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Abstract

We consider the first order differential problem:

(P) { Z’(t) = fu(t,u(t)), for almost every ¢ € [0, 1],

(0) = 0.

Under certain conditions on the functions f,,, the problem (P, ) admits a unique solution u,, € WH1([0, 1], E).
In this paper, we propose to study the limit behavior of sequences (uy,)nen and (u],),en, when the sequence
(fn)nen is subject to different growing conditions.
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1. Introduction

The subject treated below is inspired by the paper [4], a work that studies the results to limit for the
sequence (up)nen of solutions of second order differential equations:

{ u"(t) = fult, u(t),(t)),
u(0) = u(1) = 0.
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In the quoted work the basic tools used are Helly’s compactness theorem for the sequence of deriva-
tives (u) )nen and Prokhorov’s compactness theorem for the tight sequence of derivatives of second order,
(u!)nen. The application of these compactness results was possible due to the assumption that the sequence
(fn(:,0,0)),cy is bounded in L'([0, 1], E).

The question was whether such limit results remain valid for some unbounded sequences of L!([0, 1], E).

The boundedness of a sequence in L' ([0, 1], E) provides, in addition to its tightness (permitting Prokhorov’s
compactness theorem), the using of a weak compactness result: Biting lemma.

As we have seen (see [7]), these results continue to function acceptably for a class of unbounded sequences
in L'([0,1], E) - the Jordan finite-tight sequences. In this context, the theorem of Fréchet of compactness
in measure will replace the more restrictive theorem of Helly.

In a first variant, we introduced Jordan finite-tight sets in the case of real functions of real variable in
[6], where we presented an alternative to the paper [4] for the particular problem

{ u”(t) = fu(t),
u(0) = u(1) = 0.

The results were then extended to the general case of functions defined on a space with a finite measure
(Q, A, 1) taking values in a separable Banach space ([7]). Biting lemma can be extended for Jordan finite-
tight sequences. In the particular case when € is an open convex set in R?, we obtained a compactness in
measure result for sequences of Sobolev space WH1(Q, RP). Thus, if a sequence (uy)neny € WHH(Q, RP) is
tight and the sequence of its gradients (Vuy)nen is Jordan finite-tight, then (uy),en admits a subsequence
convergent in measure. This result essentially intervened to get relaxed solutions to the classic problem of
variational calculus in [§].

In this paper, we treat the unbounded case for the general problem of [4]. Since the study of the second
order differential problem can be reduced to that of a first order problem, we will deal with a differential
equation of order 1.

2. The differential problem

Let u be the Lebesgue measure on [0,1], let E = RP be the p-euclidean space and let C([0,1], F)
(L*([0,1], E)) be the space of all E-valued continuous (integrable) functions on [0,1]. We consider on

C([0,1], E) the norm | - [Joo, Where [[ufloc = supscpoq) [|u(?)||£ and on L([0,1], E) the norm || - ||;, where
1
[olly = fo llo(®)]| zdn(t).
A mapping v = (v, ,vp) € LY([0,1], E) is a weak derivative of the mapping u = (uy,--- ,u,) €

LY([0,1], E) if, for every i € {1,...,p} and every application oco-times differentiable ¢ : [0,1] — R with
suppe C (0,1) we have

1 1
| w0 @dutt) =~ [ etotauts)
0 0

If v, w are two derivatives of u, then v = w almost everywhere. We will note the weak derivative of u with

u'.

The Sobolev space WH1([0,1], E) consists of all mappings u € C([0,1], E) with v’ € L'([0,1], E). If
WHL([0,1], E) is equipped with the norm || - ||y, where |lullw = ||ulls + ||t/||1, then it becomes a Banach
space. We remark that the norm || - ||y is stronger that the usual norm defined by ||uly11 = |Jull1 + [|/]1-

Definition 2.1. A map f:[0,1] x E — E is a Lipschitz integrand if:

L1) f(-,x) is Lebesgue measurable, for every x € FE.
L2) f(ao) € Ll([ov 1]>E)
L3) There exists 8 € L ([0,1]) with ||8]l1 <  such that, a.e. on [0, 1],

1t 2) = f(ty)lle < B®) -z —ylle, Yo,y € E.



L. C. Florescu, J. Nonlinear Sci. Appl. 6 (2013), 18-28 20

We denote by L([0,1] x E, E), or simply L, the family of all Lipschitz integrands.

Theorem 2.2. For every f € L([0,1], E) there exists exactly one function u € WH1([0,1], E) such that

P) { Z’((t)) :({(t,u(t)), for almost every t € [0,1],

Moreover,
1
Julle <2 [ 1¢.0) o),
0

and

1
mm§2/wwwmww
0

Proof. From the hypotheses L1)-L3), it follows that, for almost every t € [0, 1] and for every x € E,
1f (&, 2)lle < B() - [zl + 17 0)le, (2.1)
If we note c(t) = max{B(t), || f(t,0)||g},c € L1([0,1]), then
lft,2)||le <)+ ||z|g), Vt € ]0,1], for every z € E.
From the inequality (2.1), it follows that, for every u € C([0,1], E) and every ¢ € [0, 1],
1f & u)le < B - lu@®lle + [1fE0)E < e)(1 + [ulle)-

Therefore f(-,u(-)) € L'([0,1], E), for every u € C([0, 1], E).
It is easy to note that the differential problem (P) is equivalent to the integral equation

(1) umzﬁf@MWW@.

For every u € WH1([0,1], E), we define T'(u) : [0,1] — E letting T(u)(t) = Oftf(s,u(s))d,u(s). T(u) is

continuous on [0, 1] and
1
IT(u)]|e < / 1/ (s, u(s)l[pdpls) = (1, u()lh-
0

Moreover, almost everywhere on [0,1], (T'(u))" = f(-,u(-)) € L*([0,1], E) and

1
(T (w))'[I Z/Ilf(t,U(t))!Edu(t) = [l £C,ul))]r-
0
Hence T : WH1([0,1], E) — W1([0,1], E).
A simple calculation leads to:
1T (u) — T()|lw < 2|81 - ||u — v||w, for every u,v € Whi([0,1], E),

which shows that T is a contraction. From Banach’s fixed-point theorem, there exists only one function
u € WHL([0,1], E) such that T(u) = u.



L. C. Florescu, J. Nonlinear Sci. Appl. 6 (2013), 18-28 21

Using relation (2.1]), we obtain:

1
fulle = 1T < [ 1906 ) (e
1 " 1

< / B(t) - u(t) | pdpa(t) + / 1£(6,0)] dpu(t)

0 0

1

<13l -l + [ 1720 pdu(t

1 1 O
< gl + [ 156 0znce)

0

1
whence [[ufloo < 2 [ [ £(,0)] zdu(t).
0

1
Because ||u/||1 = [ || f(t,u(t))||pdu(t), as above, it follows that
0

1
oy <2 / 18,0 mdua(2).
0

3. Young measures

In this section we recall the necessary notions and results from the theory of Young.

The Young measures were introduced in order to obtain relaxed solutions for variational problems. The
theory begins with the works of L. C. Young (1937); the extensions to Polish and Suslin spaces were made
by E. J. Balder (1984) and M. Valadier (1990). A general presentation of theory can be found in [9] (see
also [3]).

The Young measures generalize measurable functions. Thus, a Young measure on the euclidean space
F = R? is itself a measurable application that, to every point ¢ € [0, 1], associates a probability 74 on F’
for every Borel set B € Bp, 7:(B) may be interpreted as the probability that the value in ¢ of generalized
function 7 belongs to B.

Let Pr C cat(Br) be the set of all probabilities on F' endowed with the narrow topology T and let C be
the Borel sets of (P, T).

Definition 3.1. A Young measure on F' is an (A — C)-measurable map 7. : [0,1] — Pp; here A is the
o-algebra of Lebesgue measurable sets on [0, 1]. Let Y([0, 1], F') be the space of Young measures on F'.

For every measurable function u : [0,1,] — F, let 7% : [0,1] — Pp, 7" = 0y, for every t € [0,1] (4.
is the Dirac measure). 7% is the Young measure associated to measurable application u. The mapping
u = T = §,() is an injection of all F-valued measurable functions on [0, 1], M([0,1], F), in Y([0, 1], F').
Therefore we will consider that M([0,1], F) C Y([0,1], F).

The stable topology on Y([0, 1], F') is the projective limit topology generated by the family of mappings
{Iay: A€ A f e C(0,1],F)}, where Iy : Y([0,1],F) — R is defined by I4 ¢(7) = [ 7(f)dup(t) and

A
Cy([0,1], F) is the set of all F-valued, bounded continuous functions on [0, 1]. This topology is denoted by
8.
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A sequence (7")neny € Y([0, 1], F') is 8-convergent to 7 € Y([0, 1], F') iff
[ rdut) > [ n(Hdu(e).va € Avf € Clo.11,F).
A A

If (un)neny € M([0,1], F), then (up)nen is S-convergent to 7 € Y([0, 1], F') iff

/memww+/nummwwAeAwfeaﬂamF»
A A

We denote this by u, S dfue M([0,1], F'), then we write u, 5, w instead of u, > 7Y, i.e. [ fup)dp —
A

[ 4 f(u)dp, for every measurable set A C [0,1] and for every f € Cy([0,1], F). Hoffmann-Jorgensen showed

that this is equivalent with the convergence in measure of (ty )nen t0 U, Uy = u (see [5, Corollary 4.6]).

The following result will be very useful in the following (for a proof see [9, Corollary 3.36)):

Theorem 3.2. Let (up)neny € M([0,1], F) and let 7 € Y([0

1], F') such that uy, 5 Then, for every
Carathéodory integrand U : [0,1] x F — R for which {U(-, un(-))

)
1
of L'([0,1],R) and such that there exists / /‘l’(t,x)dn(x) du(t), we have:
0 F

:n € N} is an uniformly integrable subset

1 1

/ / U(t, 2)dr(@) | dptt) = tim | O un ()dp(t).

n—00
0 F 0

In the previous theorem, ¥ is a Carathéodory integrand on F if, for every x € F', ¥(-,x) is measurable
on [0, 1] and, for every t € [0,1], W(¢,-) is continuous on F.
A proof for the following theorem can be found in [9, Theorem 3.50], in a more general setting.

Theorem 3.3. {7":u € M([0,1], F)} is dense in (Y([0,1], F),8).

Definition 3.4. A subset H C Y([0,1], F) is tight if, for every € > 0, there exists a compact set K C F
such that

1
(T) /Tt(F \ K)du(t) < e, for every 7 € H.
0

A set H C M([0,1], F) is tight if H = {7 :uw € H} C Y([0,1], F) is tight, i.e., for every ¢ > 0, there exists
k > 0 such that p({t € [0,1] : ||u(®)||r > k}) <e.

We can note that, for every bounded set H C L([0,1], F), the set H = {7% :u € H} C Y([0,1], F) is
tight (see [9, Proposition 3.56]).

The interest for tight sets is given by Prohorov’s compactness theorem ([9, Theorem 3.64 and Proposition
3.65]).

Theorem 3.5. A set H C Y([0,1], F) is sequentially S-compact if and only if H is tight.

As a corollary of the previous theorem we obtain:
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Corollary 3.6. Let (up)neny € M([0,1], F) be a sequence; if {u, : n € N} is tight, then (up)nen has a
subsequence (ug, )nen S-convergent to a Young measure T € Y([0, 1], F).
Moreover, if (un)n is uniformly integrable in L*([0,1], F'), then

barT = / xdr (z) € L*([0,1], F)

and (ug, )n is weakly convergent to barr..

For a proof see [0, Proposition 3.37].
We conclude this section with the fiber product lemma (see [3, Theorem 3.3.1]).

Definition 3.7. Let E = RP. For every 7 € )([0, 1], E) and every o € )([0, 1], E) the mapping ¢t — 7, ® oy
is a Young measure 7 ® o € J([0,1], E x E); 7 ® o is called the fiber product of Young measures T and o.
In the case where u,v € M([0,1], E) C Y([0,1], E), then the Young measure 7% ® 7% is the mapping

b= Ou(t) u(t))-

We can find a proof of the following result in a more general setting in [9, Theorem 3.87 and Corollary
3.89] (see also [2]).

Theorem 3.8 (Fiber product lemma). Let (un)neN, (Vn)nen € M([0,1], E),
u e M([0,1], E) and T € Y([0,1], E).

8 . . 8
Then (up,vy) ﬁ T Q7 if and only if u, 2w and vy, > 7.
X

4. The bounded case

In this section we treat a case similar to that studied in [4].
We recall that by L([0,1] x E, E) = L we denote the family of all Lipschitz integrands (see Definition

2.

Theorem 4.1. For every n € N, let f,, € L and let u,, € WH1([0,1], E) be the unique solution of problem

' (t) = fu(t,u(t)), for almost everyt € [0, 1],

(see Theorem |2.2).
If (fn(-,0))nen is a bounded sequence in LY([0,1], E), then there exists a subsequence of (un)nen (still

noted (up)nen), and there exist u € BV ([0,1], E) (the set of all E-valued mappings of bounded variation on
[0,1]) and T € YE([0,1]) such that:

(i unMu and u(0) = 0.
(il) ul, 57

)
)
(iii) The mapping v : [0,1] — E, defined by v(t) = barry = [ ydr(y) is integrable on [0, 1].
E
)

(iv) Moreover, if the sequence ({tun,ul))nen € L1([0,1],R) is uniformly integrable, then

1
[ o) du(e) = Y [ (un(0)u,6)) )
0

(here (-,-) denotes the inner product on RP).
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1
Proof. Let M > 0 such that [ ||f,(¢,0)||zdu(t) < M, for every n € N and let A = {t,...,t,} be a partition
0

of the interval [0, 1]. Then, for every n € N,

Vatn) = 5 entsn) — )l
.
=20 [ oDt
<3 / I s, tn(5)) ()

1
< / But) - un(®) [ () + O/ |t 0)l| ()

0

1
< llunlloo - [Bulls + / 1 f(t.0) (1)
0

1
<2 / ot 0)l|dpa(t) < 2M.
0

It follows that (uy,)nen is a sequence of uniformly bounded variation and ||uy||cc < 2M; from Helly’s selec-
tion theorem it has a subsequence, still noted (u,,),en, pointwise convergent to a function v € BV ([0, 1], E)

of bounded variation. Moreover, u(0) = 0.

Using the bounded convergence theorem, u, m> U.

From Theorem |lullh < 2M, for every n € N and so, according to the remark from Definition
(u},)nen is tight. We then call Prokhorov’s theorem (Theorem [3.5)); therefore there exist a Young measure

7€ Y([0,1], E) and a subsequence of (u,)nen (still noted with (u),)nen) such that u), 5
(iii) According to Theorem |unlloo < 2M, for every n € N; therefore (uy,)nen is uniformly integrable
in L([0,1], E). From Corollary the mapping v : [0,1] — E defined by v(t) = barn, = [ydnr(y) is
E
integrable on [0, 1].
(iv) Now, let us suppose that ((un,u),))nen C L1([0,1],R) is uniformly integrable. Since u, “» u and

ul, 5 7, we can apply the fiber product lemma (see Theorem ; therefore the sequence ((un,u},))nen C

Y([0,1], E x E) is stable convergent to 7% ® 7.
Let U:[0,1] x E x E — R defined by ¥(¢,z,y) = (z,y). V¥ is an integrand Carathéodory on F = E x E.
For every n € N, W(-, up, ul,) = (up,ul,), such that the sequence (¥(-, up,u,))nen is uniformly integrable in
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L([0,1],R). Moreover,

1
0/ !\pt"cyd(% @ 7)(x,y) | dult)| =

_ / ( / / (z,y) dr' (@) | dru(y) | du(t)
0 E

E

It follows that the conditions of Theorem are satisfied, therefore

1

1
[ o) dute) =t [ (o), 0)) )
0

n—00
0

5. Jordan finite-tight sets

In this section we recall the extension of Biting Lemma to the unbounded case. The proof of this result
can be found in [9, Theorem 3.84 and 3.85], (see also [7]). We recall also a result of compactness in measure
proved in [9, Theorem 3.102], (see also [7, Theorem 3.12]).

Definition 5.1. A set of measurable mappings H C M([0,1], E) is called Jordan finite-tight if, for every
e > 0, there exist k£ > 0 and a finite family Z of sub-intervals of [0, 1] such that, for every u € H, there exists
a sub-family Z,, C Z with p ((JZ,) < € and

{t€0,1): Ju®)lz >k} € |

(UZ, is the union of intervals of family Z,,).
A sequence (up)nen € M([0,1], E) is Jordan finite-tight if the set H = {u,, : n € N} is Jordan finite-tight.

Remark 5.2. Every Jordan finite-tight set is tight. The converse is not true.
Indeed let QN [0,1] ={qo,q1,---,4n,-.-} be the set of all rational numbers of [0,1] and let u : [0,1] —

Ryu= Zon X4’ the set H = {u} € WH1([0,1],R) is tight but H is not a Jordan finite-tight set.
n=

On the other hand, if u, = n? - L. then H = {u, : n € N*} is a tight set but it is not bounded

]QnaQn'i‘g[
in £1(]0,1[,R). For every k > 0 and every n € N*,

TLZ
{t €]0,1[: |un(t)| > k} = {}@ ,n* <k,

naqn 1|: 7n2>k'
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H = {u, : n € N*} is a Jordan finite-tight set.

The following theorem gives a justification for the denomination Jordan finite-tight set (see [9, Theorem
3.94] and [7, Theorem 3.4]).

For every B C [0, 1] let 1% (B) be the Jordan outer measure of B:

wi(B) =inf{p(UZ) : Z a finite cover of B with intervals}.

Obviously, 5 (B) = 0 if and only if B is a Jordan-negligible set.
Theorem 5.3. For every H C M([0,1], E), let

Iy = {t € 0.1 s (sup (o)) = +oo} |

s—t ueH

A set H C M([0,1], E) is Jordan finite-tight if and only if, for every e > 0, there exists a finite cover of
H, {Hy,...,Hp}, such that

wi(Ig,) <e, foranyi=1,...,p.

In the following we present versions of Biting lemma for the case of unbounded sequences in L'.
Theorem 5.4. [9, Theorems 3.84, 3.85], [1, Theorems 2.10, 2.11] For every Jordan finite-tight sequence
(tun)nen € LY([0,1], E), there exist a subsequence (still noted (un)nen), a decreasing sequence (Bp)pen C A
with 1(N320By) = 0 and a Young measure T € Y([0, 1], E) such that:

(i) up S

(ii) 7+ has a barycenter u(t), for almost every t € [0,1],

u(t) = bar(r) = /:z:th(:z:).
E
(iii) w € L([0,1]\ By, E), for every p € N.

. w
iv) up, — u, for every p € N.
(iv) un I f yp

This result helps us obtain a result of compactness in measure.

Theorem 5.5. [4, Theorem 3.102], [7, Theorem 3.12] Let H C W11([0,1], E) be a tight set such that
H' = {u' : w € H} is Jordan finite-tight; then H is relatively compact in the topology of convergence in
measure on M([0,1], E).

6. The Jordan finite-tight case

The result obtained in Theorem [4.1]is based on the assumption that the sequence ( f,,(-,0))nen is bounded
in L1([0,1], E). Now, we replace this condition by a domination of (f,(:,z))nen With a Jordan finite-tight
sequence.

Theorem 6.1. For every n € N, let f,, € L and let u,, € WHL([0,1], E) be the unique solution of problem

u'(t) = fu(t,u(t)), for almost everyt € [0,1],
(Pn) { u(0) = 0.

(see Theorem [2.2).

We suppose that (un )nen is tight and that there exists a Jordan finite-tight sequence (¢p)nen € M4([0,1],R)
such that || fn(t, )| g < @n(t), for almost every t € [0,1] and for all x € E.

Then, there exist a subsequence of (un)nen (still denoted by (up)nen), a mapping u € M([0,1], E) and a
Young measure T € Y([0,1], E) such that:
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(i) un & u, and u(0) = 0.

(iii) The mapping v : [0,1] — E defined by v(t) = barr, = fyth is measurable.

)

(ii) ul, 5
)
)

(v) If ((tn, ul))nen € LE([0,1],R) is uniformly integmble, then

1

[ wtt). o)) due) =t / (un(8), 1, (1)) dp().

n—oo
0
(v) If (up)nen is bounded in L'([0,1], E), then u € L*([0,1], E) and

lum =l — 9 ((un)) = lim sup / [[un (8) || 2 (t)

(lunlle=F)

(m((uy,)) is the modulus of uniform integrability of (un)nen)-

(vi) If (un)nen is uniformly integrable, then uy, LN

Proof. For every n € N and every t € [0, 1],

lun e = [ falt, un()l 2 < @n(t)-

It follows that (u,)nen € L([0,1], E) is Jordan finite-tight. Since (uy)nen is tight we can apply Theorem
therefore (uy)nen admits a subsequence (still denoted by (uy,)nen) convergent in measure to a measurable
function v € M([0,1], E).

Moreover, from Theorem |5.4] . the subsequence can be chosen so that (u]),en to be stable convergent to
a Young measure 7 € Y([0,1], E).

Almost for every ¢t € [0,1], 7; has a barycenter v(t) = barr, = f yd7(y) and there exists a decreasing

sequence (By)pen € A with u(N°B,) = 0 such that, for every p € N, v € L'([0,1]\ Bp, E) and u}, ——— v

0,1\ By
Obviously, v € M([0,1], E).
Let us now suppose that ((uy,u),))nen is uniformly integrable. Following a similar argument to that of
the proof of Theorem we obtain

1

1
[ o) dute) =t [ (o)., 0)) du(e)
0

n—00
0

If (un)nen is bounded in L'([0, 1], E), then we can apply Theorem 3.70 and (2) of Remark 3.71 from [I].
It follows that we can extract the above subsequence so that ||u, — u|l1 = n((uy)).

Moreover, if (u)neny € L1([0,1], E) is uniformly integrable, then n((u,)) = 0 and then wu,, My o

Remark 6.2. By a similar procedure to that used in the proof of (iv) of above theorem we can show that,

for every t € [0, 1],
¢ ¢

/ ), barr) du(s) = nll_}IIgo (un(s), up(s)) dpu(s).
0

If we note that, for every t € [0,1],

t
1 1
[ (unl)w9) duls) = 5 Tun ) = 5 - Nt
0
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t

then 3 - [lu(t)||% = of (u(s), barts) du(s).

In the additional assumption that u is a differentiable function, we obtain that «'(t) = barr, for every

t €[0,1].
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