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Abstract

In this paper, by means of the concept of attractive points of a nonlinear mapping, we prove strong con-
vergence theorem of the Ishikawa iteration for an (o, 5)—generalized hybrid mapping in a uniformly convex
Banach space, and obtain weak convergence theorem of the Ishikawa iteration for such a mapping in a
Hilbert space.
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1. Introduction

Let E be a Banach space with the norm || - || and let K be a nonempty subset of E. In 2010, Kocourek,
Takahashi and Yao [5] firstly introduced the concept of the generalized hybrid mapping, which contains the
classes of nonexpansive mappings, nonspreading mappings, and hybrid mappings. A mapping T : K — K
is called (o, 8)—generalized hybrid if there exist «, 8 € R such that

allTe = Tyl? + (1 = a)llz = Ty|* < BTz — y|* + (1 = Bz — y|? (1.1)

for all x,y € K, where R is the set of real numbers. T is said to be nonexpansive if T' is (1,0)—generalized
hybrid; 7" is called hybrid (Takahashi [10]) if T is ( %, %)—generahzed hybrid, i.e.

3Tz — Tyl|* < |l = Ty||* + | — y|* + |« — y|* Vaz,y € K;
T is called nonspreading (Kohsaka and Takahashi [6]) if T is (2, 1)—generalized hybrid, i.e.

2|Tz — Ty|* < |lo = Ty|* + | Tz — y||* Va,y € K.

*Corresponding author
Email address: zhengyuchuni@yeah.net (Yuchun Zheng)

Received 2015-1-16



Yuchun Zheng, J. Nonlinear Sci. Appl. 8 (2015), 354-362 355

Baillon [I] proved the first nonlinear ergodic theorem: suppose that K is a nonempty closed convex
subset of Hilbert space E and T : K — K is nonexpansive mapping such that F(T) # (), then Vz € K, the
Cesaro means

AN
Tn$:n+1;T$

weakly converges to a fixed point of T'.

Bruck [2] 3] studied the property of Cesaro means for nonexpansive mapping in uniformly convex Banach
space. Takahashi and Yao [I1I] proved the nonlinear ergodic theorem for both hybrid and nonspreading
mappings in a Hilbert space. Kocourek, Takahashi and Yao [5] showed that both the nonlinear ergodic
theorem and the weak convergence theorem of the Mann iteration for (a, 8)—generalized hybrid mapping.
The Mann iteration is the original definition of Mann [7] for a nonexpansive mapping 7',

Tpt1 = @y + (1 — ap) Tz, {an} C (0,1), 21 € K.

Takahashi and Takeuchi [12] obtained the nonlinear ergodic theorem without convexity for («, 3)—generalized
hybrid mappings. Hojo and Takahashi [4] showed the strong convergence of the Halpern iteration of Cesaro
means for (o, 3)—generalized hybrid mapping 7" under some proper conditions,

n

1 ,
Tpt1 = apu+ (1 — an)m ;T’xn {an} € (0,1), u,z; € K.

In this paper, we will deal with strong and weak convergence of the Ishikawa iteration for finding
attractive points of («, f)—generalized hybrid mappings under some conditions on the sequences {ay,} and

{Bn} in (0,1),

Yn = ann + (1 - 5n)Txn (12)

Our results obviously develop and complement the corresponding ones of Kocourek, Takahashi and Yao
[5], Takahashi and Yao [11] , Takahashi and Takeuchi [12], Takahashi [I0] and others.

{$n+1 = apty + (1 —an)Tyy

2. Preliminaries and basic results

Let N and R be the sets of positive integers and real numbers, respectively. Let K be a nonempty subset
of a Banach space E with the norm | - || and let T' be a mapping 7" from K to E. A point y € E is called
an attractive point of T if for all x € K

1Tz =yl < [l —yll
We denote by A(T') the set of all attractive points of T, i.e.,
AT) ={y € B;|Tz —y|| < ||z —y|| Vze K}.

Takahashi and Takeuchi [12] used this concept and proved the closed and convex property of A(T) in a
Hilbert space H. For more details, see Takahashi and Takeuchi [12].
A Banach space FE is said to be uniformly convex if for all

e €[0,2],

36 > 0

such that
|z + |l

[z = llyll =1 implies < 1— 0. whenever ||z —y|| > e.

The following lemmas are well-known which can be found in [13].
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Lemma 2.1. (Xu [I3, Theorem 2]) Let g > 1 and r > 0 be two fized real numbers. Then a Banach space is
uniformly convez if and only if there exists a continuous strictly increasing convex function g : [0, +00) —
[0, +00) with g(0) = 0 such that

Az + (1= Nyll* < Allz]|* + (1 = Mlyll* = wgNg(llz - yll), (2.1)
for all x,y € B.(0) = {z € E;||z|| <r} and X € [0,1], where wy(A) = A(1 — A) + A(1 — ).

Note that the inequality in Lemma [2.1] is known as Xu’s inequality.

Let H be a real Hilbert space with the norm || - || and the inner produce (-,-). Obviously, the Xu’s
inequality is replaced by the following equality in a Hilbert space H, for z,y € H and t € R,

[tz + (1 = t)yll* = tllz[* + (1 = )llyl* — t(1 = t)l|l= - y]*. (2.2)

Lemma 2.2. Let K be a nonempty closed and convex subset of a real uniformly convex Banach space E
and let T : K — K be a («, B)—generalized hybrid mapping with A(T) # 0. Suppose that the sequence {x,}
1s defined by the Ishikawa iteration

Tpil = Qplp + (1 - an>Tyn (2 3)
where the sequences {an} and {Bn} in (0,1) such that
liminf 3,(1 — a,)(1 — B,) > 0. (2.4)

n—oo

Then (i) the sequence {xy} is bounded;
(i) the limit lim ||z, — u|| exists for each uw € A(T);
n—o0
(i5i) lim ||x, — Tx,| = 0.
n—oo
Proof. Take u € A(T).
By the definition of the attractive point, we have

[2ntr —ull = llom(zn —u) + (1 — an)(Tyn — u)||
< apllzn —ull + (1= o) || Tyn — ull
< anfzn —ull + (1 = on)lyn — ull
< apllen —ull + (1 = an)Ballzn — ull + (1 = Bo) | Txy — ul])
< (om+ (1 —an)(Bn+ (1= Bn)))llzn — ul
< lzn —ull
< e —ull.

So the sequence {z,} is bounded and the sequence {||z, — u||} is monotone non-increasing, and hence the
limit lim |2, — u|| exists for each u € A(T).
n—oo
Now we show (iii).
Let
> — ul|.
r 2 max |[zn —ull

Then
1Tyn — ull < |lyn —ull < |lzn —ull <7 and [Tz, —ul < [, —ul| <7
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It follows from Lemma [2.1]¢ = 2) that
Zn1 — ull? = [lan(@n — u) + (1 = an)(Tyn — w)||?
< apll@n = ull? + (1 = an) [Ty, — ul?
< agllzn —ull? + (1 = an)lyn — ul)?
= apllzn — ull? + (1 = an)l|Bn(@n — u) + (1 = Bo) (Txn — u)|]?
< apllan = ull? + (1 = an) (Ballzn — ull* + (1 = Bo)l|T2n — ull®
—Bn(1 = Br)g(|Txn — 24l]))
e U||2 + (1 = an)(Bullzn — U||2 + (1 = Bu)llzn — u”2
—Bn(1 = Br)g(|Tzn — zn])))
<l — ull® = (1 = @) B (1 = Bo)g(| Tz — 2nl)- (2.5)
Then we have
(1 = an)Bn(l = Bn)g([|[Tzn — 2pl]) < llzn — U||2 — llzn+1 — U||27

and so,
oo

> (1= an)Bu(l = Bu)g (| Ty — all) < a1 — ul|* < +o0.

n=1

From the condition ((2.4), it follows that
lim g(|Tn — 2al]) = 0.
n—oo
By the property of the function g, we have
lim || Tz, — z,| = 0.
n—oo
This completes the proof. O

When «,, = 0 for all n, the following conclusions hold obviously.

Corollary 2.3. Let K be a nonempty closed and convex subset of a real uniformly convexr Banach space E
and let T : K — K be a («, 3)—generalized hybrid mapping with A(T) # 0. Suppose that the sequence {x,}
1s defined by the following iteration

Tny1 =T (Bnxn + (1 = Bp)Txy) (2.6)

where the sequence {fy} in (0,1) such that
lim inf 8, (1 — ,) > 0. (2.7)

Then (i) the sequence {x,} is bounded;
(i) the limit ILm |xn, — ul| exists for each u € A(T);

o0
(111) lim ||z, — Tx,|| = 0.
n—oo

3. Strongly Convergent Theorems

Let K be a nonempty subset of a Banach space E. A mapping T : K — K is said to satisfy Condition
I'if there is a nondecreasing function f : [0,00) — [0, 00) with f(0) =0, f(r) > 0 for r € (0, 00) such that

|z — Tz| > f(d(xz, A(T))) for all z € K,

where d(z, A(T')) = inf{||x — y||;y € A(T")}. This concept was introduced by Senter and Dotson [9] and the
examples of mappings that satisfy Condition I was given.



Yuchun Zheng, J. Nonlinear Sci. Appl. 8 (2015), 354-362 358

Theorem 3.1. Let K be a nonempty closed and conver subset of a uniformly convexr Banach space E and
and let T : K — K be a («,3)—generalized hybrid mapping with A(T) # 0 and satisfying Condition I
Suppose that the sequence {x,} is defined by the Ishikawa iteration

{xn+1 = apty + (1 —an)Ty, (3.1)
Yn = Pnwn + (1= Bn)Tan,
where the sequences {an} and {Bn} in (0,1) such that
hnnli.%f Brn(1 —an)(1—B,) > 0. (3.2)
Then the sequence {x,} converges strongly to an attractive point z of T'.
Proof. It follows from Lemma that the sequence {z,} is bounded and
|znt1 — ul|| < ||zn — u|| for each u € A(T) and nhi& |xr, — Tzy|| = 0. (3.3)
Then Condition I implies nlgrolo f(d(zy, A(T))) = 0, and hence
lim d(z,, A(T)) =0. (3.4)

n—o0

Next we show that the sequence {z,} is a Cauchy sequence of E. In fact, for any n,m € N, without loss
of generality, we may set m > n, then ||z, — u|| < ||z, — ul|| for each u € A(T) by ((3.3)), and so

[2n = 2| < [lon — ull + [lu = 2] < 2[zn — ul. (3.5)
Since u is arbitrary, then we may take the infimum for u in ((3.5))),

|lzn — 2] < 2inf{||a, — ull;u € A(T)} = 2d(xp, A(T)).

From ((3.4)), it follows that as li_>m |xr, — || = 0, which means that {z,} is a Cauchy sequence. So there
n—oo
exists z € I/ such that
lim ||z, — z|| = 0.
—00
By ((3.3)), we have
lim || Tz, — z|| = 0.
n—oo

Now we prove z € A(T). In fact, it follows from the definition of («, f)—generalized hybrid mapping
that for all x € K,

ol Ty = Ta|? + (1 = a)llzn — Tz|* < Bl|Twn — z]* + (1 = B)l|lzn — z]*. (3.6)
Let n — oo in (([3.6])). Then by the continuity of the norm || - || and the function g(t) = t2, we have
allz = Ta|> + (1 — @)z — Tal}? < Bllz — 2l + (1 - Bz — 2,

and hence
|z —Tz| < ||z —z| for all z € K.

So z € A(T) and li_>m ||xr, — z|| = 0. The proof is completed. O
n—oo
A mapping T : K — F is said to be demicompact (Petryshyn [8]) provided whenever a sequence

{z,} C K is bounded and the sequence {x, — Tz, } strongly converges, then there is a subsequence {z,, }
which strongly converges.
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Theorem 3.2. Let K be a nonempty closed and conver subset of a uniformly convexr Banach space E and
andlet T : K — K be (o, )—generalized hybrid and demicompact with A(T) # 0. Suppose that the sequence

{zn} is defined by the Ishikawa iteration ((3.1)) and the sequences {a,} and {Bn} satisfy ((3.2)). Then the

sequence {x,} converges strongly to an attractive point z of T'.

Proof. It follows from Lemma that the sequence {z,} is bounded and

lim ||z, — Tz,|| = 0. (3.7)

n—o0

Then the demicompactness of 7' implies there is a subsequence {z,, } C {z,} and z € E such that

lim ||z, — 2| = 0. (3.8)
k—o00
By ((3.7)), we also have
lim [|Tz,, —z| =0.
k—o00

From the definition of («, 8)—generalized hybrid mapping, it follows that for all € K,
| Tan, = Ta|? + (1 = a)llzn, — Tz|* < Bl|Twn, — 2] + (1 = B)l|lzn, —]*. (3.9)
Let k — oo in ((3.9)). Then by the continuity of the norm | - || and the function g(t) = t2, we have
|z —Tz| < ||z — x| for all z € K.

So z € A(T). Since lim ||z, — u|| exists for each u € A(T") by Lemma [2.2| (i), then we have
n—o0
lim ||z, —z|| = 0.
n—oo

The proof is completed. O

The condition (3.2)) contains a;,, = 0 and liminf 3,(1 — ,) > 0 as special cases. So the following result
n—o0

is obtained easily.

Corollary 3.3. Let K be a nonempty closed and convex subset of a real uniformly convexr Banach space E
and let T : K — K be a («, B)—generalized hybrid mapping with A(T) # 0. Suppose that the sequence {x,}
1s defined by the following iteration

LTn4+1 = T(ann + (1 - ﬂn)Txn) (3'10)
where the sequence {B,} in (0,1) such that

lim inf B, (1 — 5,) > 0. (3.11)

Assume that T either satisfies Condition I or is demicompact. Then the sequence {x,} converges strongly
to an attractive point z of T

4. Weakly Convergent Theorems

Let {x,} is a sequence in E, then x,, — z will denote weak convergence of the sequence {z,} to x.
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Theorem 4.1. Let K be a nonempty closed and convexr subset of a Hilbert space H and let T : K — K
be a («, B)—generalized hybrid mapping with A(T) # (. Suppose that the sequence {x,} is defined by the
Ishikawa iteration

Tpy1 = anTn+ (1 — )Ty, (41)
Yn = BnTn + (1 - Bn)TSUna
where the sequences {an} and {Bn} in (0,1) such that
liminf 3, (1 — ay,)(1 — B) > 0. (4.2)
n—oo
Then the sequence {x,} converges weakly to an attractive point z of T
Proof. 1t follows from Lemma that the sequence {x,} is bounded and
lim ||z, — u|| exists for each u € A(T') and lim ||z, — Txy|| = 0. (4.3)
n—oo n—o0

Then there exists a subsequence {x,, } of {z,} and z € H such that x,, — z. We claim z € A(T). In fact,
it follows from the definition of («, §)—generalized hybrid mapping that for all z € K,

T, — Tal]? + (1= )|, — Te|2 < BT, — | + (1= B)an, — (4.4)
Then we have

al||wn, — Tx|* + 2(xn, — Tx,Txpn, — ) + | T2n, — 20, ||?) + (1 — @)||zn, — Tz|?
= a||Tzy, — Tz|? + (1 - o)z, — Tz

< Bl Tzn, — xHQ + (1 = B)|zn, — x||2

< B([Tzp, — xnkHQ + 2(Tn, — Tny,, Ty, — ) + [T, — 37”2) + (1 =Bz, — xHQ

Let k — oco. Then by ((4.3)) (klim |Xn, — Ty, || = 0), we have
—00

limsup ||z, — Tx||? < limsup ||z, — /. (4.5)
k—o0 k—o0

Since z,, — z and
l2n, = 2|* = llwn, — T2l + 2(en, — T2, Tz — ) + | T2 — |,

then
limsup ||z, — z||* = limsup ||z, — Tz|* +2(z — Tz, Tz — x) + ||Tx — ||
k—ro0 k—ro0

Since ||z — z||? = ||z — Tx|* + 2(z — Tz, Tx — z) + | Tx — z||?, we have
2(z — T, Tz — 2) + [Tz — 2| = ||z — z|* — ||z - Tz|]?,

and hence
limsup [, — 2|2 = limsup |2, — Ta|2 + |2 — a2 - |2 - Ta|2
k—o0 k—oo

From ((4.5)), it follows that

limsup ||zn, — Tx||* <limsup ||z, — z|?
k—ro0 k—ro0
=limsup ||z, — Tz|* + ||z — z||* — ||z — T|]?,
k—o0
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and so
|z —Tz| < ||z — | for all z € K.

That is, z € A(T).

Now we prove {x,} converges weakly to z. Suppose not, then there exists another subsequence {z,} of
{zy,} which weakly converges to some y # z. Again in the same way, we have y € A(T).

From ((4.3))), it follows that both nl;rl;o |xn — z|| and nl;rl;o ||xr, — y|| exist. By the elementary properties

in Hilbert space, we easily obtain
. 2 . 2
Jim lon — 2] = Hm [lan, — 2|

= lim (lzn, = ylI* + 2{zn, — v,y — 2) +lly — 2)
k—o00

= lim ||z, —yl* +2(z —y,y — 2) + |y — 2|
k—o0

= lim flon, = yl* = lly - 2|

— 00

= lim [z —y[* = lly — 2|
n—oo

= lim [z, —y|* =y - 2?
71— 00

= lim (|Jan, — 2|° + 2(@n, — 2,2 = y) + 2 = ylI*) = lly — z|?
1—00

= lim |2y, — 2] - 2]z — y|?
1—00

= lim [lz, — 2[|* — 2] — ¢,
n—oo

which implies z = y, a contradiction. Thus, {z,} converges weakly to an attractive point z of 7. O

Take a,, = 0. We also obtained easily the following.

Corollary 4.2. Let K be a nonempty closed and convex subset of a Hilbert space H and let T : K — K
be a (o, B)—generalized hybrid mapping with A(T) # 0. Suppose that the sequence {x,} is defined by the
following iteration

Tn+1 =T(Bpan + (1 = Bp)Txn) (4.6)

where the sequence {fy} in (0,1) such that
lim inf B, (1 — B,) > 0. (4.7)

Then the sequence {x,} converges weakly to an attractive point z of T
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