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Abstract

We prove some common coupled fixed point theorems for contractive mappings in fuzzy metric spaces under
geometrically convergent t-norms.
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1. Introduction

Many common coupled fixed point theorems for contractions in fuzzy metric spaces and probabilistic metric
spaces under either a t-norm of Hadzié-type or the t-norm Tp = Prod can be found in the recent literature,
see, e.g., [10], [6], [I1], [2], [3], [, [7], [I1]. The aim of this paper is to obtain similar results in a larger class
of fuzzy metric spaces, namely in fuzzy metric spaces endowed with geometrically convergent t-norms.

We assume that the reader is familiar with the basic concepts and terminology of the theory of fuzzy
metric spaces. We only recall that a t-norm T is said to be of HadZié-type ( denoted T' € H) if the family
{T"(t)}>2, defined by

TYt) =, T () = T(t, T"(t)) (n=1,2,...,t €[0,1])
is equicontinuous at t = 1, and that a t-norm T is called geometrically convergent (or g-convergent) ([5)]) if,

for all ¢ € (0,1), '
lim T2, (1 — ¢') = 1.
n—o0
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It is worth noting (see e.g. [5]) that if for a t-norm there exists ¢o € (0, 1) such that
Jim TE, (1 —q0) = 1,

then A
lim 772, (1—¢") =1

n—oo
for every ¢ € (0,1).

The well-known t-norms Ty = Min, Tp = Prod, T;, (Lukasiewicz t-norm) are g-convergent. Also, every
member of the Domby family (T/\D)/\e(om), Aczel-Alsina family (T/{‘A)Ae(om) and Sugeno-Weber family
(T2 Ae(—1,00) 18 g-convergent ([5]). A large class of g-convergent t-norms, in terms of the generators of
strict t-norms is described in [5] (also see [4], Ch. 1.8).

In the following we consider M-complete fuzzy metric spaces in the sense of Kramosil and Michalek ([g]),
satisfying the condition (FM-6): tllglo M(z,y,t) =1 for all z,y € X.

2. Main Results
We start by recalling two definitions from [9].

Definition 2.1. Let X be a nonempty set. The mappings F': X x X — X and g : X — X are said to
commute if gF (x,y) = F(gx, gy) for all z,y € X.

Definition 2.2. An element (z,y) € X x X is called a coupled coincidence point of the mappings F' :
XxX—>Xandg: X = X if F(z,y) = gz and F(y,x) = gy.
The mappings F' and g have a common fixed point if there exists z € X such that z = gz = F(x, z).

Our main theorem states as follows.

Theorem 2.3. Let (X, M,T) be a complete fuzzy metric space, satisfying (FM-6), with T a g-convergent
t-norm. Let F: X x X — X and g : X — X be two mappings such that, for some k € (0,1),

M(F(z,y), F(u,v), kt) > Min{M (gz, gu,t), M(gy, gv,t)} (2.1)

for all x,y,u,v € X,t > 0.
Suppose that F(X x X) C g(X), and that g is continuous and commutes with F. If there exist a > 0
and xg,yo € X such that
supt*(1 — M (gzo, F(zo,40),t)) < 00
t>0
and
Stl;gta(l — M(gyo, F'(yo, x0), 1)) < o0,

then F' and g have a unique common fized point in X.

We note that if (zo,y0) is a coupled coincidence point of F' and g, then the conditions supt®(1 —
>0
M (gxo, F(xo,y0),t)) < oo and supt*(1 — M (gyo, F(yo,x0),t)) < oo are satisfied.
>0

Proof. Let xg,yo be as in the statement of the theorem. Since F(X x X) C g(X), we can choose z1,y;1 € X
such that gx; = F(zo,y0) and gy1 = F(yo, o). Continuing in this way one can construct two sequences
{zp }nen and {y, }neny in X with the properties

9gTn4+1 = F(Dfmyn% 9Yn+1 = F(ynaxn)7 Vn € N.

We divide the proof into 5 steps.
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Step 1. We show that {9z, }neny and {gyn }nen are Cauchy sequences.
Indeed, let a > 0 be such that

t*(1 — M(gyo, F(yo,0),t)) < «
and
t*(1 — M(gxo, F(wo,30),t)) < «

for all ¢ > 0. Then M (ga:o,g:vl, %n) > 1—a(t*)” and M (gyo,gyl, tin) > 1 — a(t*)™ for every t > 0 and
n € N.
If t >0 and € € (0,1) are given, we choose p in the interval (k, 1) such that T2, (1 — (u*)") >1—¢
oo
and 6 = . As § € (0,1), we can find ny(= ny(t)) such that S 6" < t.

H =
n=ni

Condition ([2.1)) implies that, for all s > 0,

M (g1, gxa, ks) = M(F(xo,%0), F(z1,91), 5)
2 MZTL{M(QﬁO, gy, 5)7 M(gy()vgyla 5)}5

and

M(gy1, gy2, ks) = M(F(yo, zo0), F'(y1,21), 5)
2 Mm{M(Q?JO»QZ/L S),M(gaco,gzvl,S)}-

It follows by induction that
M(g.’l/’n, 9Tn+1, kns) 2 Mln{M(gx()a gy, S)) M(gy07 gyi1, S)}J

M(gy'IZ7gyn+17 kns) Z MW{M(Q?JOygyI; S)7M(gx07g$17 8)}7
for all n € N. Then for all n > n; and all m € N we obtain

o
M(gxnvgxn-‘rm’t) Z M <gxn,9$n+m7 Z 61)

i=ni

n+m—1 '
ZM<gxnagxn+m7 Z 61)

i=n

> T M (gai, gy, ')

> Trtml <Mm {M (g:vo,gﬂﬁla MZ> ;M <gy07gy1? W) })

> T2 (1 - o),
If we choose [y € N such that au®® < u® then
1—a(u®)"o > 1— (u*)*

for all n. Thus,
M(gxn—i-lovgxn—i-lo-i-m?t) > TiozonJrl(l - (:ua)l) >1-—e¢,
for every n > ny and m € N, hence {gx,} is a Cauchy sequence.
Similarly one can show that {gy,} is a Cauchy sequence.
Step 2. We prove that g and F' have a coupled coincidence point.
Since X is complete, there exist z,y € X such that nlg]go gTy = X, nh_)rrolo 9yn = y. We show that F(x,y) =

gz and F(y,z) = gy.
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From the continuity of g it follows that lim ggx, = gx and lim ggy, = gy.
n—oo n—oo
As F and g commute,
99%n+1 = gF (n, yn) = F(92n, gyn),
and
99Yn+1 = 9F (yn, xn) = F(gyn, gan)-
Consequently, for all £ > 0 and n € N,
M(ggen i1, F(x,y), kt) = M(F(2n, yn), F(z,y), kt)
= M(F(g92n, gyn), F(z,y), kt)
> Min{M(ggzn, gz,t), M(9gyn, gy, 1).

Letting n — oo yields M (gz, F(x,y, kt) > 1 for all ¢ > 0, hence gz = F(z,y). Similarly one can deduce
that F(y,z) = gy.

Step 3. We show that gz = y and gy = .

Indeed, letting n — oo in the inequality

M (gz, gyni1, kt) = Min{M (gz, gyn,t), M(gy, gzn,t)}  (t >0)
(obtained from M (gz, gyn+1,kt) = M(F(x,y), F(yn, zn),t)), we get
M (gx,y, kt) > Min{M (gx,y,t), M(gy, z, 1)}

and similarly
M(gy,z,kt) > Min{M (gz,y,t), M(gy,z,t)}.
Thus
t t
Min{M (gz,y,t), M(gy,x,t)} > Min {M (gx,y, k") , M <gy,x, k”)}

for all n € N, implying Min{M (gzx,y,t), M(gy,x,t)} = 1 for all t > 0. It follows that M(gx,y,t) =
M(gy,z,t) =1 for all t > 0, whence gz = y and gy = z, as claimed.

Step 4. We prove that = = y.

Indeed, from

M(gﬂan, 9Yn+1, kt) = M(F(:):nyn), F(ynv Ilﬁn), kt)
> Min{M(gn, gyn:t), M(gyn, gzn,t)}  (t >0)

it follows that M (z,y, kt) > M(z,y,t) for all t > 0, and so z = y.
Step 5. We show that the fixed point is unique.
Let z, w be common fixed points for F' and g. Then from (2.1)) we obtain

M(F(z,z), F(w,w),kt) > Min{M(gz, gw,t), M(gz,gw,t)} (t > 0),
that is, M (z,w, kt) > M(z,w,t) ¥t > 0, implying z = w. O]
Our next theorem shows that, if the t-norm T is of Hadzié-type, then the conditions
supp=ot®(1 — M(gxo, F(xo,40),t)) < 00

and
sup>ot® (1 — M(gyo, F'(yo,0),t)) < o0

can be dropped.
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Theorem 2.4. Let (X, M,T) be a complete fuzzy metric space satisfying (FM6), with T € H. Let F :
X xX — X and g: X — X be two mappings such that, for some k € (0,1),

M(F(x,y), F(u,v), kt) > Min{M gz, gu,t), M(gy, gv, )}

for all x,y,u,v € X, t > 0. Suppose that F(X x X) C g(X) and g is continuous and commutes with F.
Then F and g have a unique common fized point in X.

Proof. We only have to verify Step 1 in Theorem that is, to prove that {gz,} and {gy,} are Cauchy
sequences.

Let t > 0 and € € (0,1) be given. Since T' is a t-norm of Hadzié-type, then there exists p > 0 such that
TF(1 —p) >1—eforall ke N.

By (FM-6), we can find s > 0 such that

M(gzo, gz1,8) > 1 —p, M(gyo,gy1,s) >1— p.
Let ng € N be such that ¢t > > k's.
As in Step 1 in the proof of Theorem it can be proved that
M(grngnir, k"s) > Min{M (gxo, gz1,5), M (gyo, gy1, s} > 1 — i,

and
M (9¥yn, gYn+1, k" s) > Min{M (gyo, gy1, s), M (9xo, gx1,5)} > 1 — p

for all n € N. Therefore, for all n > ng and all m € N the following inequalities hold:

00 n+m—1
M(g$n79$n+mvt) > M <g$n>g$n+ma Z kzs) > M (ngmg:Unera Z k25>

1=n1 =n

> TP M (g4, gaig, k's) > TP 11— p) > 1 —e.

We conclude with an example to illustrate Theorem [2.3]

Example 2.5. Let X = [-2,2] and M (z,y,t) = (ﬁ)lm y|. It is easy to verify that (X, M,Tp) is a
complete fuzzy metric space.

LetF XxX—>X, F(ac,y):’”—6 y—G—Qandg X — X, g(z) = 2. Then F(X x X) = [-2,—3] and
is verified with k& =

Indeed, since

/\w\

t/2+ %) for all ¢ > 0, then

22 —u24y2 2]

M(F(:c v), F(u, v),;> _ <531> =

52 —u2 452 02|

() = (k)
o (c5) ()

= Min{M gz, gu,t), M(gy, gv,t)} (z,y € X,t>0).

lz—ul+ly—v|
2

V

The point = 4(1 — v/2) belongs to X and it is the unique common fixed point of F and g.
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