95 € PR
JEZL
Remark 2.6. Assuming ¢ € S° and ¢ is band limited. We assume that ¢ satisfies

SN (2P =M forae E€R, 1=1,2,...n.

I jezZ
The characterization of LP(R),1 < p < oo, in terms of the function PiinS e
Cllf ooy < I XD 165} avcey < DIFlliacen,
I jez

with C' and D depending on p and A and A > 1.
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Given two functions f and ¢y, [ =1,2,......,n for which (f,;) makes sense, we define
1/2
Wo £ @) = { 330 7 1 bt P2 Xz () (2.8)
I jJEZmEZ

We also define the observe operator T4, [ =1,2,.....,n, is the operator mapping f into the I*>(Z x Z)
valued function,

(T)(z) = {<f7 Yrigan) 2 Xp—ima-i(mi1) (%), § € L,mEZL, 1=1,2, ﬂl}

Then we have,

Wy, [ =/ (T) (@) - (Ty) (),
where - denotes the dot product in [*(Z x Z).

3. Main Results
Theorem 3.1. Let 1, € S° (1 =1,2,....,n) be a band limited function. For 1 < p < co and f € LP(R), we

have, )
H{ ZZ Z I wl;j’m>’22jX[2—jm,2—j(m+1)]} / ‘

| jEZmEL
with C independent of f.

Lo(R) < ClfllLr(w)> (3.1)

Proof. We start by noticing that for f € LP(R), the number (f,;.; ;) make sense, since 1; € 2 (R). In fact

'B\H

l
[ rgam) | < 2Dl g 1 oy

We have
(Fobigm) = 20| [p f(@)(2 — m)da|

= 2792 Jg f(@)rg-s(x — 27T m)da|

= 2792|(hg-s % £)(27Im)|

IN

2_j/28upye1jvm|(¢~)l;2ﬁ * ) ()]
where I, = [279m, 277 (m + 1)] and 4(y) = ¥(—y). Fixing j € Z, we have,

Zl ZjeZ ZmGZ |<f’ wl;j,m>|22jX[2*jm,2*j(m+1)] (I)

IN

~ 2
05 Lo {suyer,, |Gras = N X, @)

< fswpo ilGhos D -2}

(P55 %) (z=2)| | 2 ;
= {spprces i ) (121D

< 2P @)

for any A > 0. Inequality (3.1), now follows by applying Theorem 2.5 with A > 1. O]



J. Igbal, J. Ali, J. Nonlinear Sci. Appl. 6 (2013), 305-311 310

Theorem 3.2. Let vy, (I =1,2,...,n) be a band limited wavelet packet such that 1, € S°. Given p € (1, 0),
there exist two constants 0 < A, < B, < oo such that

Apllfllee@y < [|Wy, fllr®) < Bpllfllre(m) (3.2)
for all f € LP(R).

Proof. We first observe that the coefficients (f,.;.m) are well defined since v € r (R), where i + % =1.
The inequality in the right of (3.2) is precisely inequality (3.1).
Thus, we have already obtained a constant B, < oo such that
Wy flle®) < Bpllfllo(r)- (3.3)

For p = 2, we have equality (with B, = 1) because 1); is an orthonormal wavelet packet;
Jo(Ty ) (@)(Ty, f)(2)dx
= W B
= fR Zz ZjeZ ZmEZ (f, ¢l;j,m>|22ij,m($)d$
= Yz 2omez I Yrim)

= 1A

where I, = [277m,277(m + 1)]. From this equality the polarization identity and a density argument we
obtain

/ f (g () = / (Ty ) () (Tyg) (),
R R

for f € LP(R), g € LP (R), where p is the conjugate exponent to p. Now using the duality argument,
together with Holder’s inequality and (3.3) for LP (R), we deduce

[fllerry = SUP\|g||p,§|fRf(x)g(fU)dﬂ

IN

Sup\lgllp/gHWT/Jlf"LP(R)-HWWQHLP’(R)

IN

B |[9ufl o (ry-
]

Remark 3.3. Our results generalize the relevant results of Dziubariski and Herndndez [9] and Herndndez
[16].
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