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1. Introduction

Throughout this paper, N, N0, C and C0 denotes the set of natural numbers, the set of non-negative inte-
gers, the set of complex numbers and the set of complex number excluding zero, respectively. For α, λ ∈ C,
the classical Bernoulli polynomials Bn(x), the classical Euler polynomials En(x) and the classical Genocchi

polynomials Gn(x) together with the generalized Apostol-Bernoulli polynomials B(α)n (x;λ), the generalized

Apostol-Euler polynomials E(α)n (x;λ) and the generalized Apostol-Genocchi polynomials G(α)n (x;λ) are de-
fined by the following generating functions (see, e.g., [16, 18, 19]):(

t

λet − 1

)α
ext =

∞∑
n=0

B(α)n (x;λ)
tn

n!
, (1.1)
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(|t| < 2π when λ = 1; |t| < | log λ| when λ 6= 1; 1α := 1),(
2

λet + 1

)α
ext =

∞∑
n=0

E(α)n (x;λ)
tn

n!
, (1.2)

(|t| < π when λ = 1; |t| < | log(−λ)| when λ 6= 1; 1α := 1)

and (
2t

λet + 1

)α
ext =

∞∑
n=0

G(α)n (x;λ)
tn

n!
, (1.3)

(|t| < π when λ = 1; |t| < | log(−λ)| when λ 6= 1; 1α := 1).

Hence, the classical Bernoulli polynomials Bn(x), the classical Euler polynomials En(x) and the classical
Genocchi polynomials Gn(x) are given by

Bn(x) = B(1)n (x; 1), En(x) = E(1)n (x; 1) and Gn(x) = G(1)n (x; 1), (1.4)

respectively. Meanwhile, the case α = 1 in (1.1), (1.2) and (1.3) gives the Apostol-Bernoulli polyno-
mials Bn(x;λ), the Apostol-Euler polynomials En(x;λ) and the Apostol-Genocchi polynomials Gn(x;λ),
respectively. In particular, Bn(λ) = Bn(0;λ), En(λ) = 2nEn(1/2;λ) and Gn(λ) = Gn(0;λ) are called
the Apostol-Bernoulli numbers, the Apostol-Euler numbers and the Apostol-Genocchi numbers, respec-
tively. Since the publication of the above works by Luo and Srivastava, numerous properties for the gen-
eralized Apostol-Bernoulli polynomials, Euler and Genocchi polynomials have been studied. We refer to
[5, 7, 8, 15, 17, 20, 21, 25] for some related results on these Apostol-type polynomials and numbers.

In [24, 26], Ozden et al., constructed the following generating function:

21−ktkext

βbet − ab
=
∞∑
n=0

Yn,β(x; k, a, b)
tn

n!
, (1.5)

(|t| < 2π when β = a; |t| < log

(
β

a

)
when β 6= a; k, β ∈ C; a, b ∈ C0).

It is obvious that the polynomials Yn,β(x; k, a, b) can be regarded as a generalization and unification of the
Apostol-Bernoulli polynomials, the Apostol-Euler polynomials and the Apostol-Genocchi polynomials. In
[23], Ozarslan further gave an extension of (1.5) in the following ways:(

21−ktk

βbet − ab

)α
ext =

∞∑
n=0

Y(α)
n,β(x; k, a, b)

tn

n!
, (1.6)

(|t| < 2π when β = a; |t| < log

(
β

a

)
when β 6= a; k, β ∈ C; a, b ∈ C0; 1α := 1).

Recently, El-Desouky and Gomaa [6] introduced a new unified family M
(r)
n (x; k, αr) of the generalized

Apostol-Bernoulli, Euler and Genocchi polynomials associated with a sequence of complex numbers αr =
(α0, α1, . . . , αr−1) by the following generating function:

(−1)rtrk2r(1−k)ext

(1− α0et)(1− α1et) · · · (1− αr−1et)
=

∞∑
n=0

M (r)
n (x; k, αr)

tn

n!
, (1.7)

(|t| < 2π when αi = 1; |t| < | log(αi)| when αi 6= 1, ∀i = 0, 1, . . . , r − 1; k, r ∈ C),

and showed that the generating function in (1.7) can be used to give many types of polynomials including
the above mentioned polynomials as special cases. Moreover, they discovered some interesting relation-

ships between the unified family of polynomials M
(r)
n (x; k, αr), the unified family of numbers M

(r)
n (k, αr) =
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M
(r)
n (0; k, αr), the Stirling numbers, the generalized Laguerre polynomials, the Bernstein polynomials and

the generalized Eulerian polynomials.
Motivated and inspired by the work of El-Desouky and Gomaa [6], we perform a further investigation

for the unified family of polynomials M
(r)
n (x; k, αr) and the unified family of numbers M

(r)
n (k, αr). By using

the generating function methods and summation transform techniques, we establish some new formulas for
this family of polynomials and numbers, and give some illustrative special cases.

2. The statements of results

Let n ∈ N and let a1, . . . , an be n indeterminates. We apply the familiar partial fraction decomposition
and let

1

(1− a1z)(1− a2z) · · · (1− anz)
=

n∑
k=1

G(k, l)

1− akz
. (2.1)

To determine the coefficients G(k, l) in (2.1). By multiplying both sides in the preceding identity by (1−akz)
and take z → 1/ak, we obtain

G(k, l) = lim
z→ 1

ak

1− akz
(1− a1z)(1− a2z) · · · (1− anz)

=
n∏
j=1
j 6=k

(
1− aj

ak

)−1
. (2.2)

It follows from (2.1) and (2.2) that

1

(1− a1z)(1− a2z) · · · (1− anz)
=

n∑
k=1

1

1− akz

n∏
j=1
j 6=k

(
1− aj

ak

)−1
. (2.3)

If we replace z by et, ai by αi−1 for 1 ≤ i ≤ n, and n by r in (2.3), we discover

(−1)rtrk2r(1−k)ext

(1− α0et)(1− α1et) · · · (1− αr−1et)
=

r−1∑
i=0

(−1)rtrk2r(1−k)ext

1− αiet
r−1∏
j=0
j 6=i

(
1− aj

ai

)−1
, (2.4)

which means

(−1)rtrk2r(1−k)ext

(1− α0et)(1− α1et) · · · (1− αr−1et)
=

r−1∑
i=0

t(r−1)k
−tk21−kext

1− αiet
r−1∏
j=0
j 6=i

21−k
(
aj
ai
− 1

)−1
. (2.5)

If we apply (1.7) to (2.5) then we have

∞∑
n=0

M (r)
n (x; k, αr)

tn

n!
=

r−1∑
i=0

∞∑
n=0

M (1)
n (x; k, αi)

tn+(r−1)k

n!

r−1∏
j=0
j 6=i

21−k
(
aj
ai
− 1

)−1
. (2.6)

Thus, by comparing the coefficients of tn+(r−1)k/n! in (2.6), we get the following result.

Theorem 2.1. Let k, n ∈ N0. Then, for r ∈ N,

M
(r)
n+(r−1)k(x; k, αr) =

(n+ (r − 1)k)!

n!

r−1∑
i=0

M (1)
n (x; k, αi)

r−1∏
j=0
j 6=i

21−k
(
αj
αi
− 1

)−1
,

where αi 6= αj when i 6= j, ∀i, j = 0, 1, . . . , r − 1.
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We now recall Euler’s elementary and beautiful idea in the discovery of his famous Pentagonal Number
Theorem: for infinite number of complex numbers x1, x2, x3, · · · , (see, e.g., [1, 3])

(1 + x1)(1 + x2)(1 + x3) · · · = (1 + x1) + x2(1 + x1) + x3(1 + x1)(1 + x2) + · · · . (2.7)

We shall make use of the finite form of (2.7) to establish another formulas for the unified family of polynomials

M
(r)
n (x; k, αr). Clearly, the finite form of (2.7) can be written as

(1 + x1)(1 + x2)(1 + x3) · · · (1 + xr) =(1 + x1) + x2(1 + x1) + x3(1 + x1)(1 + x2)

+ · · ·+ xr(1 + x1)(1 + x2) · · · (1 + xr−1) (r ∈ N).
(2.8)

It is trivial to see that for 1 ≤ i ≤ r, substituting xi − 1 for xi in (2.8) gives

x1 · · ·xr − 1 =
r∑
i=1

(xi − 1)x1 · · ·xi−1, (2.9)

where the product x1 · · ·xi−1 is considered to be equal to 1 when i = 1. If we take xi = αi−1e
t for 1 ≤ i ≤ r

in (2.9) then we have

α0α1 · · ·αr−1ert − 1 =
r−1∑
i=0

(αie
t − 1)

i−1∏
j=0

αje
t. (2.10)

It follows from (2.10) that

1

(1− α0et)(1− α1et) · · · (1− αr−1et)
=

1

α0α1 · · ·αr−1ert − 1

r−1∑
i=0

i−1∏
l=0

αle
t

αlet − 1

r−1∏
l=i+1

1

αlet − 1
. (2.11)

Hence, multiplying both sides of the above identity by trk2r(1−k)ext gives

(−1)rtrk2r(1−k)ext

(1− α0et)(1− α1et) · · · (1− αr−1et)
=

1

rk
· −(rt)k21−ke

x
r
·rt

1− α0α1 · · ·αr−1ert
r−1∑
i=0

i−1∏
l=0

αl
−tk21−ket

1− αlet
r−1∏
l=i+1

−tk21−k

1− αlet
. (2.12)

If we apply (1.7) to (2.12), we obtain

∞∑
n=0

M (r)
n (x; k, αr)

tn

n!
=

1

rk

r−1∑
i=0

∞∑
ji=0

M
(1)
ji

(
x

r
; k, α0α1 · · ·αr−1

)
(rt)ji

ji!

×
i−1∏
l=0

αl

∞∑
jl=0

M
(1)
jl

(1; k, αl)
tjl

jl!

r−1∏
l=i+1

∞∑
jl=0

M
(1)
jl

(k, αl)
tjl

jl!
,

(2.13)

which together with the Cauchy product yields

∞∑
n=0

M (r)
n (x; k, αr)

tn

n!
=

1

rk

r−1∑
i=0

∞∑
n=0

( ∑
j0+j1+···+jr−1=n
j0,j1,...,jr−1≥0

(
n

j0, j1, . . . , jr−1

)
rji

×M (1)
ji

(
x

r
; k, α0α1 · · ·αr−1

)i−1∏
l=0

αlM
(1)
jl

(1; k, αl)

r−1∏
l=i+1

M
(1)
jl

(k, αl)

)
tn

n!
,

(2.14)

where
(

n
r1,r2,...,rk

)
denotes by the multinomial coefficient given by(

n

r1, r2 . . . , rk

)
=

n!

r1! · r2! · · · rk!
(n, r1, r2, . . . , rk ∈ N0). (2.15)

Thus, by comparing the coefficients of tn/n! in (2.14), we obtain the following result.
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Theorem 2.2. Let k, n ∈ N0 and r ∈ N. If β = α0α1 · · ·αr−1 then

M (r)
n (x; k, αr) =

1

rk

r−1∑
i=0

∑
j0+j1+···+jr−1=n
j0,j1,...,jr−1≥0

(
n

j0, j1, . . . , jr−1

)
rjiM

(1)
ji

(
x

r
; k, β

)

×
i−1∏
l=0

αlM
(1)
jl

(1; k, αl)

r−1∏
l=i+1

M
(1)
jl

(k, αl).

It follows that we show some special cases of Theorem 2.2. Since M
(r)
n (x; k, αr) satisfies the difference

equation (see, e.g., [6, Theorem 3.3]):

αr−1M
(r)
n (x+ 1; k, αr)−M (r)

n (x; k, αr) = 21−k
n!

(n− k)!
M

(r−1)
n−k (x; k, αr−1), (2.16)

which implies the following difference equation for M
(1)
n (x; k, α):

αM (1)
n (x+ 1; k, α)−M (1)

n (x; k, α) = 21−kxn−k
n!

(n− k)!
. (2.17)

So from (2.17), we have

i−1∏
l=0

αlM
(1)
jl

(x+ 1; k, αl) =
∑

T⊆{0,1,...,i−1}

∏
l∈T

M
(1)
jl

(x; k, αl)
∏
l∈T

21−kxjl−k
jl!

(jl − k)!
. (2.18)

Thus, by taking x = 0 in (2.18), in light of Theorem 2.2, we get the following result.

Corollary 2.3. Let k, n ∈ N0. Then, for r ∈ N with n ≥ k(r − 1),

M (r)
n (x; k, αr) =

1

rk

r−1∑
i=0

(
r

i

)
2(1−k)(r−1−i)

∑
j0+j1+···+ji=n−k(r−1−i)

j0,j1,...,ji≥0

(
n

j0, j1, . . . , ji

)
rji

×M (1)
ji

(
x

r
; k, α0α1 · · ·αr−1

)i−1∏
l=0

M
(1)
jl

(k, αl).

It becomes obvious that the case x = 0 in Corollary 2.3 gives a relationship for the unified family of the
generalized Apostol-Bernoulli, Euler and Genocchi numbers as follows,

M (r)
n (k, αr) =

1

rk

r−1∑
i=0

(
r

i

)
2(1−k)(r−1−i)

∑
j0+j1+···+ji=n−k(r−1−i)

j0,j1,...,ji≥0

(
n

j0, j1, . . . , ji

)
rji

×M (1)
ji

(k, α0α1 · · ·αr−1)
i−1∏
l=0

M
(1)
jl

(k, αl).

(2.19)

If we take r = 2 in Corollary 2.3 then for k, n ∈ N0 with 0 ≤ k ≤ n,

M (2)
n (x; k, α2) = 2n+1−3k

(
n

k

)
M

(1)
n−k

(
x

2
; k, α0α1

)
+21−k

n∑
i=0

(
n

i

)
2iM

(1)
i

(
x

2
; k, α0α1

)
M

(1)
n−i(k, α0). (2.20)

On the other hand, let r ∈ N. If we take αi = (βa )b for 0 ≤ i ≤ r − 1 in (1.7), one can get that for n ∈ N0,

M (r)
n

(
x; k,

(
β

a

)b)
= abrY(r)

n,β(x; k, a, b). (2.21)
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It follows from Corollary 2.3 and (2.21) that

Y(r)
n,β(x; k, a, b) =

1

rk

r−1∑
i=0

(
r

i

)
2(1−k)(r−1−i)abi

∑
j0+j1+···+ji=n−k(r−1−i)

j0,j1,...,ji≥0

(
n

j0, j1, . . . , ji

)
rji

× Yji,βr
(
x

r
; k, ar, b

)i−1∏
l=0

Yjl,β(0; k, a, b).

(2.22)

If we take k = 1 and αi = λ for 0 ≤ i ≤ r − 1 in (1.7), one can get that for n ∈ N0,

M (r)
n (x; 1, λ) = B(r)n (x;λ). (2.23)

Hence, by applying (2.23) to Corollary 2.3, we obtain

B(r)n (x;λ) =
1

r

r−1∑
i=0

(
r

i

) ∑
j0+j1+···+ji=n−(r−1−i)

j0,j1,...,ji≥0

(
n

j0, j1, . . . , ji

)
rjiBji

(
x

r
;λr
)i−1∏
l=0

Bjl(λ). (2.24)

The case λ = 1 in (2.24) gives the corresponding expression for the classical Bernoulli polynomials of order
r (r ∈ N) defined by Nörlund [22]. See also [4, 9, 10] for a further exposition on the classical Bernoulli
polynomials of order r. If we take k = 0 and αi = −λ for 0 ≤ i ≤ r− 1 in (1.7), one can get that for n ∈ N0,

M (r)
n (x; 0,−λ) = (−1)rE(r)n (x;λ), (2.25)

which together with Corollary 2.3 yields

E(r)n (x;λ) =
r−1∑
i=0

(
r

i

)
(−2)r−1−i

∑
j0+j1+···+ji=n
j0,j1,...,ji≥0

(
n

j0, j1, . . . , ji

)
rjiEji

(
x

r
; (−1)r−1λr

)i−1∏
l=0

Ejl(0, λ). (2.26)

In a similar consideration, if we take k = 1 and αi = −λ for 0 ≤ i ≤ r − 1 in (1.7), one can get that for
n ∈ N0,

M (r)
n (x; 1,−λ) =

(
−1

2

)r
G(r)n (x;λ). (2.27)

Thus, applying (2.27) to Corollary 2.3 gives

G(r)n (x;λ) =
1

r

r−1∑
i=0

(
r

i

)
(−2)r−1−i

∑
j0+j1+···+ji=n−(r−1−i)

j0,j1,...,ji≥0

(
n

j0, j1, . . . , ji

)
rji (2.28)

× Gji
(
x

r
; (−1)r−1λr

)i−1∏
l=0

Gjl(λ). (2.29)

In the following we present some formulas between the unified family of numbers M
(r)
n (k, αr) and the

generalized Eulerian polynomials considered by Araci et al., [2]. We take xi = αi−1e
t ln b for 1 ≤ i ≤ r in

(2.9) to obtain

α0α1 · · ·αr−1ert ln b − 1 =

r−1∑
i=0

(αie
t ln b − 1)

i−1∏
j=0

αje
t ln b. (2.30)

It follows from (2.30) that

r−1∏
l=0

1

αlet ln b − 1
=

1

α0α1 · · ·αr−1ert ln b − 1

r−1∑
i=0

i−1∏
l=0

αle
t ln b

αlet ln b − 1
×

r−1∏
l=i+1

1

αlet ln b − 1
. (2.31)
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By multiplying both sides of the above identity by (t ln b)rk2r(1−k), we get

(−1)r(t ln b)rk2r(1−k)

(1− α0et ln b)(1− α1et ln b) · · · (1− αr−1et ln b)

=
(t ln b)rk2r(1−k)

α0α1 · · ·αr−1ert ln b − 1

r−1∑
i=0

(−1)i
i−1∏
l=0

1
1
αl
e−t ln b − 1

r−1∏
l=i+1

1

αlet ln b − 1
.

(2.32)

Observe that
1

αet ln b − 1
=

1

α− 1
·

1− 1
α

e
α
α−1

t ln b(1− 1
α
) − 1

α

. (2.33)

Hence, with the help of (2.33), (2.32) can be rewritten as

(−1)r(t ln b)rk2r(1−k)

(1− α0et ln b)(1− α1et ln b) · · · (1− αr−1et ln b)

=
(t ln b)rk2r(1−k)

α0α1 · · ·αr−1 − 1
·

1− 1
α0α1···αr−1

e
α0α1···αr−1
α0α1···αr−1−1

rt ln b(1− 1
α0α1···αr−1

) − 1
α0α1···αr−1

×
r−1∑
i=0

(−1)i
i−1∏
l=0

1
1
αl
− 1
· 1− αl
e

−1
1−αl

t ln b(1−αl) − αl

×
r−1∏
l=i+1

1

αl − 1
·

1− 1
αl

e
αl
αl−1

t ln b(1− 1
αl

) − 1
αl

.

(2.34)

Since the generalized Eulerian polynomials An(a, b) can be expressed by the generating function (see, e.g.,
[2])

1− a
et(1−a) ln b − a

=
∞∑
n=0

An(a, b)
tn

n!
, (2.35)

so by applying (1.7) and (2.35) to (2.34), we have

∞∑
n=0

M (r)
n (k, αr)

(ln b)ntn−rk

n!
=

2r(1−k)(ln b)rk

α0α1 · · ·αr−1 − 1

r−1∑
i=0

(−1)i
∞∑
ji=0

Aji

(
1

α0α1 · · ·αr−1
, b

)( α0α1···αr−1

α0α1···αr−1−1rt)
ji

ji!

×
i−1∏
l=0

1
1
αl
− 1

∞∑
jl=0

Ajl(αl, b)
( −11−αl t)

jl

jl!
×

r−1∏
l=i+1

1

αl − 1

∞∑
jl=0

Ajl

(
1

αl
, b

)
( αl
αl−1 t)

jl

jl!
,

(2.36)

It follows from (2.36) and the Cauchy product that

∞∑
n=0

M (r)
n (k, αr)

(ln b)ntn−rk

n!
=

2r(1−k)(ln b)rk

α0α1 · · ·αr−1 − 1

r−1∑
i=0

(−1)i
∞∑
n=0

( ∑
j0+j1+···+jr−1=n
j0,j1,...,jr−1≥0

(
n

j0, j1, . . . , jr−1

)
rji

×
(

α0α1 · · ·αr−1
α0α1 · · ·αr−1 − 1

)ji
Aji

(
1

α0α1 · · ·αr−1
, b

)
×
i−1∏
l=0

1
1
αl
− 1

(
1

αl − 1

)jl
Ajl(αl, b)

×
r−1∏
l=i+1

1

αl − 1

(
αl

αl − 1

)jl
Ajl

(
1

αl
, b

))
tn

n!
.

(2.37)

Thus, by comparing the coefficients of tn/n! in (2.37), we get the following result.
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Theorem 2.4. Let k, n ∈ N0 and r ∈ N. If β = α0α1 · · ·αr−1 then

M
(r)
n+rk(k, αr) =

(n+ rk)! · 2r(1−k)

n! · (ln b)n
r−1∑
i=0

∑
j0+j1+···+jr−1=n
j0,j1,...,jr−1≥0

(
n

j0, j1, . . . , jr−1

)
rji

× βji

(β − 1)ji+1
Aji

(
1

β
, b

)i−1∏
l=0

αl
(αl − 1)jl+1

Ajl(αl, b)
r−1∏
l=i+1

αjll
(αl − 1)jl+1

Ajl

(
1

αl
, b

)
.

It is easily seen that if we take αi = −1 for 0 ≤ i ≤ r − 1 in Theorem 2.4 then

M
(r)
n+rk(k, αr) =

(−1)n+r

2n+rk
· (n+ rk)!

n! · (ln b)n
r−1∑
i=0

∑
j0+j1+···+jr−1=n
j0,j1,...,jr−1≥0

(
n

j0, j1, . . . , jr−1

)
rji

× (−1)jiAji(−1, b)
i−1∏
l=0

−Ajl(−1, b)
r−1∏
l=i+1

(−1)jlAjl(−1, b) (2 - r).

(2.38)

Note that for non-negative integer n (see, e.g., [2])

An(−1, b) =
2n+1(ln b)n+1(1− 2n+1)

n+ 1
Bn+1, (2.39)

and

An(−1, b) =
2n+1(ln b)n+1

n+ 1
Gn+1. (2.40)

It follows from (2.38), (2.39) and (2.40) that the unified family of the generalized Apostol-Bernoulli, Euler
and Genocchi numbers due to El-Desouky and Gomaa [6] can be explicitly expressed by the classical Bernoulli
numbers or the classical Genocchi numbers.

3. Concluding remarks

To conclude this paper, we remark that the topics explored in this paper are closely related to the
Frobenius-Euler polynomials of order r (r ∈ N) given by the generating function:(

1− λ
et − λ

)r
ext = eH

(r)(x|λ)t =

∞∑
n=0

H(r)
n (x|λ)

tn

n!
,

(|t| < π when λ = −1; |t| < log(1/λ) when λ 6= −1),

with the usual convention about replacing (H(r)(x|λ))n by H
(r)
n (x|λ) (see, e.g., [11, 12, 13, 14]). In particular,

the case x = 0 in the above generating function gives the Frobenius-Euler numbers of order r denoted by

H
(r)
n (λ) = H

(r)
n (0|λ). If one uses the same methods described in the second section, the corresponding

similar results on the Frobenius-Euler polynomials and numbers of order r to Theorems 2.1, 2.2, 2.4 and
Corollary 2.3 can be also established. The details are left as further investigations for the interested readers.

Acknowledgements

The authors express their gratitude to the referee for his or her valuable comments and guidelines for
this paper. The first author is supported by the Special Foundation for Applied Mathematics in Yibin
Vocational & Technical College (Grant No. YBZYSC15-19) and the Key Science Foundation of Department
of Education of Sichuan Province (Grant No. 15ZA0337); the second author is supported by the Foundation
for Fostering Talents in Kunming University of Science and Technology (Grant No. KKSY201307047) and
the National Natural Science Foundation of P.R. China (Grant No. 11326050).



W.-K. Shao, Y. He, J. Nonlinear Sci. Appl. 9 (2016), 2511–2519 2519

References

[1] G. E. Andrews, Euler’s pentagonal number theorem, Math. Mag., 56 (1983), 279–284.2
[2] S. Araci, M. Acikgoz, E. Sen, New generalization of Eulerian polynomials and their applications, J. Anal. Number

Theory, 2 (2014), 59–63.2, 2, 2
[3] J. Bell, A summary of Euler’s work on the pentagonal number theorem, Arch. Hist. Exact Sci., 64 (2010),

301–373.2
[4] L. Carlitz, A note on Bernoulli numbers and polynomials of higher order, Proc. Amer. Math. Soc., 3 (1952),

608–613.2
[5] R. Dere, Y. Simsek, H. M. Srivastava, A unified presentation of three families of generalized Apostol type poly-

nomials based upon the theory of the umbral calculus and the umbral algebra, J. Number Theory, 133 (2013),
3245–3263.1

[6] B. S. El-Desouky, R. S. Gomaa, A new unified family of generalized Apostol-Euler, Bernoulli and Genocchi
polynomials, Appl. Math. Comput., 247 (2014), 695–702.1, 1, 2, 2

[7] Y. He, S. Araci, Sums of products of Apostol-Bernoulli and Apostol-Euler polynomials, Adv. Difference Equ.,
2014 (2014), 13 pages.1

[8] Y. He, S. Araci, H. M. Srivastava, M. Acikgoz, Some new identities for the Apostol-Bernoulli polynomials and
the Apostol-Genocchi polynomials, Appl. Math. Comput., 262 (2015), 31–41.1

[9] D. S. Kim, T. Kim, q-Bernoulli polynomials and q-umbral calculus, Sci. China Math., 57 (2014), 1867–1874.2
[10] D. S. Kim, T. Kim, Umbral calculus associated with Bernoulli polynomials, J. Number Theory, 147 (2015),

871–882.2
[11] T. Kim, On Euler-Barnes multiple zeta functions, Russ. J. Math. Phys., 10 (2003), 261–267.3
[12] T. Kim, On the multiple q-Genocchi and Euler numbers, Russ. J. Math. Phys., 15 (2008), 481–486.3
[13] T. Kim, An identity of the symmetry for the Frobenius-Euler polynomials associated with the fermionic p-adic

invariant q-integrals on Zp, Rocky Mountain J. Math., 41 (2011), 239–247.3
[14] T. Kim, B. Lee, S. H. Lee, S. H. Rim, Some identities for the Frobenius-Euler numbers and polynomials, J.

Comput. Anal. Appl., 15 (2013), 544–551.3
[15] D. Q. Lu, Q. M. Luo, Some unified formulas and representations for the Apostol-type polynomials, Adv. Difference

Equ., 2015 (2015), 16 pages.1
[16] Q. M. Luo, Extension for the Genocchi polynomials and their Fourier expansions and integral representations,

Osaka J. Math., 48 (2011), 291–309.1
[17] Q. M. Luo, Elliptic extensions of the Apostol-Bernoulli and Apostol-Euler polynomials, Appl. Math. Comput.,

261 (2015), 156–166.1
[18] Q. M. Luo, H. M. Srivastava, Some generalizations of the Apostol-Bernoulli and Apostol-Euler polynomials, J.

Math. Anal. Appl., 308 (2005), 290–302.1
[19] Q. M. Luo, H. M. Srivastava, Some relationships between the Apostol-Bernoulli and Apostol-Euler polynomials,

Comput. Math. Appl., 51 (2006), 631–642.1
[20] Q. M. Luo, H. M. Srivastava, Some generalization of the Apostol-Genocchi polynomials and the Stirling numbers

of the second kind, Appl. Math. Comput., 217 (2011), 5702–5728.1
[21] L. M. Navas, F. J. Ruiz, J. L. Varona, Asymptotic estimates for Apostol-Bernoulli and Apostol-Euler polynomials,

Math. Comp., 81 (2011), 1707–1722.1
[22] N. E. Nörlund, Vorlesungen über Differenzenrechnung, Springer, Berlin, (1924).2
[23] M. A. Ozarslan, Unified Apostol-Bernoulli, Euler and Genocchi polynomials, Comput. Math. Appl., 62 (2011),

2452–2462.1
[24] H. Ozden, Unification of generating function of the Bernoulli, Euler and Genocchi numbers and polynomials,

Int. Conference Numer. Anal. Appl. Math., 1281 (2010), 1125–1128.1
[25] H. Ozden, Y. Simsek, Modification and unification of the Apostol-type numbers and polynomials and their appli-

cations, Appl. Math. Comput., 235 (2014), 338–351.1
[26] H. Ozden, Y. Simsek, H. M. Srivastava, A unified presentation of the generating functions of the generalized

Bernoulli, Euler and Genocchi polynomials, Comput. Math. Appl., 60 (2010), 2779–2787.1


	1 Introduction
	2 The statements of results
	3 Concluding remarks

