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Abstract

In this paper, we investigate some common fixed point theorems for weakly C-contractive mappings in
ordered partial metric spaces. Presented theorems generalize the results of Karapmmar and Shatanawi [E.
Karapinar, W. Shatanawi, Abstr. Appl. Anal., 2012 (2012), 17 pages]. An example is also given to support
our main result. (©2016 All rights reserved.

Keywords: Fixed point, common fixed point, partial metric space, weakly C-contraction.
2010 MSC: 47TH10, 54H25.

1. Introduction and Preliminaries

In [23], Matthews introduced the notion of a partial metric space as a part of the study of denotational
semantics of dataflow networks. In partial metric spaces, the self distance d(z,x) is no longer necessarily
zero. In the same reference, some fixed point theorems were investigated. Recently, many authors paid much
attention to partial metric spaces, and generalized the fixed point theorems in metric spaces into theorems

in partial metric spaces (see, e.g., [ 2, 4, [ [6, 10, 1T, 12} 14} 16} 18, 19 20, 26, 28] and references therein).
In [13], Choudhury introduced the concept of weakly C-contractive mapping as follows.

Definition 1.1 ([I3]). Let (X,d) be a metric space and T : X — X be a mapping. Then T is said to be
weakly C-contractive (or a weakly C-contraction) if for all z,y € X, the following inequality holds:
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A(T2, Ty) < 3 (d(x, Ty) + d(Te, ) — G(d(x, Ty), d(Tr. )

where ¢ : [0,400) x [0,+00) — [0,400) is a continuous function such that ¢(z,y) = 0 if and only if
z=y=0.

After that, some results have appeared related to weakly C-contractive mappings (see, for example,
I8, 9, 15 27]). Karapmar and Shatanawi [20] introduced the weakly (C,, ¢)-contractive mappings and
investigated fixed point theorems for such mappings in ordered partial metric spaces.

Definition 1.2 ([20]). Let (X, <) be a partially ordered set and p be a partial metric on X. Then the
mappings S,T : X x X — X are said to be weakly (C, 1, ¢)-contractive mappings if 7" and S are weakly
increasing with respect to < and for any comparable  and y, we have

w(p(Ta,5y) < v (PEEDTIEEN) ooty plo, 50).

where

(a) ¢ :[0,400) — [0, +00) is an altering distance function;
(b) ¢ :[0,400) x [0,+00) — [0,+00) is a continuous function with ¢(¢,s) = 0 if and only if t = s = 0.

Some concepts in the Definition [T1.2] will be introduced in the next section.

For weakly (C, 1, ¢)-contractive mappings, Karapmar and Shatanawi obtained some results in [20].

Theorem 1.3 ([20]). Let (X, =) be a partially ordered set and suppose that there exists a partial metric p on
X such that (X,p) is complete. Suppose that T, S : X x X — X are weakly (C, 1), ¢)-contractive mappings.
If T and S are continuous, then T and S have a common fixed point; that is, there exists u € X such that
u="Tu = Su.

Definition 1.4 ([20]). X is called to satisfy property (P) if {x,} is a nondecreasing sequence in X such
that liril p(zn,x) = p(x, ), then z, < x for all n € N.
n—-+0oo

Theorem 1.5 ([20]). Let (X, <) be a partially ordered set and suppose that there exists a partial metric p on
X such that (X, p) is complete. Suppose that T, S : X x X — X are weakly (C, v, ¢)-contractive mappings.
If X satisfies property (P), then T and S have a common fixed point; that is, there exists u € X such that
u="Tu= Su.

In this paper, we investigate some common fixed point theorems for weakly C-contractive mappings in
ordered partial metric spaces. Our results generalize and extend the results in [20]. Throughout this paper,
the letters N, N* and R' will denote the set of all nonnegative integer numbers, the set of all positive
integer numbers and the set of all nonnegative real numbers, respectively.

Let us recall some definitions and some properties of partial metric spaces which will be needed in the
sequel.

Definition 1.6 ([23]). A partial metric on a nonempty set X is a function p: X x X — R™ such that for
all z,y,z € X:

(P1) z=y & p(x,y) =plz,z) =py,y),
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A partial metric space is a pair (X, p) such that X is a nonempty set and p is a partial metric on X.
It is clear that, if p(x,y) = 0, then from (P;) and (P%), z = y. But if x = y, p(z, y) may not be 0.
For a partial metric p on X, the function d, : X x X — [0, 4+00) given by

dp(z,y) = 2p(x,y) — p(z,z) — p(y,y)

is an usual metric on X. Each partial metric p on X generates a Ty topology 7, on X with a base of the
family of open p-balls {B,(z,¢) : * € X,e > 0}, where By(z,¢) = {y € X : p(z,y) < p(z,z) + ¢} for all
z € X and € > 0.

In a partial metric space, the concepts of convergence, completeness and continuity are defined as follows.

Definition 1.7 ([22] 23]). Let (X, p) be a partial metric space. Then:
(i) A sequence {z,} in a partial metric space (X,p) converges to a point x € X if and only if

pla,2) = lim_p(e, ).

(i) A sequence {x,} in a partial metric space (X,p) is called a Cauchy sequence if there exists (and is
finite) lim  p(zm,zn).
n,m—-+oo

(7i1) A partial metric space is called complete if every Cauchy sequence {x,} in X converges with respect
to 7, to a point € X such that p(x,z) = lim p(zp,zy).

n,m—-+00

(7v) A mapping T : X — X is said to be continuous at xg € X if for every € > 0, there exists ¢ > 0 such
that T'(Bp(zo,0)) C Bp(Txo,¢).

The following lemmas play an important role in the proof of our main results.

Lemma 1.8 ([3]). Let (X,p) be a partial metric space.
(A) A sequence {x,} is a Cauchy sequence in a partial metric space (X, p) if and only if {z,} is a Cauchy

sequence in a metric space (X, dp).

(B) A partial metric space (X,p) is complete if and only if the metric space (X,d,) is complete. Moreover,

lim dy(zp,z) =0% P(z,z) = lim p(z,,z)= lim p(zp,zm). (1.1)

n—-4o0o n—-+00 n,m—-+oo

Lemma 1.9 ([3,[17]). Assume that z, — z asn — 400 in a partial metric space (X, p) such that p(z,z) = 0.
Then lirJrrl p(zn,y) = p(z,y) for every y € X.
n——+0oo

Lemma 1.10 ([24]). Let (X, p) be a partial metric space and let {x,} be a sequence in X such that

Jm p(zn41, 20) = 0.

If {x2,} is not a Cauchy sequence in (X, p), then there exists ¢ > 0 and two sequences {m(k)} and {n(k)}
of positive integers such that n(k) > m(k) > k and the following four sequences tend to € when k — +o0:

p(x2m(k)ax2n(k))a p(me(k)7$2n(k)+1)7 p(‘er(k)flvan(k))a p(x2m(k)717x2n(k)+1)- (1.2)

Lemma 1.11 ([20, 24]). Let (X,p) be a partial metric space, T : X — X be a given mapping. Suppose that
T is continuous at xo € X. Then, for each sequence {xn} in X, x, = x¢ in 7p = Txy — Txo in 7, holds.
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2. Main results
In this section, we begin with the following definitions( see, e.g., [7, 21 25] and references therein).

Definition 2.1 ([21]). The function ¢ : [0, +00) — [0, +00) is called an altering distance function, if the
following properties are satisfied:

(1) ¢ is continuous and nondecreasing;

(2) ¢(t) =0 if and only if ¢ = 0.

Definition 2.2 ([7]). Let (X, <) be a partially ordered set. Two mappings 7, S : X — X are said to be
weakly increasing if Tx < STx and Sz < T'Sz for all z € X.

Definition 2.3 ([25]). Let (X, <) be a partially ordered set and let 7,5 : X — X be two mappings. The
mapping S is said to be T-weakly isotone increasing if for all x € X, we have Sz < TSz < ST Sx.
Remark 2.4 ([25]). If T,S : X — X are weakly increasing, then S is T-weakly isotone increasing.
Now we give our first result.
Theorem 2.5. Let (X, <) be a partially ordered set and suppose that there exists a partial metric p on X

such that (X, p) is complete. Let T, S : X x X — X be mappings. Suppose that T and S are continuous. If
S is T-weakly isotone increasing with respect to = and for any comparable x and y in X, we have

0oz, 5y) < (PEETPEI) (0, ). o, 5) (2.)
where
(1) 1,0 : [0,400) — [0, +00) are altering distance functions with
P(t) —p(t) 2 0 (2.2)
for allt > 0.

(2) ¢ :[0,+00) x [0,400) = [0,4+00) is a continuous function with ¢(t,s) =0 if and only if t = s = 0.
Then T and S have a common fized point; that is, there exists u € X such that u = Tu = Su.

Proof. Let xp be an arbitrary point in X. Set Sxg = x1 and Tz; = xo. Continuing this process, we can
construct sequence {x,} in X such that

Ton+1 = S.%'Qn, Ton42 = TZCQn_H, n € N. (2.3)
Since S is T-weakly isotone increasing with respect to <, we have

Ir = S.CC() j TS%‘O = T.Tl = I9 j STS{L'() = S.CCQ = I3,
T3 = Saﬁg j TSH?Q = Tajg = 4 j STS.%'Q = S$4 =I5,

and continuing this process, we get
T 2wy 2wy 2 2wy X g S (2.4)

Now, we discuss the following two cases.

Case 1. If p(xp, xpy1) = 0 for some n = ng € N, then S and T have at least one common fixed point. In
fact, since p(ngy, Tno+1) = 0, we get Tp, = Tngy1. If ng = 2k(k € N), then zop = wop41. Using and
(P2), we have

V(p(T2kt1, Tort2)) = V(P(T2ok41, STak,))

o (p(T$2k+1, Tor) + p(Tok+1, STak)

<
o 2

> — ¢(p(Twopt1, Tok), P(Tok+1, STak))
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i P(Torr2, Tor) + p(Topy1, Tary1)
2

(P(l’zk, Tok+1) + P(T2k41, Tokt2)
2

< @ (maz{p(zor, Tak11), P(Tar 41, Torr2)}) — O(P(Tary2, Tor), P(T2kt1, T2rt1))
= ¢ (maz{p(vars1, Tort1), P(T2rt1, Tort2)})

— ¢(p(wary2, Tort1), P(T2kt1, Tort1))
= @ (p(r2p41, Tont2)) — ¢(P(T2r42, Tor41), P(Tokt1, Tapy1))- (2.5)

From (2.2) and (2.5), we have ¢(p(zor+2, T2k+1), P(¥2k+1, T2k+1)) = 0, by the property of ¢, we get
p(Tok+1, Tokre) = 0, that is, zog+1 = Topto. By similar arguments, we obtain xop12 = Zokts and so on.
Thus {x,} becomes a constant from n = 2k, that is

) — o(p(wan42, Tok), P(Tokt1, Takt1))

IA
€

> — ¢(p(T2r42, Tor), P(Tokt1, Tory1))

Top, = Toft1 = Tok42 = - - (2.6)

[£3) and (Z.6) yield

Top = Sxop, = Twog, (2.7)

which implies that xoj is the common fixed point of S and T

Similarly, one can show that if ng = 2k + 1(k € N), then S and T have at least one common fixed point.
Therefore, we have proved that if p(x,, zp+1) = 0 for some n = ng € N, then S and T have at least one
common fixed point. Case 2. If p(z,,x,12) = 0 for some n = ng € N, then S and T have at least one

common fixed point. Indeed, if ng = 2k(k € N), then p(zo, xog+2) = 0, hence xop = xor12, due to (2.1)),
we have

Y(p(zont1, Takt2)) = Y(Txopqr, Swor)

p(Txopi1, xor) + p(Topi1, STok

< <P< (Trar1, var) 5 (@ok+1, 522 )> — ¢(p(Txops1, xok), P(Tor+1, STak))
D(XT2k+2, T2k) + P(T2k+1, T2k

= <P< (@2t ) 5 (@2t H)) — ¢(p(wop42, Tor), P(T2kt1, Tor+1))

Tok, Tok+1) T P(T2k+1, T2k

< ¢ <p( 2t P 1)+ POk 02 *”) — B(p(@ann, 2o, P2y T2s1))
D(T2k+2, Tak+1) + P(T2k+1, T2k

= ( ( 2hi2, +1) 9 ( bl 22 +2)> - ¢(p(1’2k+2,xzk),p(902k+17$2k+1))

= w(p($2k+2,902k+1)) - ¢(p($2k+2,332k),p(952k+17i€2k+1))' (2'8)

Applying (2.2) and ([2.8]), we obtain ¢(p(xak, Tok+2), P(T2k+1, Tak+1)) = 0, using the property of ¢, we have

P(Top41, Tar41)) = 0. (2.9)
Since
Y(p(Topt1, Tort2)) = Y(PTTor41,STo1))
Tx , Tog) + pz , ST
S © <p( 2k+1 2/{2) ; p( 2k+1 2k)> - Qb(p(Tka—‘,-l;$2k)7p(332k+175’x2k))
x , X + plx , X
= W(p( 2042, T2k) 2p( 2l 2k+1)> — O(p(T2r+2, Tok), P(T2ht1, Tokt1))

= #(0) = ¢(0,0) (2.10)

Applying (2.10) and the property of ¢ and ¢, we obtain that ¥ (p(xog+1,zok+2)) = 0, and thus
p(T2k+1, Tok+2) = 0, which means that S and T have at least one common fixed point from Case 1. Similarly,
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it is easy to show that if ng = 2k + 1 (k € N), then S and T have at least one fixed point, this completes
the proof of case 2.
Taking p(zn, Tn+1) > 0 and p(zp, Tny2) > 0 for n € N, we shall show that for every n € N,

P(T2n42, Tont1) < P(T2n41, Tan)- (2.11)
Suppose, to the contrary, that p(xant2, Tan+1) > p(Ton+1, T2, ) for some n = ng, that is,
p($2n0+2, x2n0+1) > p($2n0+17 «7:2710)'

Using ([2.1), we obtain

d) (p($2n0+17 $2n0+2))
= ¢ (p(T$2no+1v Sx?no)

p(Txs 1,2 + p(x2 1,52
< @ < ( notl nO) 9 ( notl n0)> - ¢(p(T$2nO+1,$2n0),p($2n0+1,8$2n0))
D(Z2ng+25 T2ng) + P(XT2ng+1, T2ng+1
= < (@2ng 2 T2no) 5 (@2ng 1, Tono+ )> — O(P(T2n0+2> T2n0)s P(T2n0+1> T2ng+1))
P(T2ngs Tang+1) T P(T2ng+15 L2no+2
< <P< (@2n0, T2no 1) 5 (@2n, e )> — O(P(T2m0+2, T2ng)s P(T2m0+1> T2ng+1))
< v (max{p(@no ) $2n0+1)a p($2n0+1, 96‘2n0+2)}) - ¢(p($2n0+2, $2n0),p(332n0+1, w2n0+1))
= @ (p($2n0+1, x2n0+2)) - ¢(p($2n0+2, l’2n0)7p(x2n0+1, ZL‘2n0+1)). (2'12)

Equation (2.12)) together with (2.2) gives ¢(p(z2n+2; T2no), P(T2n9+1, T2ne+1)) = 0. Applying the property
of ¢, we get p(zany, Tany+2) = 0, which contradicts with p(xy,, z,42) > 0 for n € N, hence (2.11]) holds.
Similarly, one can show that for every n € N, the following inequality holds.

P(T2nt1, T2n) < D(T2n, Ton—1)- (2.13)

Equations (2.11)) and (2.13) imply that the sequence {p(zy,2n,+1)} is nonincreasing. Consequently there
exists some r > 0 such that
lim p(zp,Tni1) =1 (2.14)

n—-+oo

By (2.14]) and the following inequalities

P(Zan, Tant2) < D(Ton, Tant1) + D(Ton+1, Tant2) — P(T2nt1, Tant1) < P(Zon, Tant1) + P(T2nt1, T2nt2),

we get that {p(z2n, T2n42)} is bounded. Hence there exists some subsequence {p(Zon(k); Ton(k)+2)} of
{p(x2on, Ton+2)} converging to some rg, that is

i = 10. 2.15
kiglmp(xzn(k)7$2n(k)+2) 7o (2.15)

Due to (P2), we have
P(Tan(k)+1 Tan(k)+1) < P(Tan(k)+15 Tan(k))s
using (2.14), we get that {p(22,(k)+1, Tan(k)+1)} is bounded, thus there exists a subsequence

{p(xQn(ki)—l—laan(ki)—&—l)} of {P($2n(k)+1,fﬂ2n(k)+1)} such that {p($2n(ki)+1,$2n(ki)+1)} converges to some 1y,
that is

. ' )+ =1 2.16
k_lg_loop(:UQ”(kz)-Hvx2n(kl)+1) 1 ( )

By , we have
Y (2@ 11 Tonte)+2)) = (P(TTon(k)+15 STon(k,))
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< (p(TxZn(ki)+17x2n(ki)) + P(T2n (k)15 San(ki)))
- 2

—O(P(TTon(ky)+15 T2n(k:))s P(T2n(k)+15 ST2n(k;))

; (p(xQn(ki)+27x2n(ki)) + P(Tan(k)+15 $2n(ki)+1))
2

—O(P(T2n (ki) +2> Tan(ks))s P(T2n (ki) +1> Ton(ks)+1))

< o (p($2n(ki)7x2n(ki)+l) + P(Ton(k;)+15 x2n(k¢)+2)>
- 2
—<Z5(P(»’U2n(ki)+2, $2n(ki))7p(x2n(ki)+la 1'2n(k¢)+1))- (2.17)
Letting ¢ — +o00 in the above inequalities, and using (2.14]), (2.15)) and (2.16)), we obtain
P(r) < @(r) = ¢(ro, 1), (2.18)
which means that ¢(rg,r1) = 0, hence ro = 0 and 1 = 0.
Since
U (P(Tan(k) 41 Tank+2)) = ¥ (P(TT2n0)11> STon(h:))
< (p(TxQn(ki)—&—lv Ton(k;)) T P(Ton(k)+15 5$2n(ki))>
- 2

—O(P(TTon (k) +15 T2n(k:))> P(T2n(k)+15 ST2n(k;))

” <p($2n(ki)+27 Ton(ky)) + P(Ton(k)+15 x2n(kzi)+1)>
2

—O(P(T2n (ki) 42> Ton(ks) )s P(Ton (k) +1> Tan(ki)+1)) s

taking the limit as i — o0, by the property of ¢ and ¢, we have 1(r) < ¢(0) — ¢(0,0) = 0, which implies
that » = 0, that is

nETmp(xn’$n+l) 0. (2.19)
From (P) and (2.19) , we have
EI-P p($na$n) =0. (2'20)

Now, we claim that {z,} is a Cauchy sequence in the metric space (X, d,)( and {z,} is a Cauchy sequence in
the space (X, p) by Lemmal[L.8)). For this, it is sufficient to show that {z2,} is a Cauchy sequence in (X, d,).
Suppose that this is not the case, then using Lemma we have that {x2,} is not a Cauchy sequence in
(X,p). By Lemma we have that there exist € > 0 and two sequences {m(k)} and {n(k)} of positive
integers such that n(k) > m(k) > k and sequences in tend to € when k — 4o0.

From (2.1)), we obtain

U (P(@2n ) +15 Tam(r))) = © (TZom)—1, STon())
(p(Tfﬂzm(k;)—b Ton(k)) + P(Tom(k)—1 Sﬂﬁzn(k)))

S 5

—¢ ( (Tme (k)— 17x2n(k))’p($2m(k)—lv Sx2n(k:)))
_, <p($2m(k:)v Ton(k)) + P(T2m(k)—15 $2n(k)+1))

2

— & (P(@2m@k)> Tan(k) ) P(T2m(k)—15 T2n(k)+1)) -

Letting £ — +o00 and using the continuity of ¥, ¢ and ¢, we get

¥(e) < ple) = dle¢),
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which implies that ¢(e,e) = 0. Hence ¢ = 0, which is a contradiction. Thus {x,} is a Cauchy sequence
in (X,dp), and {z,} is also a Cauchy sequence in (X, p). Since (X,p) is complete then the sequence {x}
converges to some z € X, that is

p(z,2) = nEToop(x"’ z) = nmyg;oop(:vn, Tm).

Moreover, the sequence {z2,} and {z2,+1} converge to z € X, that is

p(z,2) = nggloop(:vzn, z) = nmliglﬁop(xzm Lom,).-
and
p(za Z) = nEIfoop(fL?nJrl, Z) = n’%igiroop(mnﬂ, $2m+1)-

Since {z,} is a Cauchy sequence in (X, dp) , we have lim dp(zp,zp) = 0. By dp(zp, 2p) = 2p(2p, 2p,) —

n,m—-+00
p(Tn, Tn) — p(Tm, Tm), we obtain  lim  p(zy, ) = 0, then we have
n,m—-+00
plz,2) = lm p(zn,z) = lm p(ea,z) = Lm p(anr,z) =0. (2.21)

By Lemma [1.9] we conclude that

ngrfoop(xn, Tz) =p(z,Tz), (2.22)
and
ngrfoop(xn, Sz) =p(z, Sz). (2.23)
Since T is continuous, from (2.21)), (2.22) and by Lemma we get
p(z,Tz) = ngrfoop(xn, Tz) = ngrpr(mgn, Tz) = ngrfoop(ngn_l, Tz)=p(Tz,Tz). (2.24)
Similarly, we can prove
p(z,Sz) = p(Sz,Sz). (2.25)

Applying , and ([2.25) we have
p(z,Tz) + p(z, Sz) p(Tz,Tz) + p(Sz, 5z)
v 2 v 2

< <p(Tz, S2) J2r p(Sz,Tz))

= ¢ (p(Tz,5z))

p(Tz,z) + p(z,5z)
(s

)-—¢@xTazxp&asax

which implies ¢(p(T'z, 2),p(z,Sz)) = 0, from the property of ¢, we get p(Tz,z) = 0, p(z,Sz) = 0, hence,
z=Tz, z=5z. Therefore z = Sz =Tz, that is, z is the common fixed point of 7" and S. O

Replacing the condition that S is T-weakly isotone increasing by condition that 7', S are weakly increasing
in Theorem we get the following corollary.

Corollary 2.6. Let (X, <) be a partially ordered set and suppose that there exists a partial metric p on X
such that (X, p) is complete. Let T, S : X x X — X be mappings. Suppose that T and S are continuous. If
T,5: X — X are weakly increasing and for any comparable x and y in X, we have

p(Tz,y) + p(z, Sy)
2

w@@%&MSw( >—¢@@%Mm@ﬂm%

where
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1. ¥, ¢ :[0,4+00) — [0, +00) are altering distance functions with 1 (t) — @(t) > 0 for all t > 0.

2. ¢:]0,400) x [0,+00) = [0,+00) is a continuous function with ¢(t,s) =0 if and only if t = s = 0.

Then T and S have a common fized point; that is, there exists u € X such that u =Tu = Su.

Remark 2.7. Taking 1) = ¢ in Corollary [2.6] we can get Theorem )
Theorem is still valid if S and T are not necessarily continuous.
Theorem 2.8. Let (X, <) be a partially ordered set and suppose that there exists a partial metric p on X

such that (X, p) is complete. Let T, S : X x X — X be mappings. Suppose that X satisfies property (P). If
S is T-weakly isotone increasing with respect to = and for any comparable x and y in X, we have

p(Tz,y) + p(z, Sy)
2

w@amsw><w< )—¢@a%wxMasm» (2.26)

where

1. ¢, ¢ :[0,400) — [0, +00) are altering distance functions with

P(t) —(t) =20 (2.27)

for allt > 0.

2. ¢:[0,400) x [0, 4+00) — [0, +00) is a continuous function with ¢(t,s) =0 if and only if t = s = 0.
Then T and S have a common fixed point; that is, there exists u € X such that u=Tu = Su.

Proof. As the proof of Theorem [2.5] we can construct a nondecreasing Cauchy sequence {z,} in X, such
that lirf p(xn, z) = p(z,z) = 0. Moreover,
n——+0o0

lim p($2n7 Z) = p(za Z) =0,

n—-+o0o

lim p(zon+1,2) =p(z,2) =0. (2.28)

n—-+00

Since {x,} is a nondecreasing sequence, we have x,, < z. By (2.1)), we get

P(p(@2m41,T2)) = P(p(Tz, Sw20))
o (PR T PEE ) (1), S)

” <p(TZ7372n) ;P(Za@nﬂ)) — d(p(Tz,x91), p(2, Tan41)),

letting n — +o0o in the above inequalities, and using (2.28]) and Lemma we have

p(Tz, z) + p(z, Z>> —o(p(Tz,z),p(z,2))

<

Y(p(z,Tz2)) < 90<

2
< 0Tz 2)) — ¢(p(Tz,2),0). (2.29)
Eq. (2.2) and (2.29) yield ¢(p(Tz,z),0) = 0, which means p(T'z,z) = 0, hence Tz = z. Similarly, we can
show that Sz = z. Thus z is the common fixed point of S and T Ul

Replacing the condition that S is T-weakly isotone increasing by condition that 7', S' are weakly increasing
in Theorem [2.8] we get the following corollary.



C. Chen, Y. Gu, C. Zhu, J. Nonlinear Sci. Appl. 9 (2016), 34-45 43

Corollary 2.9. Let (X, <) be a partially ordered set and suppose that there exists a partial metric p on X
such that (X,p) is complete. Let T, S : X x X — X be mappings. Suppose that X satisfies property (P). If
T,5: X — X are weakly increasing and for any comparable x and y in X, we have

p(Tz,y) + p(z, Sy)
2

w@@%&MSw( )—¢@@%Mm@ﬂ@%

where

1. ¥, ¢ :[0,4+00) — [0, +00) are altering distance functions with 1(t) — ¢(t) > 0 for all t > 0.
2. ¢:[0,400) x [0,+00) = [0,+00) is a continuous function with ¢(t,s) =0 if and only if t = s = 0.

Then T and S have a common fized point; that is, there exists u € X such that u = Tu = Su.

Remark 2.10. Taking 1) = ¢ in Corollary we can get Theorem i

Now, we introduce an example to illustrate the validity of our main result.

Example 2.11. Let X = [0,1] be endowed with the usual partial metric p : X x X — [0, +00) defined
by p(z,y) = max{x,y} and the relation < by y =< x if and only if x < y. Also, define the mappings
S, T:X — X by Tx = % and Sz = %2, respectively. Let us take 1, ¢ : [0, 4+00) — [0, +00) Suzch that
P(t) = t? and p(t) = %, respectively. Let ¢ : [0, +00) X [0, +00) — [0, +00) such that ¢(¢,s) = %. Then
one has the following.

. (X,p,X) is a complete ordered partial metric space.
. S and T are continuous.
. T,5: X — X are weakly increasing.

N R

. For any comparable z and y in X, we have

p(Tz,y) + p(z, Sy)
2

w@@%&MS¢( )—¢@@mwm@ﬁw»

Proof. 1t is clear that (1) and (2) hold. Now, we show that (3) is true. Let x € X, since T'Sz = T(%) =

6 2

g”@ < % = Sz, we have Sx =< T'Sx. Similarly, we have Tx < STxz. Thus 7,5 : X — X are weakly

increasing. To prove (4), for any two comparable elements x and y in X, if x < y, then

3 2 2
p(Tz, Sy) = maz {””; ﬁ} <=

1,3 y2 $3 y2 ,563
p(Txz,y) + p(z,Sy) =p <87y) +p (m 4> =p (8,y> + max {w 4} =p <87y> + .

So, we have

and

Y (p(Tz, Sy)) <

IN

8
_ <p(Tw, y) + (=,

' Sy)) — ¢(p(Tx,y), p(z, Sy)).
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If y <z, then

and

3 2 3 2 2
x y T Yy Yy
p(Tz,y) + p(z, Sy) =p<8,y> +p <w 4) Imaﬂf{g,y} +p (ﬂf 4> =y+p <fc 4) .

So, we have

U (p(Ta. Sy)) = T < T
_ y+n )2
- 16
@B e b))
8 16
=¢ <p(Tw’y) ;p(x’ Sy)) — o(p(Tx,y), p(x, Sy)).

From the above arguments, we conclude that (4) holds, hence all the required hypotheses of Corollary
are satisfied, and thus, we deduce the existence of a common fixed point of S and T'. Here, 0 is the common
fixed point of S and T. O
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