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Abstract

In this paper, by using random fixed point index theory, some new boundary conditions based on strictly
convex or strictly concave functions are established and some new theorems for the solutions of a class
of random semi-closed 1-set-contractive operator equations A(w,z) = px are obtained, which extend and
generalize some corresponding results of Wang [S. Wang, Fixed Point Theory Appl., 2011 (2011), 7 pages].
Finally, an application to a class of random nonlinear integral equations is given to illustrate the usability
of the obtained results. (©2016 All rights reserved.
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1. Introduction and preliminaries

Random nonlinear analysis is an important mathematical branch, which is mainly concerned with the
study of random nonlinear operators and their properties and is widely applied in studying various classes of
random differential equations and random integral equations ([I}, 6]). In [2], Li introduced the random fixed
point index theory of random semi-closed 1-set-contractive operators. Since then, the problem of random
nonlinear operators are extensively studied by using such theory (see Refs. [3, 4, [5l [7, 8, [OL 10, [11]). In this
paper, by using random fixed point index theory, some new boundary conditions based on strictly convex
or strictly concave functions are established, and some new theorems for the solutions of a class of random
semi-closed 1-set-contractive operator equations A(w, ) = ux are obtained in real separable Banach spaces,
which extend and generalize some corresponding results in previous literatures [7].
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In this paper, let (©2,U, ) be a complete probability measure space, v(2) = 1. Let E be a separable real
Banach space, (F, B) be a measurable space, where B denotes the o-algebra generated by all the subsets of
E, and D be a bounded open subset in £, 9D the boundary of D in E.

Definition 1.1 ([2]). A random continuous and bounded operator A : Q@ x D — E is said to be a E-
valued random semi-closed 1-set-contractive operator, if for almost all w € Q , A(w,-) is a semi-closed
1-set-contractive operator in D, (if I — A is a closed operator and for every w € Q, a(A(w, D)) < a(D), see
[5]), and for every x € D, A(-,x) : Q — E is an E-valued random operator.

Let D be a nonempty subset of R. If ¢ : D — R is a real function such that

pltr + (1 = t)y] < tp(z) + (1 —t)p(y)

for all z,y € D, x # y, t € (0,1), then ¢ is called a strictly convex function onD. If ¢ : D — R is a real
function such that

pltz + (1 —t)y] > to(x) + (1 —t)p(y)
for all x,y € D, x # y, t € (0,1), then ¢ is called a strictly concave function on D.

Lemma 1.2 ([2]). Let E be a separable real Banach space, X be a closed convex subset of E, D be a bounded
open subset in X, and § € D. Suppose that A : Q@ x D — X is a random semi-closed 1-set-contractive
operator, such that

Alw, ) # ax

for all (w,z) € Q x 9D, and o > p, where p > 1. Then random operator equations A(w,x) = ux has a
random solution in D.

2. Main results

Theorem 2.1. Let E be a separable real Banach space, X be a closed convex subset of E, D be a bounded
open subset in X and € D. Suppose that A : Q x D — X is a random semi-closed 1-set-contractive
operator and 0 ¢ A(w,dD),Vw € Q. Moreover, if there exist a strictly convex function ¢ : RT — R™ with
©(0) = 0 and a real function ¢ : Rt — R* with ¢(t) > 1 for all t > 1, such that

Mo(ll Alw, ) — ) = Ao ([ A(w, 2) o ([ A(w, 2) + pal| - [lp|71) = Aveo(l| ) (2.1)

for all (w,x) € Q x ID, where 0 < A\; < Aa. Then random operator equations A(w,x) = px(pn > 1) has a
random solution in D.

Proof. By Lemma we only need to prove that A(w,z) # az,V(w,x) € Q x D, a > pu, where p > 1.
Suppose this is not true. Then there exists (wp,zg) € @ x D and ag > p > 1, such that A(wo, zo) = aoxo,
i.e., 19 = ay ' A(wo, zo). From (2.1)),we have
A (|| Awo, m0) — o A (wo, 20) ) ZAep(Alwo, z0) )@ (| A(wo, o) + o 'l Alwo, zo)|
Nl A (wo, 20) | 71) = M (llag A (wo, zol)),

which implies that
Me((1 =gt )| Alwo, zo) 1) + Aip(llag ™ pA(wo, zo)ll)

>N (|| A(wo, o)) - S[(1 + g™ 1) - | A(wo, o) || - cop™ | Awo, o) || '] (2.2)
=Xop(|| Alwo, o)) - (aop™ +1).
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By the strict convexity of ¢ and ¢(0) = 0, A(wg, xo) # 0, we obtain

Ae[(1 = ag ' w) | A(wo, zo) || + ag  ull0]l] + A (g 1l Alwo, o) ||) + (1 — ag ) [16]])
<(1 = ag WAl A(wo, zo)l) + ag  pdre([16]) + ag A Alwo, zo) ) + (1 — ag Dpdie(6]) — (23)
=A1¢(||A(wo, wo)l])-

It is easy to see from ([2.2)and(2.3)),
Xa([|[ A(wo, o) [)dl(aon™" + 1)] < Mip(||Awo, zo)])-

However, since ag > p > 1, we have 1+040M_1 > 1, and thus gi)(ozo,u_l +1) > 1. Noting that 0 < A\; < Ao, we
have Aog(|| A(wo, z0) | )p[(ag it + 1)] > Aig(||A(wo, o)), which is a contradiction. Tt follows from Lemma
that random operator equations A(w,x) = pz(p > 1) has a random solution in D. O

Remark 2.2. If there exist a convex function ¢ : Rt — R™, with ¢(0) = 0 and a real function ¢ : R — R™T,
with ¢(¢) > 1, for all ¢ > 1 satisfying (2.1)), the conclusion of Theorem2.1] also hold.

Corollary 2.3. Let E be a separable real Banach space, X be a closed convex subset of E, D be a bounded
open subset in X and 6 € D. Suppose that A : Q x D — X is a random semi-closed 1-set-contractive
operator and 6 ¢ A(w,dD),Yw € Q. Moreover, if there ezist o € (—o0,0) U (1, 400) and B > 0, such that

Ml Aw, 2) = pal|* |zl > Aol Alw, )| | Alw, ) + p]|” = A || ]|

for all (w,x) € Q x 0D, where 0 < A\; < Xa. Then random operator equations A(w,x) = px(u > 1) has a
random solution in D.

Proof. Let o(t) = t, ¢(t) = tP. Then () is a strictly convex function with (0) = 0 and ¢(t) > 1 for all
t > 1. Therefore, by Theorem [2.I] the conclusions follows immediately. O

Remark 2.4. Letting 8 = 0, a =2, A\ =X =1land g =1 in Corollar, A(wp,:) = A and A
is completely continuous operator. Thus Corollary becomes the famous Altman’s theorem. Thus,
Corollary 2.3] generalizes Altman's theorem.

Theorem 2.5. Let E be a separable real Banach space, X be a closed convex subset of E, D be a bounded
open subset in X, and @ € D. Suppose that A : Q@ x D — X is a random semi-closed 1-set-contractive
operator and 0 ¢ A(w,dD),Yw € Q. Moreover, if there exist a strictly concave function ¢ : Rt — R™ with
©(0) =0 and a real function ¢ : Rt — RT with ¢(t) <1 for all t > 1, such that

Me(ll Aw, z) = pall) < dep(|A(w, 2) NI A(w, 2) + pal| - llnal| =) = Ae(llnzl) (2.4)

for all (w,x) € Q x ID, where A\ > Ay > 0. Then random operator equations A(w,x) = px(pn > 1) has a
random solution in D.

Proof. By Lemma [1.2] we only need to prove that A(w,z) # az, V(w,z) € Q@ x D, a > p, where p > 1.
Suppose this is not true. Then there exist (wg, zp) €  x D and ag > p > 1, such that A(wp,xo) = apzo,
ie., g = aalA(wo,fno). From (2.4)), we have
Me([|[Alwo, o) — g pA(wo, o)) <Aag([|A(wo, 20) (|| Awo, 20) + ag ' A (wo, zo) |
g A (wo, 20) |71 = M (llag A (wo, zol)),

which implies that

Apl(1 = ag ! )| A(wo, zo) I] + Aieplllag ' A (wo, zo) ]
<o (|| Alwo, zo)[]) - ¢[(1 + og ') - | Alwo, zo)|| - crop™ || Alwo, z0)[| '] (2.5)
=X (|| A(wo, o)l|) - plavop™" +1).
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By the strict concavity of ¢ and ¢(0) = 0, we obtain

Ael(1 = ag ' w)l|Alwo, o) || + ag ' wll0ll] + Argplag sl Alwo, o)) + (1 — ag ' w1611
>(1 = ag ' Ap(||A(wo, 20) 1) + ag ' phie([101) + ag e (| Alwo, zo)[) + (1 — ag ' w)Aie(16])  (2:6)
=A1¢([|A(wo, o) ||)-

It is easy to see from ([2.5) and ([2.6]) that
Ao ([| A(wo, o) ) dl(aop™ + 1)] > Mp(||Awo, zo)])-

However, since oy > 1 > 1, we have oo™t +1 > 1 and thus ¢(agu~! +1) < 1. Noting that A\; > Ay > 0, we
have Aog(|| A(wo, z0) | )p[(ag it + 1)] < AMg(||A(wo, 20)]|), which is a contradiction. Tt follows from Lemma
that random operator equations A(w,x) = pz(p > 1) has a random solution in D. O

Remark 2.6. If there exist a concave function ¢ : Rt — RT with ¢(0) = 0 and a real function ¢ : R — R™,
with ¢(t) < 1 for all ¢ > 1 satisfying (2.4, the conclusion of Theorem also hold.

Corollary 2.7. Let E be a separable real Banach space,X be a closed convex subset of E, D be a bounded
open subset in X and € D. Suppose that A : Q x D — X is a random semi-closed 1-set-contractive
operator and 0 ¢ A(w,0D), for all w € Q, where \y > Ao > 0. Moreover, if there exist a € (0,1) and B <0,
such that

MA@, ) — gl uall? < Al AGw, ) 2| Afw, 2) + pall® - Azl

for all (w,x) € Q x D, Ay > Aa > 0. Then random operator equations A(w,x) = px(n > 1) has a random
solution in D.

Proof. Let ¢(t) = t®, ¢(t) = t7. Then ¢(t) is a strictly convex function with ¢(¢) > 1 for all ¢ > 1 and
©(0) = 0. Therefore, by Theorem the conclusion follows immediately. O

Theorem 2.8. Let E be a separable real Banach space, X be a closed convex subset of E, D be a bounded
open subset in X and 6 € D. Suppose that A : Q x D — X is a random semi-closed 1-set-contractive
operator and 0 ¢ A(w,dD), Vw € Q. Moreover, if there exist a strictly convex function ¢ : Rt — R with
©(0) = 0 and a real function ¢ : Rt — Rt with ¢(t) > 1 for all t > 1, such that

Me(ll Alw, z) — pzll) > Aep(l|Aw, 2) DI Alw, )| - llpz |71 = Advg([lp])) (2.7)

for all (w,x) € Q x OD, where Ay > A1 > 0. Then random operator equations A(w,z) = px(pn > 1) has a
random solution in D.

Proof. By Lemma we only need to prove that A(w,z) # az, V(w,z) € Q x 0D, a > p > 1. Suppose
this is not true. Then there exists (wp,zo) € Q x dD and ag > p > 1, such that A(wg, o) = apxo, i.e.,
Ty = aalA(wo, x0). From (2.7), we have

Me([[A(wo, 20) — ag A (wo, 20) 1) ZAep(l| A(wo, o)) d (| Alwo, zo)[| - [lag ™ pA(wo, zo) ||~
- Al@(|’a61MA(w07 l'()) H)7
which implies that
Me(1 = ag ' )| Alwo, zo)I] + Alllag A (wo, 20)[[] = Aep(A(wo, 20) ) - ¢(u™ ). (2.8)
By the strict convexity of ¢ and ¢(0) = 0, we obtain
Mpl(1 = ag p) | Awo, zo) | + ag 6]l + Mlag | Alwo, zo) ] + (1 — ag 1) 16]])

<A1 (1 = g e (| A(wo, o)) + Mag e (101]) + Aag e[| Alwo, zo) ) + A (1 — ag ' we((l6)  (2:9)
=A1¢([|A(wo, zo)|)-
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It is easy to see from (2.8) and (2.9)) that
Ao (| A(wo, zo) ) p(aop ™) < Mp([|A(wo, o) ))-

However, since ag > i > 1, we have appu~! > 1, and thus ¢(app™t) > 1. Noting that Ay > A\; > 0, we have
Aoo([| A(wo, z0)|)d( ) > M@(||A(wo, w0)||), which is a contradiction. Therefore, it follows from Lemma
that random operator equations A(w,x) = pz(p > 1) has a random solution in D. O

Remark 2.9. If there exist a convex function ¢ : RT — Rt with ¢(0) = 0 and a real function ¢ : R* — R
with ¢(t) > 1 for all ¢ > 1 satisfying (2.7)), the conclusion of Theorem also hold.

Corollary 2.10. Let E be a separable real Banach space, X be a closed convex subset of E, D be a bounded
open subset in X and 0 € D. Suppose that A : Q x D — X is a random semi-closed 1-set-contractive
operator and 6 ¢ A(w,dD),Yw € Q. Moreover, if there exist o € (—o0,0] U [1,+00) and B > 0, such that

Ml A(w, @) = pel|*[lpzll” 2 Rl Alw, 2) |4 — Al|pue]| o

for all (w,z) € Q@ x D, A2 > A\ > 0. Then random operator equations A(w,z) = px(p > 1) has a random
solution in D.

Proof. Let ¢(t) = t*, ¢(t) = t5. Then ¢(t) is a convex function with ¢(0) = 0 and ¢(¢) > 1 for all ¢ > 1.
Therefore, by theorem [2.8] the conclusion follows immediately. O

Remark 2.11. Letting p = 1 and A = Ay = 1 in Corollary A(w,-) = A, we can obtain Theorem 2.17
of [7].

Theorem 2.12. Let E be a separable real Banach space, X be a closed convex subset of E, D be a bounded
open subset in X, and € D. Suppose that A : Q@ x D — X is a random semi-closed 1-set-contractive
operator, and 0 ¢ A(w,0D),Yw € Q. Moreover, if there exist a strictly concave function ¢ : Rt — R*
with ¢(0) = 0 and a real function ¢ : Rt — R with ¢(t) <1 for all t > 1, such that

Me(ll Alw, z) — pzll) < Aap(l|A@w, 2) DI Alw, )] - llpz |71 = Advg(llp])) (2.10)

for all (w,z) € Q x 0D, where 0 < Ao < A\1. Then random operator equations A(w,x) = px has a random
solution in D.

Proof. By Lemma we only need to prove that A(w,z) # az, V(w,z) € Q x 0D, a > p > 1. Suppose
this is not true. Then there exist (wp,zo) € ©Q x dD and oy > p > 1 such that A(wg,z9) = apxo, i.e.,

zo = ay " A(wo, 20). From (2.10), we have
Mg([[Alwo, o) — ag " pA(wo, 2o)ll) <Aaw(| Alwo, z0) (| Alwo, zo) |l - llag ™ A (wo, o)l 7)
= Mg(llag ' nA(wo, 20)l)),
which implies that
Mpl(1 = ag ' )| Alwo, zo) ] + Mellag wA(wo, o) ] < Ao (Alwo, zo)ll) - ¢ o). (2.11)

By the strict concavity of ¢ and ¢(0) = 0, we obtain

Mel(1 = ag ' w) | A(wo, zo) | + g ullOll] + Mplag ' ll Alwo, zo) ] + (1 — ag 1) 1611
>A1(1 = ag el Alwo, o)1) + Mag  u((16l]) + Aag e ([ Awo, zo)ll) + A (1 — ag we(lo])  (2.12)
=A1p([[A(wo, zo))-

It is easy to see from (2.11]) and (2.12) that
Ao (|| Awo, zo) [N é(aop™) > ([ A(wo, o) ).
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However, since ag > p > 1, we have agu~! > 1, and thus ¢(apu~!) < 1. Noting that A\; > Ay > 0, we have
Ao (| A(wo, z0)[Nd (1 o) < Mip([|Alwo, o)),

which is a contradiction. Therefore, it follows from Lemma that random operator equations
A(w,x) = px(p > 1) has a random solution in D. O

Corollary 2.13. Let E be a separable real Banach space, X be a closed conver subset of E, D be a bounded
open subset in X and € D. Suppose that A : Q x D — X is a random semi-closed 1-set-contractive
operator and 0 ¢ A(w,dD), Yw € Q. Moreover, if there exist o € (0,1) and B < 0, such that

Ml Aw, &) = pel|*[lpzl]” < Xl Alw, 2) |4 — Al pue] |

for all (w,x) € Q x 0D, where 0 < Ay < A\1. Then random operator equations A(w,z) = px(u > 1)has a
random solution in D.

Proof. Let p(t) = t®, ¢(t) = t#. Then o(t) is a strictly concave function with ¢(0) = 0 and ¢(t) < 1 for all
t > 1 . Therefore, by Theorem the conclusion follows immediately. O

3. An application

In this section, we give an example to demonstrate Corollary [2.10

Example 3.1. Let us consider the following random nonlinear integral equation

np() = /G ko, 2,9, 0 () dy, (3.1)

where p > 1, and G is a bounded open subset in R"™.
Suppose that
(i)k(w, z,y,t) is random continuous on Q x G' x G x R,
(ii) There exist a,b > 0 and b-mesG < m, where m > 0, such that for any (w,z,y,t) € Q x G x G x R},

| k(w,z,y,8) [<a+b[t].
Then Equation (3.1)) has a random continuous solution ¢(w, x).
Proof. Let C(G) be the Banach space of all continuous functions defined on G with norm defined by

I f lle=sup || f(z) ||, f € C(G).
zeCG

Imitating the proof of Theorem [2.1] of [4], we know that the operator

Alw,p) = /G kw2, 9, 0(y)dy

is a random compact continuous operator. Therefore, A(w,¢) : Q@ x C(G) — C(G) is a random semi-closed
1-set-contractive operator.
Let r = %‘GGG >0and D = {p ||| ¢(z) [[c< r} be a closed ball in C(G). From (ii), we have

m—b-mes

| Aw,¢) |< /G | k(ws 2y, o) | dy < /G (a+ blo(y))dy = a /G dy+ b /G o(y)ldy
=a-mesG+b-mesG || ¢ |c,¥(w,p) € QxID.

Thus
| A(w, ) [< a-mesG+b-mesG || ¢ ||c< amesG + br - mesG = mr,¥(w, p) € Q x 0D,

which implies that
I Alw, ) <l me ||, ¥(w, @) € 2 x OD.

Take m = %,a = 0,8 = 1 in Corollary Then all the conditions of Corollary are satisfied.
Therefore, the random nonlinear integral equation (3.1)) has a random continuous solution p(w, z). O
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