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Abstract

In this work we study integral boundary value problem involving Caputo differentiation
°Diu(t) = f(t,u(t)),0 <t <1,
1 1
au(0) — pu(l) = / h(t)u(t)dt, yu'(0) — du'(1) = / g(t)u(t)dt,
0 0

where «, 3,7, d are constants with a > 3 >0,v> 4§ > 0, f € C([0,1] x R*,R), g,h € C([0,1],RT) and ¢D{
is the standard Caputo fractional derivative of fractional order ¢(1 < ¢ < 2). By using some fixed point
theorems we prove the existence of positive solutions. (©2015 All rights reserved.
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1. Introduction

In recent years, fractional differential equations have been widely used in diffusion and transport theory,
chaos and turbulence, viscoelastic mechanics, non-newtonian fluid mechanics etc. It has received highly
attention and becomes one of the hottest issues in the international research field. For instance, Westerlund
[14] utilized fractional differential equations to depict the transmission of electromagnetic wave, the one
dimensional model is
0?E(z,1)

ot?

v O%E(z,t
H0€0 + pocoroo Dy E(x,t) + 6(t2) =0,

*Corresponding author
Email addresses: yongwangjn@163.com (Yong Wang), yynjnu@126.com (Yang Yang)

Received 2014-12-14



Y. Wang, Y. Yang, J. Nonlinear Sci. Appl. 8 (2015), 99-109 100

where 10, €0, zo are constants, ¢ Df E(z,t) = 9 gt(f ) is a fractional derivative.

As an excellent tool, fixed point method is used for investigating nonlinear boundary value problems
and there are a lot of papers devoted to this direction. We refer the reader to some papers involving
fractional differential equations [1, 2, 4] [5 111 12} 13}, [15] 16} 17, 18] and the references therein. For example,
Leggett-Williams fixed point theorem is used to study the existence of multiple positive solutions for some
integral boundary value problems [4] 11} [16]. However, all these works were done under assumption that the
nonlinear term is nonnegative. Therefore, it is natural to discuss the existence of positive solutions while
the nonlinear term is sign-changing, for instance, see [15] [17, [I§].

In [I7] the author obtained the existence of positive solutions for the coupled integral boundary value
problem for systems of nonlinear fractional ¢-difference equations

DSu(t) + Af(t,u(t),v(t)) = 0, DEv(t) + Ag(t,u(t),v(t)) =0, t € (0,1), A >0,

: , . 1 1 (1.1)
D}u(0) = Djv(0) = 0,0 < j <n-—2u(l) = M/o v(s)dgs,v(1) = 1//0 u(s)dgys.

Under the semipositone nonlinearities, by applying the nonlinear alternative of Leray-Schauder type and
Krasnoselskii’s fixed point theorems, several existence theorems for had been established.

Motivated by the above works, we investigate the existence of positive solutions for integral boundary
value problems involving Caputo differentiation

“Diu(t) = f(t,u(t)),0 <t <1,

1 1 1.2
au(0) — pu(l) = /0 h(t)u(t)dt, vu'(0) — du'(1) = /0 g(t)u(t)dt, (12)

where «, 3,7,d are real constants with a > 3 >0, v > 3§ > 0, f € C([0,1] x R*|R), g,h € C([0,1],RT)
and DY is the standard Caputo fractional derivative of fractional order ¢(1 < ¢ < 2). We consider the two
cases:

(1) The nonlinearity is asymptotically linear at infinity, maybe it is negative and unbounded.

(2) The nonlinearity is bounded from below, including sign-changing.

2. Preliminaries
We first offer some basic definitions and facts used throughout this paper. For more details, see [7, 9} [10].

Definition 2.1. For a function f given on the interval [a,b], the Caputo derivative of fractional order ¢ is
defined as

1 t — )" M (g)ds, n=
e A AR TR

where [¢q] denotes the integer part of g.

‘DIf(t) =

Definition 2.2. The Riemann-Liouville fractional integral of order ¢ for a function f is defined as

1 t
1) = o [ €= s g >0,
I'(q) Jo
provided that such integral exists.
Lemma 2.3. Let ¢ > 0. Then the differential equation *D%u(t) = 0 has solutions
u(t) = co+ crt + cot® + -4 ey t" 7,

where ¢; € R, i =0,1,2,...,n, n=[q] + 1.
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Lemma 2.4. Let ¢ > 0. Then
I9(°Du)(t) = u(t) + co + crt + cat® + -+ cpqt™
where ¢; € R, i =0,1,2,....,n, n=[q] + 1.

Lemma 2.5. Let g € (1,2) and y € C[0,1]. Then boundary value problem

“Diu(t) =y(t),0 <t <1,
au(0) — Bu(1) = 0,~u'(0) — du'(1) = 0,

has a unique solution u in the form

1
= / G(t, s)y(s)ds
0

(=17 | B(=s)1"! | Bi(g=1)(1=5)T"2 | d(g—1)t(1—s)1"2
Mg T @Ar@ © @An-or@ T Gorg  0Ssstsl

BU-5)1 | Bi(g—1)(1-5)"2 | b(g—1)t(1—s5)12
@ B@ T~ @AO @ T 5o O<st=s<l

Proof. By Definitions 2.1, 2.2 and Lemmas 2.3, 2.4, we have

where

G(t,s) =

__b t —8)T Yy (s)ds + ¢ + ¢
) = o [ €= s+ e+ et

for c1,co € R. Then

1
u(0) =c1, u(l)= ! ] /0 (1—5)"ty(s)ds +c1 + c2,

I'(q
g—1 [
I'(q) Jo
In view of the boundary conditions au(0) — Su(1) = 0,~u'(0) — du/(1) = 0, we obtain

B gy (s)ds B5(q - 1) .
(a—ﬁ)F(Q)/o(l 7wl )d+(a—6)(7—6)r(q)/0(1 )" y(s)ds,

_ 6(g—1) ! — )9 2y(s)ds
= o ) 0

Substituting ¢, ¢ into the equation ([2.1]), we find

S(g—1)t [! — $)92(s)ds
() G- 9@ [ a=sryta
5

1 1
[ — ) Ly (s)ds — )72y (s)ds
T a—ar <>/<1 J"ye)d +(04—/3)(7—5)F(Q)/0(1 " yls)d

/Gts

This completes the proof.

W(0) =co, W(1)= (1 —5)72y(s)ds + ca.

~—

Ccl =

C2

u(t) = -1 /0 (t — 5)7Ly(s)ds +

Lemma 2.6. Let g € (1,2). Then boundary value problem
°Diu(t) =0,0 <t <1,

1 1
au(0) — fu(l) = /0 h(t)u(t)dt, yu'(0) — /(1) = /0 g(t)u(t)de

(2.1)
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can be expressed in the form

1
-1 ﬂ Hdt + (1) /0 g(t)ut)dt,

(’Bir(ﬁi fort €10,1].
Proof. By Lemma 2.3 we see

where ¢(t) :

u(t) = c3 + cat, where cs3,cq4 € R.

Consequently,
1 1
(a— B)es — Bea = / hOu()dt, (v — o)y = / g(Bu(t)dt.
0 0
Hence 8 .
’)/ 5 / dt + o — 6 / h dt + (-6)(’7-5)/0 g(t)u(t)dt.
This completes the proof. O

Let ¢ € (1,2) and y € C|0, 1]. Then from Lemmas 2.5, 2.6 we can obtain the boundary value problem
“Diu(t) =y(t),0 <t <1,

1 1 2.2
au(0) — fu(l) = /0 h(t)u(t)dt, yu'(0) — du'(1) = /0 g(t)u(t)dt 22)

is equivalent to

/ G(t,s)y ds+a ﬂ/ h(t dt+¢()/01 (t)u(t)dt. (2.3)

Throughout this paper we always assume that the following condition holds:
(H1) k = k1kg — Kaks > 0,k1 > 0,k4 > 0, where

1 1
f=1-— i 7 h(t)dt, kg = /0 h(#)e(t)dt,

1
= t)dt, =1- t)o(t)dt.
— k=1 [ gt
Lemma 2.7. Suppose (H1) holds. Then ({2.3)) is equivalent to

u(t) :/0 H(t,s)y(s)ds

1 1 1
H(t,s) =G(t,s) + wa—5) [/m/o h(t)G(t,s)dt + FJQ/O g(t)G(t, s)dt]

+ ¢ |:I€3 /01 h(t)G(t,s)dt + k1 /Olg(t)G(t,s)dt} .

K

where

Proof. Multiplying h(t) on both sides of (2.3)) and integrating over [0, 1], we find

/ h(tu(ar
/ / G(t, 8)y(s)dsdt + 1 3 /0 eyt /0 (bt + /0 )0t /0 ' (u()dt.
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Similarly,

/1()(Mt
/ /(Hs s)dsdt + iﬁé w/Vz &+/) wmw%}wmmm

Consequently, we get

Therefore,

As a result, we have
1
u(t) = / G(t,s)y(s
0

)ds
K(a_ﬂ [ / /Gts dsdt+m2/ /Gts dsdt]
¢S) { / G(t, 5)y(s)dsdt + k1 / / G(t,s) dsdt}

This completes the proof. O

Lemma 2.8. Let

lCl::1+H(al_6)< / dt+n2/olg ) S(“S/h dt+f<1/olg >
ICQ::1+H(al_B)</ dt+/<a2/olg ) /j(/ dt+/~€1/019 >

Then the following inequalities hold:

KMMﬁgH@ﬁg%&M@LWGMHJGQD.

Proof. Let
N (e (S U VI | LR N V| U B e A
A ) R o [t ) B R 1) B
and
SOt (e ItV LRt U (U L L

(@B " @-pl -0l = (-0l - =S

For given s € (0,1), g1, g2 are increasing with respect to ¢ for ¢ € [0, 1]. Hence,

min G(t,s) = min{ min g¢;(¢, s), min g2(¢,s)} = min{gi(s, s), g2(0,s)} = ¢2(0, s)
te(0,1] t€ls,1] t€[0,s]

_ B(1 — 3)‘1_1 B6(q —1)(1 — S)q—Q . .
~ (e—=B)T(g) * (a—B)(y—=0)I(q) M(s),
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max G(t,s) = max{max gi(t, s), max ga2(t,s)} = max{gi1(1,s),g2(s,s)} = g1(1, s)
te(0,1] te(s,1] te(0,s]

@9t B Bl D97 s DA -1 a
=TT @A @-A0-ot@  G-or

Therefore,
M(s) < G(t,s) < =M(s), YVt €[0,1], s € (0,1).
This yields

1 1
QM@gG@@+1%%VWW@Q&+@Ag@QWM4

k(o — )
1 1
+ ¢S) [/@3/0 h(t)G(t,s)dt—Fm/O g(t)G(t, s)dt]
S%@M@
This completes the proof. -

Let £ := C[0,1], |lu|l := max;cjoq)|u(t)], P :={u€ E:u(t)>0,Vt € [0,1]}. Then (E,||-|) becomes
a real Banach space and P is a cone on F.

Definition 2.9. Given a cone P in a real Banach space E, a functional o : P — [0,00) is said to be
nonnegative continuous concave on P, provided a(tz + (1 —t)y) > ta(x) + (1 — t)a(y), for all z,y € P with
te0,1].

Let a,b,7 > 0 be constants and « as defined above, we denote P, = {y € P : |ly|| < r}, P{a,a,b} =
{yeP:aly) >a, [lyll < b}

Lemma 2.10. (Leggett-Williams fized point theorem, see [3, [8]) Assume E is a real Banach space, P C E
is a cone. Let A: P, — P, be completely continuous and o be a nonnegative continuous concave functional
on P such that a(y) < ||yl|, for y € P.. Suppose that there exist 0 < a < b < d < ¢ such that

(1) {y € P(a, b, d)| a(y) > b} #0 and a(Ay) > b, for ally € P(a, b, d),

(2) Ayl < a, for all |y < a,

(3) a(Ay) > b for all y € P(a,b,c) with ||Ay|| > d.

Then A has at least three fized points yi,yo, ys satisfying

lyill <a, b<alyz), lysll>a, oalys) <b.

Lemma 2.11. (see [6]) Let E be a Banach space, and A : E — E be a completely continuous operator.
Assume that T : E — E is a bounded linear operator such that 1 is not an eigenvalue of T and

Then A has a fized point in E.
Define A: F - FE .
(Aa)(e) = [ H(t9) (s, u(s))ds,
0

Then, by Lemmas 2.5, 2.6 and 2.7, the existence of solutions for ([1.2) is equivalent to the existence of fixed
points for the operator A. Furthermore, in view of the continuity H and f, we can adopt the Ascoli-Arzela
theorem to prove A is a completely continuous operator.
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3. Main results

For convenience, we set

e s = & 5 % g
f‘AxJ”M<M _ﬂQ<ﬂa—MN@+Ka—@w—®N@>’H_Kw’
e 3 36
Dy = K182 <Q(a — B)I'(q) * (= B)(y - 5)F(q)> ’

1
p Bé >
=K / M(s)ds =K ( + .
Ly MOE =R GG T e - a6 —or@
Theorem 3.1. Let (H1) hold true. Moreover, suppose that
(H2) f(t,0) £ 0 for all t € [0,1],
(H3) limy,— 4o ftw) A\, uniformly for t € [0,1], where |A| < &1

u

Then (1.2)) has a positive solution.

Proof. DefineT : P — P
1
(Tu)(t) = )\/ H(t,s)u(s)ds. (3.1)
0
Clearly, T' is a bounded linear operator, and by Lemmas 2.5, 2.6 and 2.7 we know that (3.1 is equivalent to

°Diu(t) = Au(t),0 <t <1,

1 1 3.2
au(0) — pu(l) = /0 h(t)u(t)dt, vu'(0) — du'(1) = /0 g(t)u(t)dt. (3.2)

Next we show 1 is not an eigenvalue of T'. We divide two cases.
Case 1. A =0.
This implies “Dfu(t) = 0, and by Lemma 2.6 we get

1

1 1
u(t) = /0 h(®)u()dt + 6(t) /0 g(Bult)dt.

Multiplying h(t), g(t) on both sides and integrating over [0, 1], we find

1 1 1 1 1 1
/0 h(t)u(t)dt = a—ﬁ/o h(t)dt/o h(t)u(t)dt—i—/o h(t)d)(t)dt/o g(t)u(t)dt,
1 1 1 1 1
/0 g(t)u(t)dt = Oéiﬁ/o g(t)dt/o h(t)u(t)dt—l—/o g(t)gi)(t)dt/o g(t)u(t)dt.
Consequently,
[ K1 —ko ] Jo htyu(t)dt | _ [ 0 }
—Kk3 K4 I g(tyu(t)dt 0]

This, together with (H1), yields

1 1
/ h(t)u(t)dt = 0, / g(Bu(t)dt = 0.
0 0

Also, u(t) = 0, t € [0,1] for the fact that g,h > 0 and g,h # 0. This contradicts to the definition of
eigenvalue and eigenfunction.

Case 2. A # 0.
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We assume that 1 is an eigenvalue of T, i.e., Tu = u. So,

lul = [Tul = A max/ H(t, s)u(s)ds < |)\|/ Y iy M(5)ds | ul|

el0.1)
35
> <q<a “H @B - 6>r<q>> et <l

o
= A=K
||5

This is impossible.

Above all, 1 is not an eigenvalue of T', as required.

On the other hand, by (H3), for all € > 0, there exists M; > 0 such that |f(t,u) — Au| < eu, for t €
[0,1], w > M;. Moreover, if u < Mj, then |f(¢t,u) — Au| is bounded for all ¢ € [0, 1]. Consequently, there
exists ¢ > 0 such that

|f(t,u) — Mu| < eu+(, fort €[0,1], u e RT.

Hence
|Au — Tu|| = max / H(t,s)(f(s,u(s)) — Au(s))ds
t€[0,1]
< max/ H(t,s)|(f(s,u(s)) — \u(s))|ds
tef0,1
< max/ H(t, s)ds(e||ul| + <),
tef0,1
and .
i MAu=Tul o maxieio Jo Ht s)ds(ellull +O)
lull o0 luf lull =00 ]

So, A has a fixed point in E. Note that 0 is not a fixed point of A, and thus A has a positive fixed point,
i.e., (1.2) has a positive solution. This completes the proof. O

Theorem 3.2. Let (H1) hold true. Moreover, suppose that

(H4) There exists M > 0 such that f(t,u) > —M for (t,u) € [0,1] x RT,

There exist positive constants e,b,c, N with MD; < e < e+ MD10 < b < §%c, 9 <N < d such that
(H5) f(t,u) < g —M fort€[0,1], 0Su<e,

(H6) f(t,u) > %N — M fort€[0,1], b— MD1§ <u<k,

(H7) f(t,u) < §— M forte [0,1], 0 <u<ec.

Then has at least two positive solutions.

Proof. Let w be a solution of
‘Diu(t)=1,0<t <1,

1 1
au(0) — fu(l) = /0 h(t)u(t)dt, yu'(0) — du'(1) = /0 g(t)u(t)dt,

and z = Mw. By Lemma 2.7 we have

2(t) = Mw(t M/Htsds<M/ —KoM(s)ds

_ @ B I51)
= M3k, <q<a —AT)  (a-B)( - 6>r<q>)

= MD10 < ef.
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We easily obtain that (1.2]) has a positive solution wu if and only if u + z = u is a solution of the boundary
value problem N
°Diu(t) = f(t,u(t) — 2(t)),0 < t < 1,

1 1
au(0) — fu(l) = /0 h(t)u(t)dt, yu'(0) — du'(1) = /0 g(t)u(t)dt,

and @ > z for t € (0,1), where f : [0,1] x Rt — R* is defined by

(3.3)

Fity) = {f(t,y) LM, (ty) € [0,1] x [0, +00),
f(t,0) + M, (t,y) €0,1] x (—o0,0).

For u € P, we define
1 ~
t) = /0 H(t,s)f(s,u(s) — z(s))ds.

Next we check T'(P) C Py, where Py = {u € P : minyc(g 1 u(t) > 0ul|}, § = Elg Indeed, for u € P, Lemma
2.8 implies

1 _ 1
/ Ky M(5) F (s, u(s) — 2(s))ds < Tu(t) < / S M(s) Fls.uls) = 2(5) .
0 0

Hence,

Kip
,CQOé 0 ﬁ
In what follows, we show that all the conditions of Lemma 2.10 are satisfied. We first define the
nonnegative, continuous concave functional o : P — [0,00) by a(u) = miny[ 1) [u(t)|. For each u € P, it is
easy to see a(u) < |lul|. We prove that T(P.) C P.. Let u € P.. Then
(i) if u(t) > z(t), we have 0 < u(t) — 2(t) < u(t) < cand f(t,u(t) —2(t)) = f(t,u(t) —2(t)) + M > 0. By
(H7) we have f(t,u(t) — 2(t)) < §.
(i) if u(t) < 2(t), we have u(t) — 2(t) < 0 and Fltu(t) — 2(t)) = f(t,0)+ M > 0. By (H7) we have
Fit u(t) — (1)) < &
Therefore, we have proved that, if u € P,, then f(t,u(t) — z(t)) < ¢ for t € [0,1]. Then,

Tu(t) > ICQM( )f(s,u(s) — z(s))ds > 0] Tul.

\Tu||—max/ H(t,s)f(s,u(s) — z(s) ds</ ﬁK2M )dsE

t€[0,1]

Therefore, we have T(P,) C P.. Especially, if u € P, then (H5) yields f(t,u(t) — z(t)) <
So, we have T : P, — P., i.e., the assumption (2) of Lemma 2.10 holds.

To verify condition (1) of Lemma 2.10, let u(t) = 0b2, then v € P, a(u) = b/6* > b, ie., {u €

P(a,b, 92) :a(u) > b} # 0. Moreover, if u € P(a,b, 02) then a(u) > b, and b < |jul| < %. Thus,

0<b—MD18 <u(t)—=z(t) <u(t) < 92,t € [0,1]. From (H6) we obtain f(t,u(t) — z(t)) > 4N for t € [0,1].
By the definition of «, we have

a(Tu) = tg%(%ﬁ]Tu( ) > 0||Tul|| >0 max/ H(t,s)f(s,u(s) — z(s))ds > 6~ N/ KiM(s)ds

=6ONb > D.

Therefore, condition (1) of Lemma 2.10 is satisfied with d = b/62.

Finally, we show condition (3) of Lemma 2.10 is satisfied. For this we choose u € P(a,b,c) with
[Tu| > b/6?. Then we have a(Tw) = mingepg 1 Tu(t) > 0||Tul| > 5> b. Hence, condition (3) of Lemma
2.10 holds with ||Tu|| > b/6?.
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From now on, all the hypotheses of Lemma 2.10 are satisfied. Hence T has at least three positive fixed
points w1, Uy and ug such that

[urll <e, b<aluz), |usll>e, a(us) <o
Furthermore, u; = u; + z (i = 1,2, 3) are solutions of (3.3)). Moreover,

ﬂQ(t) > 9”"122” > Ha(ﬂg) > 0b>0MD, > Z(t), te [0, 1],
ﬂg(t) > 0“63” > e >0MD; > Z(t), te [0,1}.

So ug = Uy — z, uz = ug — z are two positive solutions of (1.2)). This completes the proof. O

4. Examples

We now present two simple examples to explain our results. Let ¢ = 1.5, a == 2 B =)= 1 h(t) = t3,
g(t) =t Thenqﬁ(t):1+t,/£1—%,Hg—%,ng—%,m—%,n 807’C1 13, fo ds_?nf’
5:%@25.08,5*1%0.04,6 >, Dy = ;24}0~7244 l*%NSGS

Example 4.1. Let f(t,u) = Au+ pu® — et +n, Vt € [0,1],u € RT, where o € (0,1), |\| < 0.04, p # 0,
n # 0. Then (H2) and (H3) hold, by Theorem 3.1, (1.2]) has at least one positive solution.

Example 4.2. We choose M = 0.01, e =0.85,b=2, N =4, ¢ = 30, and

0.01w, 0<u<l,
o(u) = ¢ —0.08u2 + 1.54u — 1.45, 1<wu<1.9,
1.1872, 1.9 <u < +oo0.

Then ¢ € C(RT,R™). Furthermore let f(t,u) = ap(u) —0.01 for all t € [0,1], v € RT. Then MD; =

104 ~ _ 2 1215 -1 ~ [ _ 135
o ~ 072, MD10 = % ~ 0.25, 6% = i ~ 359, 07 &~ 2.89 and £ = £ ~ 519. Clearly,

MDy <e<e+MDi§<b<b ' <N<g andf(t u) > —0.01=-M. Ontheotherhand

(i) f(t,u) <0.02 < ¢ M—%—OOleOQALfortE[O 1], 0 < u < 0.85,

(i) f(t,u) > f(1.74) ~0.98> N — M =15 _0.01~091forte[0,1], 1.74 <2~
16.69,

(ifi) f(t,u) < 11772 < 1186 < § — M = 27 0,1], 0 < u < 30.

Hence, (H4)-(HT7) are satisfied, by Theorem 3.2, (1.2) has at least two positive solutions.

<u< 1325 ~

f
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