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1. Introduction and Preliminaries

The theory of modular spaces was initiated by Nakano [10] in 1950 in connection with the theory of
order spaces and redefined and generalized by Musielak and Orlicz [I1],[12] in 1959. The notion of a modular
metric on an arbitrary set an the corresponding modular space, more general than a metric space were
introduced and studied recently by Chistyakof [I]. There were any authors introduced the generalization
of metric spaces such as Gahler [4], which called 2—metric spaces, and Dhage [3], which called D-metric
spaces. In 2003, Mustafa and Sims [5] found that most of the claims concerning the fundemental topology
properties of D—metric spaces are incorrect. They [6] introduced a generalization of metric spaces, which
called G-metric spaces. In this paper, we introduce the notion of a modular G-metric spaces as the following:

Definition 1.1. Let X be a nonempty set, and let v : (0,00) x X x X x X — [0, co] be a function satisfying;
(V1) vy(z,y,z) =0forall z,y e X and A >0 if z =y = z,

(V2) va(x,z,y) >0 for all x,y € X and A > 0 with = # y,

(V3) va(z,z,y) < va(x,y,2) for all x,y,z € X and X\ > 0 with z # y,

(V4) va(z,y,2) = va(z, 2,y) = va(y, z,2) = --- for all A > 0 (symmetry in all three variables),

(VB) vaqpulz,y, 2) S va(z,a,a) +vu(a,y, 2) for all z,y,z,a € X and A\, p >0 ,
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then the function vy is called a modular G-metric on X.
The note by setting z =y = z and A = p > 0in (V3), (V5) and taking into account (V1), for all z,y, 2z € X,
we fined

V)\(l'a a, (I) + I/)\(CL, l‘,l’)

21/,\(x,y, Z)‘

O:VQ)\(I'al'al') <
<

Example 1.2. The following indexed objects v are simple examples of modulars on a set X. Let A > 0 and
z,y,z € X, we have:

(a) va(z,y,2) =0 if x £y # 2z, va(z,y,2) =0 if x = y = 2z; and if (X,G) is a G-metric space, then we also
have:

(b) va(zx,y,2) = G(;(’f\/sz), where ¢ : (0,00) — (0, 00) is a nondecreasing function;

(c) va(z,y,2) = 0 if A < G(z,y,2), and vy(z,y,z) =0 if A > G(z,vy, 2);

(d) va(z,y,2) =00 if A < G(z,y, 2), and vx(z,y,2) =0 if A > G(z,y, 2).

Remark 1.3. Note that for z,y, z € X the function 0 < A — vy (x,y, z) € [0, 00] is nonincreasing on (0, o).
Suppose 0 < p < A, then (V1) and (V5) imply

I/)\(ﬂf,y,Z) < VA_M(I',QT,.I) + Vu(x,y,z) = Vu(m,y,z).

It follows that each point A > 0 the right limit vy o(x,y, 2) = lime_, 4o Vare (2, y, 2) and left limit vy_o(z,y, 2) =
lim._,o vy—c(,y, 2) exist in [0, 00) and following two inequalities hold:

l/)\_t,_()(l’,y,Z) < V/\(:L‘ayv Z) < I/)\_o(l',y,Z)-

Definition 1.4. Let v be a modular G-metric on a set X. The binary relation ~ on X defined for z,y,z € X
by

z~y if and only if )\lim va(z,y,z) =0 for some z € X (1.1)
—00

is, by virtue of axioms (V1), (V4) and (V5) , an equivalence relation since, if 2 ~ y and y ~ a, then

there exist 21,22 € X such that limy_ oo vx(z,y,21) = 0 and limy_, vr(a,y,22) = 0, so vy(a,y,22) <

va(z,y,9) + vala,y, 22) < va(z,y,21) + va(a,y,22) — 0 as A — oo, and so, z ~ y. Denote by X/ < the
2 2 2 2

quotient-set of X with respect to ~ and by
Xo(z)={ye X :y~a}

the equivalence class of the element z € X in the quotient-set X/ ~. Note, in particular, that z € X2()
and that the transitivity property of ~ implies z ~ z if and only if y, z € X, (z) for some z € X (e.g.,xz =1y
or r=z).

It follows from Remarkthat the function G : (X/ <) x (X/ <) x (X/ <) = [0, 00] given by

GXS(), X5(y), X3(2) = limm va(2,9,2), (20,2 € X),

is well defined (the limit at the right-hand side does not depend on the representatives of the representatives
of the equivalence classes) and satisfies the axioms of a G-metric, except, as Example (a) shows, that it
may take infinite values.

In what follows we are interested in the equivalence classes X2 (). Note that the quotient-pair (X/ <, G)
may degenerate in interesting and important cases: e.g., in Example (c) we have X (z) = X forallz € X
and G = 0.

Let us fix an element z¢ € X arbitrarily and set X, = X (z9). The set X, is call a modular set.
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Theorem 1.5. If v is G-metric modular on X, then the modular set X, is a G-metric space with G-metric
given by

Gy(2,y,2) = Inf{A > 0: v (z,y,2) < A},
forall z,y,z € X,.

Proof. Given z,y,z € X, the value G(x,y, z) € RT is well defined: in fact, since x <y, then, by virtue of
(1.1)), there exists A\g > 0 such that vy(z,y,2) <1 for all A > \g, and so, setting A\; = max{1, Ao}, we get

I/)\l(iU,y,Z) <1< )‘h
which together with the definition of G; (z,y, z) gives
G (z,y,2) < A\ < o0.
Given z € X,, (V1) implies
va(z,z,2) =0< X forall \>0,
and so, Gy (z,z,x) = 0. Condition (G2) and (G3) are clear by axioms (V2) and (V3). Due to axiom (V4),
the equalities Gg(x7y7 Z) = Gl(j(xa z,y) = G;i(yv 2 .f) =, LY,z € Xy, is clear.

Let us show that G (z,y,2) < Gy (x,a,a) + G (a,y, z) for all z,y,z,a € X,. In fact, by the definition
of Gy, for any A > G} (z,a,a) and p > Gy (y, z,a) we find vy(x,a,a) < X and v,(a,y,z) < p, and so, axiom
(V5) implies

Z/)\_t,_,u(llf, Y, Z) < I/)\(l', a, (I) + 7/“((1, Y, Z) <A+ K-
It follows from the definition of G{ that G (x,y,z) < X+ u, and it remains to pass to the limits as
A — Go(z,a,a) and p — Gyl(a,y, z). O
Theorem 1.6. Let v be a modular G-metric on a set X. put

G} = inf (A
V($7y7z) )1\20( —i—y,\(x,y,z)),

for all z,y,z € X,,. Then G} is a G-metric on X,, such that G5 < G < 2GS,

Proof. Since, for z,y,z € X,,, the value vy(z,y, z) is finite due to (L.1]) for A > 0 large enough, then the set
A+ va(z,y,2) : A > 0} C RT is nonempty and bounded from below, and so, GL(x,y,z) € RT. Condition
(G2) and (G3) are trivial by axioms (V2) and (V3). Axiom (V4) implies the symmetry of GJ.
Let us establish the triangle inequality:

Gy(x,y,2) < Gy(x,a,0) + Gyla,y, 2).
By the definition of G1, for any ¢ > 0 we find A = A\(¢) > 0 and p = pu(g) > 0 such that

A+ va(z,a,0) <Gy(x,a,0) +¢ and  p+vu(a,y,2) < Gyla,y,2) +e,
whence, applying axiom (V5),

Gla,9,2) < O+ m) +vapn(:3,2) < A+ i+ va(@,a,a) + (o, y, 2)
< Gi(x,a,a)—i—e—i—Gi(a,y,z)—l—s,

and it remains to take into account the arbitrariness of € > 0.

Let us prove that metrics GS and G} are equivalent on X,. In order to obtain the left-hand side
inequality, suppose that A > 0 is arbitrary. If vy(z,y,z) < A, then the definition of G implies G} < .
Now if vy(z,y,2) > A, then G (x,y, z) < vy(z,y, 2): in fact, setting u = va(x,y, z) we find p > A, and so, it
follows from Remark that v,(z,y, 2) < va(z,y,z) = p, whence Gy (z,y,2) < pp = va(x,y, z). Therefore,
for any A > 0 we have

Glo/(xayvz) < maX{)‘? I/)\(Ji,y, Z)} <A+ V)\(l',y,Z),
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and so, taking the infimum over all A > 0, we arrive at the inequality
Gy(x,y,2) < Gy(z,y, 2),

To obtain the right-hand side inequality, we note that, given A > 0 such that GJ(z,y,z) < A, by the
definition of G2, we get v(z,y,2) < A, and so, GL(x,y,2) < A+ va(z,y,2) < 2)\. passing to the limit as

v

A — Gy (z,y,2), we get
Gy (x,y,2) < 2G5 (2,9, 2).

Theorem 1.7. Given a modular G-metric v on X, x,y,z € X, and XA > 0, we have:
(a) if G5 (x,y,2) < A, then vy(z,y,2) < Gy (x,y,2) < A;
(b) if va(x,y, 2) = A, then Go(x,y,z) = A;
(C) Zf)‘ = ij(fv,y,z) >0, then V>\+0(‘T7y’ Z) <A< V)\_O(SU,y, Z)'
If the function p— v,(x,y, z) is continuous from the right on (0,00), then along with (a)-(c) we have:
(d) Gy (z,y,2) < X if and only if vy(z,y,2z) < A.
If the function p— vu(x,y, 2) is continuous from the left on (0,00), then along with (a)-(c) we have:
(e) Gy (x,y,z) < X if and only if va(x,y, z) < A
If the function p — v,(x,y, z) is continuous on (0,00), then along with (a)-(c) we have:
(f) Go(x,y,2z) = X if and only if va(z,y,z) = A.

Proof. (a) For any p > 0 such that G (x,y,2) < p < A, by the definition of GY, and Remark we have
vu(x,y,2) < pand vy(z,y,2) < vu(z,y,2), whence vy(x,y,2) < i, and it remains to pass to the limit as
B — Gs(xv Y, Z)'

(b) By the definition, G} (z,y,2) < A, and item (a) implies Gy (z,y, 2) = .

(c) For any > A = Gy (x,y, z), the definition of Gj, implies v, (z,y, z) < p, and so,

v z,y,z) = lim v, (z,y,2z) < lim = A
)\+0( » Yy ) L A0 M( 'Y, )_“_”\JFOM

For any 0 < p < A we find v, (z,y, 2) > p (otherwise, the definition of Gy, we have A = Gy (x,y, z) < ),
and so,

_ = i > i =\
oo(e,,2) = lm vy ) > Tim p= A
(d) The implication < follows from the definition of G;. Let us prove the reverse implication. If
Gy (z,y,z) < A, then, by virtue of item (a), va(x,y,z) < A, and if GS(z,y, z) = A, then

VA(%%Z) = V)\—H)(J"ay) Z) S )‘)

which is a consequence of the continuity from the right of the function u — v, (z,y, 2) and item (c).
(e) By virtue of item (a), it suffices to prove the implication <. The definition of G}, gives G} (z,y,2) < A,
but if, on the contrary, A = G} (x,y, z), then, by item (c), we would have

VA(.%',:I/,Z) = VA*O(xay7 Z) Z )‘7

which contradicts the assumption.
(f) < follows from (b). For the reverse assertion, the two inequalities

V)\(.’L',y,Z) <A< I//\(CC,y,Z)
follow from (c). O
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2. properties

Proposition 2.1. Let (X,v) be a modular G-metric space, for any z,y,z,a € X it follows that:
(1) If vx(z,y,2) =0 for all A > 0, then x =y = z.
(2) va(z,y,2) < I/A(l' x,y) + va(z,x,2) for all X > 0.

2

(3) va(z,y,y) <2 %(x x,y) for all X > 0.

(4) va(z,y,2) <v %(ZL’ a z)—i—ux(a y,z) for all A > 0.

(5) Al 2) < 3 (v (@, )+V%($,a72)+’/g(ayy,2)) for all X > 0.
(6) va(z,y,2) < (V%(az,a, a) + V%(y,a,a) + V%(z,a,a)) for all A > 0.

If (X,w) is an ordinary modular metric space, then (X,w) can define modular G-metric on X by
(Fs) V/S\(xv Y, Z) = %{W)\(LIZ, y) + W)\(y, Z) + (,U)\(JJ, Z)}7
(Fm) vz, y, 2) = max{wx(z,y), wa(y, 2), wa(z, 2)}, for all A > 0.
For any nonempty set X. We have seen that from any modular metric w on X we can construct a modular
G-metric (by (Fs) or (Fy,)), for any modular G-metric vy on X, (F,) w¥(z,y) = va(z,y,y) + va(z, z,v),
for all A > 0 is readily seen to define a modular metric on X, for all A > 0, which satisfies

VA(%%Z) S Vi(xaya Z) S 2”)\(]:7?/7 Z))

for all A > 0. Similarly,
1
iyA(:C?y7 ) <v ('CC Y,z ) < 2]/)\(:1:7:%2)7

for all A > 0. Further, starting from a modular metric w on X, we have

S 4 m
(,UK (1"7y) = gw)\(xay)v and wl)/\ (337y) = 2LL))\(IE,y),

for all A > 0.

Definition 2.2. Let (X, v) be a modular G-metric space then for o € X, and r > 0, the v-ball with center
o and radius 7 is

By(zo,7) ={y € X, : wvx(zo,y,y) <7 for all A > 0}.

Proposition 2.3. Let (X,v) be a modular G-metric space, then for any xo € X, and r > 0, we have
(1) if vx(zo,x,y) <r, for all \ > 0 then x,y € B,(xg,T).
(2) if y € By(xo,r) then there exists a § > 0 such that B, (y,d) C By, (xo,T).

Proof. (1) follow directly from (V3), while (2) follows from (V5) with § = r — va(x0,y,y). O
It follows from Proposition that the familly of all v-balls
B ={B,(x,r)|x € X,r >0}
is the base of a topology 7(v)) on X,,.

Proposition 2.4. Let (X,v) be a modular G-metric space, then for any xo € X, and r > 0, we have
1
B, (mo, 3r> C Buy(zo,7) = {y € Xy : wX(wo,y) <71 for all A >0} C By(xo,7).

Definition 2.5. Let (X,v) be a modular G-metric space. The sequence {z, },en in X, is v-convergent to
x, if it converges to z in the topology 7(vy).
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Proposition 2.6. Let (X,v) be a modular G-metric space and {x,}nen be a sequence in X,. Then the
following are equivalent:

(1) {zn}nen is v-convergent to x,

(2) WX(xp,x) — 0 as n — 00, i.e., {Tn}n converges to x relative to the modular metric W¥.

(8) va(Tpn, Tpn,x) —> 0 as n —> oo for all A > 0,

(4) va(zp,x, ) — 0 as n — oo for all A > 0,

(5) va(Tm, Tn,x) — 0 as m,n — oo for all X > 0.

Proof. The equivalence of (1) and (2) follows from proposition That (2) implies (3) (and(4)) follows
from the definition of wY. (3) implies (4) is a consequence of (3) of proposition while (4) entails (5)
follows from (2) of proposition [2.1} Finally, that (5) implies (2) follows from (F,,) and axiom (V3). O

Definition 2.7. Let (X,v) be a modular G-metric space, then a sequence {x,},en € X, is said to be
v-cauchy if for every € > 0, there exists n. € N such that vy (x,, zm, 2;) < € for all n,m,l > n. and A > 0.
A modular G-metric space X is said to be v-complete if every v-Cauchy sequence in X is a v-convergen
sequence in X.

Proposition 2.8. Let (X,v) be a modular G-metric space and {x,}nen be a sequence in X,. Then the
following are equivalent:

(1) {zn}nen is v-Cauchy.

(2) For every € > 0, there exist n. € N such that vy(zpn, Tm,Tm) < €, for any n,m > n. and X > 0.

(3) {xn}nen is a cauchy sequence in the modular metric space (X,wy).

Proof. 1 — 2) It is trivial by axiom (V3). 2 — 3) By definition w¥ is trivial.
3 — 2) By definition w¥(xy, zy,) is trivial.
2 — 1) By axiom (V5) and put a = z,, is trivial. O

Theorem 2.9. Let v be a modular G-metric on a set X. Given a sequence {x,}5°; C X, and x € X,
we have: G)(Tp,xTn,x) = 0 as n — oo if and only if vA(Tn, xn, ) = 0 as n — oo for all A > 0. A similar
assertion holds for Cauchy sequences.

Proof. Given arbitrary ¢ > 0. Let vy(zp,2n,z) — 0 as n — oo for all A > 0. We put A = ¢ then
Ve(Tp, Tn, ) — 0, there is a number ng(¢) such that v.(zy, x,, ) < € for all n > ng(e), whence G, (2, Tn, ) <
e for all n > ng(e).

Necessity. Let us fix A > 0 arbitrarily. Then, for each € > 0, we have: either (a) 0 <e < A, or (b) € > A.
In case (a), by the assumption, there is a number ng(e) such that G (x,, x,,z) < e for all n > ng(e), and
so, by theorem [L.7|(a), we get vz(zp, zy, ) < & for all n > ng(e). Since & < A, then, in view of Remark
we find

V)\(xnaxnax) S Ve(xnuxnax) <e¢

for all n > ng(e).
In case (b) we set ny(e) = no(%). From Remark and the just established fact (when e = % < A), we
get:

A€
UA(Tp, Tny ) S VA (T, Tn, ) < 5 <5<¢ forall n > ni(e).
2

Hence, vy(zy, pn,x) = 0 as n — oo for all A > 0. O]
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3. Fixed point theorems

In this section we will prove the existence of fixed point of contractive mapping defined on modular
G-metric spaces, where the completeness is replaced with weaker conditions.

Definition 3.1. A function 7' : X, — X, at € X, is called v-continuous if v)(x,,z,2) — 0 then
vAx(Txy, Tz, Tx) — 0, for all A > 0.

Theorem 3.2. Let (X,v) be a modular G-metric space and let T : X,, — X,, be a mapping such that T
satisfies that

(11) vA\(Tx, Ty, Tz) < avy(z, Tz, Tz) + bvx(y, Ty, Ty) + cvr(z,Tz,Tz) for all x,y,z € X, and X\ > 0 where
0<a+b+c<l,

(12) T is v-continuous at a point u € X,

(I3) there is x € X,; {T™(x) }nen has a subsequence {T™ (x)}nen v-converges to u. Then u is a unique fized
point.

Proof. v-continuity of T' at u implies that {T™*!(x)},en v-convergent to T'(u) = u. Suppose T'(u) # u,
consider the two v-open balls By = B(u,¢) and By = B(T'u, &) where £ < #min{vy(u, Tu, Tu), vx(Tu, u,u)}
for all A > 0.

Since T™(z) — u and T+ (x) — Tu, then there exist Ny € N such that if i > Ny implies 7™ (z) € By
and T *1(x) € By. Hence our assumption implies that we must have

vA(T™(z), T (2), T (2)) > e (i > Ny), (3.1)
for all A > 0. We have from (I1),
AT (@), TV (), T3(@)) < ann (7 (@), TV (&), 7 ()
oA (T (), T2 (), T ()
ey (TMH2(z), T3 (2), T3 ()
for all A > 0. By axioms of modular G-metric (V3), we have
DT (), TV (), TV () < (T (2), TV (2), T (z), (3.2)
AT (@), T (@), TV (@) < op (T4 (), T2 (), T F3(),
for all A > 0. Whence, from and , we get
A (T (@), T2 (2), T (2)) < roa (T (2), T (2), T (@), (3.4)
for all A > 0 where r = ﬁ‘gﬂ)) and r < 1, since 0 < a + b+ ¢ < 1. On the other hand by inequality
and we get
oA (T4 (@), T2 (), T2 (@) < roa (T (), T (), T (2)), (3.5)
for all A > 0. For &k > j > N; and by repeated application of we have
A (T (), T (), T (2)) (T (), T (), T ()
P2\ (T2 (2), T (@), T (@)

(VAN VAN VAN VAN

Py (T (), T (), T (1)),

for all A > 0. Thus limy__eova(T™ (x), T 1 (x), T 1 (x)) = 0 for all A > 0, which contradict (3.1]), hence
Tu = u.
Suppose there is w € X,; Tw = w, then from (I1), we have

va(u, w, w) = va(Tu, Tw, Tw) < avy(u, Tu, Tu) + (b + c)vr(w, Tw, Tw) = 0,

for all A > 0. This prove the uniqueness of u. O
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Theorem 3.3. Let (X,v) be a v-complete modular G-metric space and let T : X, — X,, be a mapping
satisfies the following condition for all x,y,z € X,

Tz, Ty, Tz) < avy(z,Tz,Tx)
+bV)\(y7 Ty7 Ty) + CV)\<27 Tz, TZ) + dV/\(xa Y, Z)? (36)

forany A >0 where 0 < a+b+c+d <1, then T has a unique fixed point, say u, and T is v-continuous at
u.

Proof. Let zp € X,, be an arbitrary point and define the sequence {x, }nen by z, = T"(x¢). By inequality

(3.6) we have
V)\(.%'n, Tn+1, xn+1) < aV)\(xn—la Tn, xn) + (b + C)I/)\(:L'n, Tn+1, xn-{—l) + dV}\(xn—lv Tn, :Un>,

for all A > 0. Whence

a+d
I/)\(:L'n, Tn+1, xn+1) < ﬁy)\(xnfla Tn, -Tn)’

b+ c
for all A > 0. Letr:%then0§r<lsince0§a+b+c+d<1. So

UA(Tn, Tpt1, Tnt1) < TN Tn—1, T, Tp)
, for all A > 0. Continuing in the same argument, we will get

AT, Tpg 1, Tog1) < A (Tp—1, Tny Tn)
, for all A > 0. Moreover for all n,m € N; n < m we have by axiom (V5)

UA(Tns Ty Tm) < V_a (Tn, Tpg1, Tng1) + V_x (Zng1, Tng2, Tng2)
m—n m—n

+UA(Tn42, Tnt3, Tngs) + -+ V2 (Tm—1, Tm, Tm)
m—n

IN

(™ e Yy (2, 21, 21)

,,,.')"L
1_
for all A > 0. Hence vy(zpn, Tm,Tm) —> 0 as n — oo for all A > 0. Thus {z, }nen is v-cauchy sequence.

Due to the completeness of X, there exists u € X, such that {z,},en is v-converge to u. Suppose that
Tu # u, then

vA(zp, Tu, Tu) < avx(Tn-1,Tn, Tn) + (b + )va(u, Tu, Tu) + dvs(xn—1, u,u),

< TVA(xoaxl’xl)v

for all A > 0. Taking the limit as n — oo then vy (u, Tu, Tu) < (b + ¢)vx(u, Tu, Tu) for all A > 0. This is
contradiction implies that T'u = u. To prove uniqueness, suppose u # w such that Tw = w, then

va(u, w,w) < avy(u,Tu, Tu) + (b+ c)vy(w, Tw, Tw) + dvy(u, w, w)
= dvy(u,w,w),

for all A > 0 which implies that © = w. To show that 7" is v-continuous at u, let {y, }nen € X, be a sequence
such that lim,, o y, = u. We can deduce that

V)\(uaTyTMTyn) S aV}\(ua TU7TU) + (b+c)]/)\(yTL7TynaTyn) +dV)\(u7yn7yn)
- (b+C)VA(ynaTyn7Tyn) +dV)\(u7yn7yn)
and since vx(Yn, TYn, Tyn) < va (Yn,u,u) + va (u, Tyn, Typ), for all A > 0. We have that
2 2
A Ty, Tyn) = (0 + Joa(w, Tyn, Tyn) - < va(u, Ty, Tyn) = (0 + c)va (u, Tyn, Tyn)
< (b + C)V% (ynv u, ’U,) + du)\(u, Yn, yn)
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for all A > 0, whence

b+c d
AU, Tyn, Tyn) < 1(—(b+)c)1/3 (Yn, u,u) + mw(u,yn,yn),
for all A > 0. Taking the limit as n — oo from which we see that vy (u, Ty, Tyn) — 0 and so by definition
v-continuous Ty, — u = Twu. If is proved that T is v-continuous at u. O

We see that if we take d = 0, the following theorem becomes a direct result.

Theorem 3.4. Let (X,v) be a v-complete modular G-metric space and let T : X, — X, be a mapping
satisfies for oll x,y,z € X,

v\(Tx, Ty, Tz) < avy(z,Tx,Tx) + bvr(y, Ty, Ty) + cvr(z,Tz,Tz),
for any X > 0 where 0 < a+b+c <1, then T has a unique fized point, say u, and T is v-continuous at u.

The following examples support that condition (I12) and (I3) in theorem do not guarantee the com-
pleteness of the modular G-metric space.

Example 3.5. Let X = [0,1), A € (0,00), T'(xz) = § and vy(2,y,2) = M such that G(z,y,2) =

max{|z —y|, |y — z|, |x — z|}. Then (X,v) is modular G-metric space but not complete, since the sequence
zn = 1— 1 is v-cauchy which is not v-convergent in (X,v). However, condition (I2) and (I3) in theorem
are satisfied.

Theorem 3.6. Let (X,v) be a modular G-metric space and let T : X, — X, be a G-continuous mapping
satisfies the following conditions:

(111) v\(Tz, Ty, Tz) < k{v\(z, Tz, Tx) +vr(y, Ty, Ty) + vx(2,T2,Tz)} for all x,y,z € M and X\ > 0 where
M is an every where dense subset of X, (whit respect the topology of modular G-metric convergence) and
0<k<g,

(112) there is x € X,; {T"(x) }nen —> u. Then u is a unique fized point.

Proof. Tt is enough to show that condition (I1) in theorem holds for any z,y,z € X, and A > 0.
Case 1: If z,y,z € X,\M, let {x,}n, {yn}n, and {z,}, be a sequences in M such that z,, — z, y, — y
and z, — z. By axioms of modular G-metric (V5), we have

V)\(T.I,Ty,TZ) <va (Tx?Tvay) T (TzaTyaTy)
2 2

for all A > 0, also

vy (Tz, Ty, Ty) < vy (Tz, Tz, Tzy) + v (Tzp, TYn, Tyn) + vy (T'yn, Ty, Ty) (3.7)
for any A > 0 and by (II1), we get

Va (Tzn, Tyn, Tyn) < k{V%(Zn, Tzn, Tzn) + 2V% (Yns TYn, Tyn)} (3.8)
for all A > 0, again by (V5) we have

va (2n, Tzn, Tzp) < y%(zn, z,2) + v (2,Tz,Tz) + v (Tz,Tzp, Tzy), (3.9)

V2 (ns Tyn, Tyn) < v (Yo y,y) +va (y, Ty, Ty) + v 2 (Ty, Tyn, Tyn), (3.10)
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for all A > 0. So from , and we get
vy (Tz, Ty, Ty) < va (Tz,Tzp, Tzn) + vy (Tyn, Ty, Ty)
—l—kv% (2n,2,2) + kV% (Tz,Tzp, Tz) + 2k:y%6 (Yn, ¥, Y)
+2k1/% (Ty, Tyn, Tyn) + kué (2,T2,Tz) + QkV% (y, Ty, Ty)
< (1+ l{:)y?x2 (Tz,Tzn, Tzp) + va (Tyn, Ty, Ty)
—Hw% (2n,2,2) + 2ku% (Yn, Y, y) + 2/{:1/% (Ty, Tyn, Tyn)
—Hw% (2,T2,Tz) + 2]{1/% (y, Ty, Ty)
for all A > 0, similarly we deduce that
va (Tz, Ty, Ty) < (1+ k)V% (Tz,Txy, Txy,) + vy (yn, Ty, Ty)
—Hful% (Tn, z,x) + 2l<:y% (Yns Y, Y)
+2kv 5 (Ty, Tyn, Tyn) + kv (x,Tx,Tx)+ QkV%(y, Ty, Ty)
for all A > 0. Hence, by inequality and we get
v\(Tz, Ty, Tz) < 2 (Tz, Ty, Ty) + v (Tz, Ty, Ty)
< {1+ l~c)y%2 (Tz, Txy, Txy) + va (yn, Ty, Ty)
+k‘u% (Tn, z,x) + Qku% (Yn, Yy, y) + 2]{1/%2 (Ty, Tyn, Tyn)
—l—k‘uz%2 (x,Tx,Tx) + 214:1/342 (y, Ty, Ty)}
+H(1+ k)l/% (Tz, Tz, Tzy) + va (Tyn, Ty, Ty)
+k:u%(zn, z,2) + QkVI% (Yn,y,y) + Qkyg% (Ty, Tyn, Tyn)
-Hw%(z, Tz,Tz)+ 2]{:1/%2 (y, Ty, Ty)}
for all A > 0. Since T is v-continuous as n — oo in the above inequality we obtain
v\(Tz, Ty, Tz) <k {1/342 (x, Tz, Tx) + 41/3% (y, Ty, Ty) + 1/3%(2, Tz, Tz)}
for all A > 0.

(3.11)

(3.12)

Case 2: If x,y € M, z € X,\M, let {z,}, be a sequence in M such that z, — z then by (V5) we have

V)\(T'T’ Ty, TZ) <va (T1:7 Ty, Ty) +va (TZ, Ty, Ty)
2 2
for all A > 0. On the other hand by (II1) and (V5) we have
v (Tl‘a Tya Ty) <k {VA (:L‘a T:Ca TCC) +2va (y7 Ty7 Ty)}
2 2

(Tz, Ty, Ty) <va(Tz,Tzn, Tzp) + va(Tzp, Ty, Ty)
4 4

I>

ISP

v
for all A > 0. Again by (II1) and (V5) we have

va (Tzp, Ty, Ty) < k {V% (zn, Tzn, Tzy) + 21/% (y, Ty, Ty)}
and

va (zn, Tzn, Tzy) < V%(Zn, z,2) + v (2,Tz,Tz) + v (Tz,Tzp, Tzy)
for all A > 0. By inequality (3.13]), (3.14)), (3.15) and we get

vNTz,Ty,Tz) < kvx(x,Tz,Tx)+ 2kvs(y, Ty, Ty) + kva(zn,2,2) + kv (2,T2,Tz)
2 2 8 16

+kva (Tz,Tzp, Tzn) + va (T2, Tzp, Tzy) + 2kva (y, Ty, Ty)
16 4 4
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for all A > 0. Since v is nonincreasing function we have
Tz, Ty, Tz) < kl/% (x, Tz, Tx) + 2k1/% (y, Ty, Ty) + kV% (2n,2,2) + kV%(z, Tz,Tz)
-HfV% (T2, Tz, Tzn)} + va (Tz,Tzp, Tzy) + QkV% (y, Ty, Ty)
for all A > 0. Now letting n — oo in the inequality, we get

Tz, Ty, Tz) < k {I/A (x, Tz, Tx)+4vr(y, Ty, Ty) + v (2, Tz, Tz)}
2 4 16

< k {1/4 (v, Tx,Tx)+4vx (y, Ty, Ty) + v (z,Tz,Tz)}
32 32 32

for all A > 0.
Case 3: Ify € M and x, z € X,\M, let {z,} and {z,} be a sequences in M such that x,, — = and z, — z,
but by (V5) we have

vN(Tz, Ty, Tz) < va (Tz, Ty, Ty) + va (Tz,Ty,Ty) (3.17)
va (Tz, Ty, Ty) < va (Tx, Txy, Txy,) + va (T, Ty, Ty) (3.18)

for all A > 0. Also from (II1) and (V5) we have
v (Tzp, Ty, Ty) < k‘{l/% (xn, Ty, Txy) + 21/% (y, Ty, Ty)} (3.19)
va (Xp, Txp, Txy) < va (Tn, z, ) + v (x,Tx,Tx) + Va (Tx, Tzp, Txy,) (3.20)

for all A > 0. So, by and , we have
v (Txy, Ty, Ty) < ky% (Tn,z,x) + kl/% (x,Tx,Tx) (3.21)

+k‘u% (Tx, Txy, Txy) + 2k1/% (y, Ty, Ty)
for all A > 0. Then from and we have
vy (Tx, Ty, Ty) < k‘l/% (Tp,x, ) + k‘l/% (z, Tz, Tx) (3.22)
+(1+ k?)l/% (Tx, Txp, Txy) + 2/4:1/% (y, Ty, Ty)
for all A > 0. By similaly
vy (Tz, Ty, Ty) < k:y%(zn, z,2) + k‘I/% (2,Tz,Tz) (3.23)
+(1+ k‘)l/l% (Tz,Tzp, Tzn) + 2]{7V% (y, Ty, Ty)
for all A > 0. Then from and , we get
Tz, Ty, Tz) < vy (Tz, Ty, Ty) + v (Tz, Ty, Ty)
< (1+ k)l/% (Tz, Txy, Txy,) + QkV% (y, Ty, Ty)
-HfV% (Tn,z,x) + ku% (x, Tz, Tx)
+(1+ k)V% (Tz,Tzp, Tzy) + kV%(zn, z,2)
+kV%(z, Tz,Tz)+ 2k1/% (y, Ty, Ty)
for all A > 0. Now letting n — oo in the above inequality and using the fact that T" is v-continuous, we get

Tz, Ty, Tz) < k {I/A (x, Tz, Tz) + 4var(y, Ty, Ty) + v (z,Tz,Tz)}
16 4 16

< k {1/4 (x,Tx,Tx)+4vx (y, Ty, Ty) + v (z,Tz,Tz)}
32 32 32
for all A > 0. So, in all case we have for any z,y,z € X, and A >0

Tz, Ty, Tz) < av(z,Tz,Tzx)+bvs(y,Ty,Ty)+cvi(z,T2,Tz)
32 32 32
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where a = k, b =4k, c=kand a+b+c < 1since 0 < k < % then by theorem , 7" has a unique fixed

point. 0
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