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Abstract

In this paper, we consider cone metric type spaces which are introduced as a generalization of symmetric
and metric spaces by Khamsi and Hussain [M.A. Khamsi and N. Hussain, Nonlinear Anal. 73 (2010),
3123-3129]. Then we prove several fixed and periodic point theorems in cone metric type spaces. (©2014
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1. Introduction

Following Banach [3], if (X,d) is a complete metric space and T is a map of X satisfies d(Tx,Ty) <
Md(z,y) for all z,y € X where A € [0,1), then T" has a unique fixed point. Afterward, several fixed point
theorems were considered by other people [4, [7, 12} 14, 26]. The cone metric space was initiated in 2007 by
Huang and Zhang [8] and several fixed and common fixed point results in cone metric spaces were introduced
in [1, 9, (13, (17, [I8} 19 20, 21, 22, 23, 25, 27 28).

The symmetric space, as metric-like spaces lacking the triangle inequality was introduced in 1931 by
Wilson [29]. Recently, a new type of spaces which they called metric type spaces are defined by Khamsi
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and Hussain [15], [16]. Analogously with definition of metric type space, Cvetkovié et al. [5] defined cone
metric type space. On the other hand, several fixed point theorems in cone metric type spaces were proved
by other researchers [5], 111, 24].

The purpose of this paper is to generalize and unify the fixed and periodic point theorems of Abbas and
Jungck [I], Huang and Zhang [§], Rezapour and Hamlbarani [25], Abbas and Rhoades [2], Song et al. [27]
on cone metric type spaces.

2. Preliminaries
Let us start by defining some important definitions.
Definition 2.1 ([29]). Let X be a nonempty set and the mapping D : X x X — [0, 00) satisfies

(S1) D(z,y) =0<=x =y;
(52)  D(z,y) = D(y,),

for all x,y € X. Then D is called a symmetric on X and (X, D) is called a symmetric space.

Definition 2.2 (6, §]). Let E be a real Banach space and P be a subset of E. Then P is called a cone if
and only if

(a) P is closed, non-empty and P # {0};

(b) a,b € R,a,b > 0,2,y € P imply that ax + by € P;

(c)if x € P and —z € P, then x = 0.

Given a cone P C F, we define a partial ordering < with respect to P by
r<y<—y—zcP

We shall write < y if < y and = # y. Also, we write x < y if and only if y — x € intP (where intP is
the interior of P). The cone P is named normal if there is a number k£ > 0 such that for all z,y € E, we
have

0<z<y— ] <klyl.
The least positive number satisfying the above is called the normal constant of P.

Definition 2.3 ([8]). Let X be a nonempty set and the mapping d : X x X — E satisfies
(d1) 0 < d(z,y) for all z,y € X and d(x,y) = 0 if and only if z = y;

(d2) d(z,y) = d(y, z) for all x,y € X;

(d3) d(z, z) < d(z,y) +d(y, z) for all z,y,z € X.

Then, d is called a cone metric on X and (X, d) is called a cone metric space.

Definition 2.4 ([I5, [16]). Let X be a nonempty set, and K > 1 be a real number. Suppose the mapping
D: X x X — [0,00) satisfies

(D1) D(z,y) =0 if and only if z = y;

(D2) D(z,y) = D(y,z) for all x,y € X;

(D3) D(z,2) < K(D(z,y) + D(y, 2)) for all z,y,2z € X.

(X, D, K) is called metric type space. Obviously, for K = 1, metric type space is a metric space.

Example 2.5 ([16]). Let X be the set of Lebesgue measurable functions on [0, 1] such that fol |f(z)2dz < .

Suppose D : X x X — [0,00) is defined by D(f,g) fo |f(z) — g(x)|*dz for all f,g € X. Then (X, D) is a
metric type space with K = 2.
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Definition 2.6 ([5]). Let X be a nonempty set, K > 1 be a real number and E a real Banach space with
cone P. Suppose that the mapping d : X x X — F satisfies

(cdl) d(x,y) >0 for all z,y € X and d(z,y) = 0 if and only if z = y;

(cd2) d(z,y) = d(y,x) for all z,y € X;

(cd3) d(z, z) < K(d(z,y) + d(y, z)) for all z,y,z € X.

(X,d, K) is called cone metric type space. Obviously, for K = 1, cone metric type space is a cone metric
space.

Example 2.7 ([5]). Let B = {e;|i = 1,--- ,n} be orthonormal basis of R” with inner product (.,.) and
p > 0. Define

X, ={[z]|z: [01—>R”/y ),e)Pdt € R,j=1,2,--- ,n},

where [x] represents class of element 2 with respect to equivalence relation of functions equal almost every-
where. Let £ = R" and
Pp = {y € R"(y,e;) >0,i=1,2,--- ,n}

be a solid cone. Define d : X, x X,, = Pg C R" by

n 1
9= e /0 (f — )@ ePdt,  fgeX,

Then (X, d, K) is cone metric type space with K = 2P~1.
Similarly, we define convergence in cone metric type spaces.

Definition 2.8 ([5]). Let (X,d, K) be a cone metric type space, {z,} a sequence in X and = € X.

(i) {xn} converges to x if for every ¢ € E with 0 < ¢ there exist ng € N such that d(z,,z) < ¢ for all
n > ng, and we write lim, oo d(2y, z) = 0

(13) {zp} is called a Cauchy sequence if for every ¢ € E with 0 < ¢ there exist ng € N such that d(z,, zm) < ¢
for all m,n > ng, and we write limy, —y00 d(Tn, Tm) = 0.

Lemma 2.9 ([5]). Let (X,d, K) be a cone metric type space over-ordered real Banach space E. Then the
following properties are often used, particularly when dealing with cone metric type spaces in which the cone
need not be normal.

(P1) If u <v and v < w, then u < w.

(Py) If 0 < u < ¢ for each ¢ € intP, then u = 0.

(P3) If u < Au where u € P and 0 < XA < 1, then u = 0.

(Py) Let xy, — 0 in E and 0 < c. Then there exists positive integer ng such that x, < ¢ for each n > ny.

3. Fixed point results

Theorem 3.1. Let (X,d, K) be a complete cone metric type space with constant K > 1 and P be a solid
cone. Suppose the mappings f and g are two self-maps of X satisfying

d(fx, gy) < ad(z,y) + bld(z, fz) + d(y, gy)] + cld(z, gy) + d(y, f)], (3.1)
for all x,y € X, where
a,b,c>0 and Ka+ (K +1)b+ (K*4+ K)c < 1. (3.2)

Then f and g have a unique common fixed point in X. Also, any fized point of [ is a fixed point of g, and
conversely.
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Proof. Suppose ¢ is an arbitrary point of X, and define {z,} by

1= fro , T2=9gx1 , - , Toagy1 = fTon , Topg2 = gTopy1 for n=0,1,2, ...
Now,
d(xon+1, Tant2) = d(fron, 9Ton+1)
< ad(xQ’m x2n+1) + b[d(x%’w f$2n) + d(xQnJ,-l, gw2n+1)]

which implies that d(z2n+1, Tont+2) < Ad(Zon, Tont1), where A =
Similarly, we have d(z2p+3, Tont2) < Ad(Zon+2, Tan+1), where A =

Thus for all n,

+cld(won, gron+1) + d(@2nt1, f22,)]

ad(xan, Ton+1) + bld(xon, Tant1) + d(T2nt1, Tant2)]
+eld(w2n, Tant2) + d(T2n11, T2nt1))

(a+b)d(z2n, T2n+1) + bd(T2n+1, Tant2)

+cK[d(xon, Tant1) + d(x2nt1, Tant2)],

at+b+cK < 1
1-b—cK K-
a+b+cK < 1
1-b—cK K

IN

d(xnvxn-i-l) < )\d<$n—17xn) < A2d($n—27:17n—1) <--- < )\nd(ﬁfoa 561). (33)

Now for any m > n, we have

d(xp, Tm,)

INIACIA

Kld(zn, Tni1) + d(Tn1, Tm)]

Kd(xp, znq1) + K? [d(xm—la Tpy2) + d(Tnq2, xm)]
oo S Kd(2n, Tngr) + K2d(Tpg1, Tnga) + - -

+ K™ " (2o, 1) + K™ d( €1, ).

Now, by (3.3) and A < &, we have

d(Zp, Tm)

<

<

K(A\"d(zo,71)) + K2\ (o, 21)) + - - + K™ (X" d(zo, 71))
(KA" + K2A"H 4 KM Am=d (20, 21)
EXN'(1+ KX+ + (KN (o, 21)

K\"
1— K\

d(xo,z1) — 0 when n — 00.

Now, by (P;) and (Py), it follows that for every ¢ € intP there exist positive integer N such that d(x,, z,,) <
¢ for every m > n > N, so {x,} is a Cauchy sequence. Since cone metric type space X is complete, so there
exists z € X such that z,, — z as n — co. We show that gz = fz = z. Using (3.1 and (3.2]), we have

d(z,92) <
<

IN

Kld(z, mont1) + d(w2n41, 92)] = Kd(2, 22n41) + Kd(f22n, 92)
Kd(z,zon4+1) + K(ad(xgn, z) + bld(zan, fron) + d(z, g2)]
+eld(w2n, g2) + d(z, fran)])

Kd(z,zon+1) + Kad(zay, z) + Kbld(z2n, T2n+1)

+d(z,92)] + Kc[K|d(z2n, 2) + d(2, 92)] + d(2, f72n)]

K(1+4 ¢)d(z,zon4+1) + K(a+ cK)d(zan, 2) + bKd(x2n, Ton41)
+K(b+ cK)d(z,gz).

The sequence {x,} converges to z, so for every ¢ € intP there exists ng € N such that for any n > ng

d(z,92) <

K(1+c¢)
1—-K(+cK)

bK
+md($2mx2n+l)

K(a+ cK)

d(Z, $2n+1) + m

d(xon, 2)
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< K(1+c¢) 1-K(b+cK) ¢
1-K(b+cK) K(1+c¢) 3

Kla+cK) 1-K((b+cK) ¢
TT-Kb+eK) Ka+cK) 3
bK 1-K(b+cK) c
TR+ k) bK '3

It follows that d(z, gz) < c for every ¢ € intP, and by (P») we have d(z, gz) = 0, that is, gz = z. Now,
d(fz,z) = d(fz 9z2)
< ad(z,2) +bd(z, £2) + d(z, g2)] + cld(z, g2) + d(z, £2)]
(b+c)d(fz, 2).
It follows that d(fz,z) = 0 by (Ps). Therefore, gz = fz = z. On the other hand if z; is another fixed point
of f, then fz1 = gz1 = z1 and
d(z,z1) = d(fz,921)
< ad(z,21) +0[d(2, f2) +d(z1,921)] + cld(z, gz1) + d(21, f2)]
= (a+20)d(z ),
which is possible only if z = z; (by relation (3.2)) and (P3)). O

Corollary 3.2. Let (X,d, K) be a complete cone metric type space with constant K > 1 and P be a solid
cone. Suppose a self-map f of X satisfies

d(fPx, f1y) < ad(z, y) + ld(z, fPx) +d(y, f1y)] + cld(x, fy) + d(y, fPz)], (3-4)
for all x,y € X, where
a,b,c>0 and Ka+ (K+1)b+ (K> + K)e < 1, (3.5)
and p and q are fixed positive integers. Then f has a unique fized point in X.

Proof. Set f = fP and g = f? in inequality (3.1]) and use the Theorem O]

Corollary 3.3. Let (X,d, K) be a complete cone metric type space with constant K > 1 and P be a solid
cone. Suppose a self-map f of X satisfies

d(fz, fy) < ad(z,y) + bld(z, fz) + d(y, fy)] + cld(z, fy) + d(y, fz)], (3.6)
for all x,y € X, where
a,b,c >0
and
Ka+ (K +1)b+ (K*+ K)c < 1. (3.7)
Then f has a unique fixzed point in X.
Proof. In Corollary set p=g=1. O

Remark 3.4. In Theorem and Corollaries and if we suppose (X, d) is a cone metric space and P
is a normal cone with normal constant k. Then the same assertions of Theorem Corollaries [3.2 and
are true that were given in [2].

Following results is obtained from Corollary
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Corollary 3.5. Let (X,d, K) be a complete cone metric type space with constant K > 1 and P be a solid
cone. Suppose a self-map f of X satisfies

d(fz, fy) < ad(z,y), (3.8)
for all x,y € X, where a € [0, %[ Then f has a unique fixed point in X.

Remark 3.6. Corollary is the Banach-type version of a fixed point results for contractive mappings in a
metric type space. This Corollary was proved by Jovanovié¢ et al in [I1].

Corollary 3.7. Let (X,d, K) be a complete cone metric type space with constant K > 1 and P be a solid
cone. Suppose a self-map f of X satisfies

d(fz, fy) < bld(z, fz) + d(y, fy)], (3.9)

for all z,y € X, where b € [0, %ﬂ[ Then f has a unique fixed point in X.

Corollary 3.8. Let (X,d, K) be a complete cone metric type space with constant K > 1 and P be a solid
cone. Suppose a self-map f of X satisfies

d(fz, fy) < cld(z, fy) + d(y, fz)], (3.10)
for all x,y € X, where c € |0, KgiﬁrK[ Then f has a unique fixed point in X.

Remark 3.9. In Corollaries and suppose that (X, d) is a cone metric space, K = 1 and P is a
normal cone with normal constant k. Then we obtain the Theorems 1, 2 and 3 that were given by Huang
and Zhang in [§]. Also, if we delete normality condition of P, then we obtain Theorems 2.3, 2.6 and 2.7
that were given by Rezapour and Hamlbarani in [25].

Corollary 3.10. Let (X,d, K) be a complete cone metric type space with constant K > 1, P be a solid cone
and a self-map f of X satisfies

d(fz, fy) < ad(z,y) + bld(z, fz) + d(y, fy)], (3.11)

for all x,y € X, where
a,b>0 and Ka+ (K+1)b< 1. (3.12)

Then f has a unique fixed point in X.

Corollary 3.11. Let (X,d, K) be a complete cone metric type space with constant K > 1 and P be a solid
cone. Suppose a self-map f of X satisfies

d(fz, fy) < ad(z,y) + cld(z, fy) + d(y, fz)], (3.13)

for all x,y € X, where
a,c>0 and Ka+ (K*+ K)e < 1. (3.14)

Then f has a unique fixzed point in X.

Corollary 3.12. Let (X,d, K) be a complete cone metric type space with constant K > 1 and P be a solid
cone. Suppose a self-map f of X satisfies

d(fz, fy) < ond(z,y) + agd(z, fx) + asd(y, fy) + cud(z, fy) + asd(y, fx), (3.15)

for all x,y € X, where
a; >0 forevery i €{1,2,---,5}

and
2Kai + (K 4 1)(ag + a3) + (K2 + K) (a4 + a5) < 2. (3.16)

Then f has a unique fixzed point in X.
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Proof. In (3.15) interchanging the roles of z and y, and adding the new inequality to (3.15)), gives (3.6 with

a=ay,b=22% and ¢ = 2t O

Remark 3.13. In Corollary set K = 1. It reduces to the standard Hardy-Rogers condition [7] in cone
metric spaces with g = i, ( i, is identity maps). Also, set K = 1 and let (X, d) be a cone metric space, P
be a normal cone with normal constant & or non-normal cone. Then Theorem 2.1 and Corollary 2.1 of Song
et al. in [27] are obtained.

Example 3.14. Let X = E =R, P = [0,00) and d : X x X — [0,00) be defined by d(z,y) = |z — y|°.
Then (X, d) is a cone metric type space , but it is not a metric space since the triangle inequality is not
satisfied. Starting with Minkowski inequality, we get |z — 2|? < 2(|z — y|? + |y — 2|?). Here K = 2.

Define the mapping f : X — X by fo = M(x+b), where x € X and M < % Also, X is a complete space.

Moreover, d(fz, fy) = [M(z+b) — M(y +b)|> = M?d(z,y), that is, there exist a = M? < § = & such that
(3.8) is satisfied. According to Corollary -, f has a unique fixed point.

4. Periodic point results

Recall if f is a map which has a fixed point z, then z is a fixed point of f” for each n € N. However
the converse is not true [2]. If a map f: X — X satisfies Fiz(f) = Fiz(f") for each n € N, where Fiz(f)
stands for the set of fixed points of f [10], then f is said to have property P. Furthermore recall that two
mappings f,g: X — X is said to have property Q if Fiz(f) () Fix(g) = Fiz(f™)() Fiz(g"). The following
results extend some theorems of [2].

Theorem 4.1. Let (X,d,K) be a cone metric type space with constant K > 1 and P be a solid cone.
suppose a self-map f of X satisfies

(i) d(fz, f?z) < ad(z, fz) for all x € X, where a € [0, %[ and K > 1 or (i) with strict inequality, K = 1
for all x € X with x # fx. If Fix(f) # 0, then f has property P.

Proof. Proof is similar to the metric and cone metric spaces case. O

Theorem 4.2. Let (X,d, K) be a complete cone metric type space with constant K > 1 and P be a solid
cone. Suppose the mappings f and g are two self-maps of X satisfying and of Theorem . Then
f and g have property Q.

Proof. By Theorem f and ¢ have a unique common fixed point in X. Suppose z € Fiz(f") () Fix(g"),
we have
d(z,92) = d(f(f"'2),9(9"2))
ad(f"" 1z, g"2) + BlA(f" 2, f2) + (g2, 9" )]
+e[d(f" e, g E) +d(g" 2, f12)]
= ad(f"'z,2) + ([ 'z, 2) + d(2, g2)] +cd(f” 'z, 92),
which implies that d(z, gz) < Md(f" 'z, z), where A\ = ‘l”rlgﬂcﬁ < K (by relation ), and we have

IN

d(z,92) = d(f"z,g" M 2) < M(f"12,2) < - < XN(fz,2) =0 as n— oo

Now, from (P») and (Py), we have d(z,gz) = 0, and gz = z. Also, Theorem implies that fz = z and
z € Fiz(f)() Fiz(g). O

Theorem 4.3. Let (X,d, K) be a complete cone metric type space with constant K > 1 and P be a solid
cone. Suppose a self-map f satisfies (@) of Corollary . Then f has property P.
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Proof. By Corollary f has a unique fixed point in X. Suppose z € Fix(f"), we have
d(z fz) = d(f(f"'2), f(f"2))
< ad(f"z fR2) + O[T e fR2) + d(fz [ )]
+eld(f" 7z, 1) + (2, 7))
ad(f" 1z, 2) + b[d(f" 2, 2) + D(z, f2)]
+eK[d(f" 2, 2) + d(z, f2)],

IN

which implies that

d(z, fz) < Md(f" 1z, z) where A\ = ‘ffgfﬁg < +, (by relation ) Hence,

d(z, fz) = d(f"z, f*12) < Md(f"lz,2) < < A\"d(fz,2) — 0 when n — co.

Now, from (P,) and (Py), we have d(z, fz) =0, and fz = z. Hence z € Fiz(f) and proof is complete.  [J

Corollary 4.4. Let (X,d, K) be a complete cone metric type space with constant K > 1 and P be a solid
cone. Suppose a self-map f satisfies (3.15) and (3.16|) of Corollary . Then [ has property P.

Proof. See [11]. O

Corollary 4.5. Let (X,d, K) be a complete cone metric type space with constant K > 1 and P be a solid
cone. Suppose a self-map f satisfies any one of the inequalities (3.9), (3.10), (3.11{5.19) and (3.13{3.1}).
Then f has property P.

Remark 4.6. Set K = 1, suppose (X,d) is a cone metric space and P be a normal cone, then we obtain
Theorems 3.1, 3.2 and 3.3 of Abbas and Rhoades in [2].
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