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Abstract

In this paper, we establish some new inequalities for power means with n positive numbers. Moreover, some
new properties of p — M, (a,p) are obtained, where M, (a,p) denotes the p-th power mean of first n entry
of vector a. (©2015 All rights reserved.
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1. Introduction and Preliminaries

Given n positive numbers ay,ag, - - ,ap, denote a = (ay,asz,- -+ ,a,), we recall that the classical arith-
metic mean A,(a), the geometric mean G,(a), the harmonic mean H,(a), and finally M,(a,p), the p-th
power mean, are respectively defined by

_ ZZ:1 Ak _ _ n
Ap(a) = ="=—, Gyla)= = ma

n

H ax, Hp(a)
k=1

and

M, (a,p) = (;iai>;’ p#0, (1.1)

k=1

Yajas - -an, p=0~0.
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We can see that M,(a,—1) = Hy(a), M,(a,0) = G,(a), My(a,1) = A,(a). Then, multivariate means
of classical arithmetic, geometric and harmonic are special cases of power mean, and the relations of these
means can be written by next inequalities

H,(a) = My(a,—1) < G,(a) = M,(a,0) < A,(a) = M,(a,1) (1.2)

To date, some excellent methods have been proposed to prove and establish inequalities. For example, in
[9], Ibrahim and Dragomir established inequalities by utilizing power series and Young’s inequality. In [10],
Kouba used classical analysis to obtain some new inequalities. In [12], V. Mascioni discover new inequalities
by the differences of some Stolarsky means. Due to the importance of power mean in modern mathematics,
it has also been given considerable attention by mathematicians. Many remarkable results for power mean
have been presented in the literature (see, for example, [2 [3 4] [5, 6, 11} 14} [I5] 16 [I7] and the references
cited therein).

The main purpose of this paper is to establish some new inequalities for M, (a,p) and to give some new
properties for p — lim,,_o, My(a,p)/My(a,p+ 1) and p — lim,_, My(a, I%)/Mn(a, zﬁ) in the case when
a is an arithmetic sequence.

2. Some known results
In this section we restate some Lemmas and Theorems, which relate to our main results.

Lemma 2.1 (Holder’s inequality, [8]). Let ag, by > 0, for k =1,2,--- n, and let % + % =1 with p,q > 1.

Then
n n 1 n 1
Sabe< (Sa) (SH)" (21)
k=1 k=1 k=1
with equality if and only if af, = 70} (k=1,2,--- ,n), 7 is constant.

The p-th power mean type Holder’s inequality can be described by the following Theorem.

Theorem 2.2 (Holder’s inequality [I], p.211). If ag, by, > 0 (k = 1,2,---,n), and % +§ =1 with p > 1.
Then
M, (ab,1) < M, (a,p)M,(b,q), (2.2)

where a = (a17a27 e 7a7’l)7b = (bl7b27 e 7b7’L)7 ab = (a1b17a2b27 e ;anbn)-

Lemma 2.3 ([1], p.31). Let ¢ (x) be twice differentiable and 1" (x) > 0. Then

n

s(E3 ) < LS v (23)
k=1

k=1
Lemma 2.4 (Minkowski’s inequality, [13]). Let ap,bx >0 (k=1,2,--- ,n) and p > 1. Then
n 1 n 1 n 1
Do) < (Xak) "+ (Xow)" (2.4
k=1 k=1 k=1

The inequality is reversed for p < 1 (p # 0). In each case, the sign of equality holds if and only if ar = by
(k=1,2,---,n).
Lemma 2.5 (Jensen’s inequality[7], p.28). Let ap >0 (k=1,2,---,n), 0 <r <s. Then

n 1
S

()

k=1 k=1
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Theorem 2.6 ([7], p.26). Let ai,az, - ,a, be a positive sequence, n € N. If p € R, then M,(a, ) 18 in-
creasing for fized ay,ag,- - ,an; if p € (—00,0)U(0,+00), then M, (a 7) is decreasing for fized ai,as,- - ,ay.

Lemma 2.7 ([I], p.26). Let ® be a differentiable function defined on D, if

P(x)—
U(zx) = (32_3:0(330)’ x,x0 € D, x # xo.

Then ®(x) is (strictly) convex if and only if ¥(x) is (strictly) increasing on D.

3. Some new inequalities for power means
In this section, we establish some new inequalities for M, (a,p) and M,(a, %)

Theorem 3.1. Letay >0, k=1,2,--- ,n, p € [1,400). Then
max {a}

I~ 2\r_ (1 L <ken 1 1\p
— a”) <<— ap)p< (— ap>, 3.1
<n ; k)] =\ g k] = m n & k (3.1)
the sign of equality holds if and only if a1 = az = -+ = ay.
Proof. Let
My (a, p)
F(p) = —2222, (3.2)
Mn(a7 %)

By Theorem we know that F'(p) is an increasing function for p € (0, 4+00).
Note that

F(1)=1, (3.3)
lim F(p) = pETOOM g = 1gll?§n{ak} (3.4)
ptoo lim My(a, )  VITizr
p——+o00 p
Then, for p € [1,+00), we have
max {ay}
1< F(p) < =t (3.5)

- n /Hk:1 ak; :
Combining equations (3.2)), (3.3) and inequality (3.5)) lead to inequality (3.1])) immediately. The proof of
Theorem is completed. O

Corollary 3.2. Let ay,az, -+ ,ay be an increasing arithmetic sequence in inequality (3.1), p > 1. Then we

obtain
1

)< (5 < E) oo

and the bound e for the right-side of inequality (3.6|) is optimal.

Remark 3.3. Let ap = k in inequality (3.6]), p > 1. Then we have
I~ 1\? _ /1~ N\
z z p\P
() = (L Xw)
k=1
W 1 & Y
P — P .
SASEy A (i5)

IN
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Using Lemma [2.3, we can obtain the following Theorem easily.
Theorem 3.4. Letay >0 (k=1,2,---,n), p>1. Then
M, (a 1)<M%(ap 1) (3.8)
n 7p — n 7p Y .
The inequality is reversed for 0 < p < 1, where a? = (af,db,--- ,ah).
Corollary 3.5. Let ag,by >0 (k=1,2,---,n), p,qg > 1. Then
Moa, 5 My(b, 1) < M (o, D)0 (7, 1) (39)
a, — y ) = a’, — s ) .
T g T g
Theorem 3.6. Let ag, b, >0 (k=1,2,--- ,n), and let % + % =1 with p,q > 1. Then
max{M,(ab, 1), MP(ar,p)M4(b7,q)} < My(a,p)Mn(b, q). (3.10)
Proof. By Theorem 2.2 we can obtain
M, (ab,1) < My(a,p) My (b, q). (3.11)
And by Theorem we have
1 3 1 ,
Mn(a,ﬁ) > My (aP,—), 0<p <L (3.12)
Let p' = % in inequality 1} Then
1
Mny(a,p) = Mj(ar,p), p>1. (3.13)
Similarly,
1
Mpy(b,q) > Mi(bi,q), q>1. (3.14)
Combining equations (3.11)), (3.13) and (3.14)) lead to equation (3.10) easily. O
Remark 3.7. Let 0 < a1 < ag < -+ < ap,0 < by < by < -++ < by, in Theorem [3.6] Then we have
Mﬁ(a%,p)Mf{(b%,q) < Mp(ab, 1) < My(a, p)M, (b, q). (3.15)
Theorem 3.8. Let ag, by >0 (k=1,2,---,n), \,u >0, and let p > 1. Then
My(Aa+ pb, p) < AMy(a,p) + My (b, p). (3.16)
The inequality is reversed for p < 1.
Proof. Using Minkowski inequality in Lemma [2.4] we have
1< 5
M, (Xa + b, p) = (ﬁ > (a+ ub)p> ’
k=1
1 n 1 n 1
P P
< o [(20ar)” + (Xubr)’]
k=1 k=1
Therefore, we obtain the desired result (3.16)). O
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Remark 3.9 (Minkowski’s inequality [7], p.30). Let A = p = 1 in Theorem Then we can easily obtain
the p-th power mean type Minkowski’s inequality

My(a+b,p) < My(a,p) + M(b,p). (3.17)

The inequality is reversed for p < 1.

Theorem 3.10 (Young’s inequality). Let ag, by > 0 (k= 1,2,--- ,n), A+ p=1,A>0, and let p > 1.
Then
My, (a*b#, p) < AMj(a, p) + My (b, p). (3.18)

Proof. By using inequality
AABF < XNA+puB, A+p=1,A4,B,\>0,

we get
M, (a*b*,p) < M,(Aa+ pb, p). (3.19)

Then, combining inequalities (3.16]) and (3.19)), we obtain the desired result (3.18]). O

Theorem 3.11. Ifar >0 (k=1,2,---,n), 0 < p <v. Then

M 1 M. 1y _e
"(a7 Vl) Z Vl— [ n(a7 Vl) }V Z 1/1— : (3'20)
Mn(a,—;) nv—r Mn(a,—;) nv—r
Proof. Using Jensen inequality in Lemma and simple computations lead to
Ien 1\ /1 1V 1 [&1 /(& 1\+]°
Gxe) () = w2 ()]
k=1 aj, k=1ap “k=1
- N [N 2] 3.21
—W[z(l Sai) |2 | X () 21
a,;’ k=1 k=1 “ap k=1
> n,/+p = nu—p'
The proof of Theorem is completed. O

4. Some known results
In this section, we give some new properties for the ratio of power means.

Theorem 4.1. Let {a,} be an increasing arithmetic sequence with a; > 0, n € N, denote Cp(a,p) =
Mn(@p) g g C(p) = lim Cy(a,p). Then
n—o0o

Mn(a,erl)
P+1/p+2
—— (=1,0) U (0,00)
IYp+1
Clp) =4 2 R, (4.1)
€, ’
07 p S _1)

and C(p) is strictly increasing on (—1,400).
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(d is tolerance). Then simple computation leads to

Proof. Denote a = %
I~ p\7
(72 )
M’rL(avp) _ k=1

_ k=1
1 o
(5300 (o= )
Lt a1
o ) (4.2)
1 =
- _ p\?
(= >0+ (k—1)ap)
_ k=1
(- S (k- ar+) 7
n
k=1
I l+ (k—1ajry\;
Gxl——1)
_ k=1
(l = [1 + (k- 1)a}p+1)p}rl
n n
k=1
Let ¢(z) = aP. Then applying Lagrange mean value theorem for ¢ (z) on interval [@, W} , We
have I+ (k=1) (k—1) 1
+(k —1)aqp —1l)ayp p—1 1
[ n } [ n } = Py n’
where (k1) Lt (k1)
—1l)a +((k—1)a
—— <&
n
Denote
1 1+ (k—1ar [(k—1)a7r
Tn_nz<[ n } _[ n } ' (4.3)
k=1
Now, we prove that
lim r, =0. (4.4)

n—oo

We divide three cases to prove equation (4.4]).

Case I. When p > 1, we get
1+ ka>p*1

1 1 & 1

_ p—1 p

n = i5p + n2 prlc < ni+p + n2 < n
k=2 k=1

1 a 183 ket
— . — _ — p—1
<n1+P+n - (n> , a=pla+1)P "

k=1
Moreover,

182 ko 1 1

im0 S (5) = [t =

n 0 p

Thus, inequality (4.5) and equation (4.6)) lead to equation (4.4) immediately.
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Case II. When 0 < p < 1, simple computation leads to
1 P = et 1 P, 1 1p
=t % = a2l ()
k=2 k=2
-1 n—1
1 P < n\l-p 1 g n\1-p (4.7)
< nltep + n2 Z (%) ~ oplte + n2 (E)
k=1 k=1
< + £ -0 (n— o0)
nP‘f’l npb ’
where 3 = paP~1.
Obviously, inequality (4.7) is equivalent to inequality (4.4])
Case III. When —1 < p < 0, denote t = —p (0 <t < 1). Then
1 R P
n :‘nlftiﬁsz ‘
k=2
1 t s 1.+
< nl—t T n2 ; (gk)
- (4.8)
1 t nl o\ t4+1
< nl—t ' p2 Zl (%)
1 7oe=1 t
S T i 2u g 7T g
k=1
Note that
1 Ly ! =0 0 4.9
A 2 =0 e (4.9)
Thus, inequality (4.8) and equation (4.9) lead to equation (4.4) immediately.
Equations (4.3]) and (4.4) imply that
1¢ [l—i-(k—l)a]p v
n n
lim Cy(a,p) = lim — T
n—00 n—00 <1 n [1+(k_1)a]p+1>pl
n n
k=1
fon L= (k= Daye v
Jm 2 [ (4.10)
_ k=1
o L (k= Dagett =t
k=1
1
(o (az)Pdz)r —  7R/p+2
(Jo (azpida) s VP
Hence,
p+1 + 2
Clp) = —2 p e (—1,0)U (0, +00). (4.11)
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Note that
2
C(0) =1 nl == 4.12
(0) = Jim g% : (4.12)
and ) )
psTs  lim [ In(p+2) — ~In(p + 1)} 5
lim C(p) = lim —Y2 2 — o0 Lp +1 p == (4.13)
p—0 p—0 p+1 e
Thus, C(p) is continuous at p = 0, and we obtain
YT 2
VP e (—1,0) U (0, +00),
cp)={ pr1 PECLOVI ) (4.14)
e’ b= 0.
Similarly, when p < —1, we can obtain
C(p) =0. (4.15)
Combining equations (4.14)) and (4.15]) lead to equation (4.1)) immediately.
Next, we prove that C(p) is strictly increasing on (—1, +00).
Denote ( 0 »)
glp+1)—g(p
=InC(p) = LT (5 1), 4.16
f(0) = tnC(p) = LEEH I ) (4.10)
where )
9(p) = Eln(zﬂr 1), ¢(0)=1 (4.17)

By the Lemma we know that f(p) is strictly increasing on (—1,4o00) if and only if g(p) is strictly
convex on (—1,+00).
Simple computations lead to

p

—— —In(p+1)
+1
g0 =) e (LU +) (418)
g/(0) = lim o (p) = — (119)
p—0 27
h
#p)="P) e (11,0000, +00), (4.20)
where )
3p° +2p
h(p) = 2In(1 — 4.21
() =2n(1+p) ~ P (.21)
Simple computations give
lim h(p) = —o0, h(0)=0, (4.22)
p——1+
2
g9"(0) = lim ¢"(p) = 7, (4.23)
p—0 3
B (p) = ﬂ >0 € (—1,+00) (4.24)
p - (p+ 1)3 - 9 p ) . .

Hence, h(p) is increasing on (—1,+00). It follows from and together with the monotonicity of
h(p) that h(p) < 0 when p € (—1,0), and h(p) > 0 when p € (0,+00). Combining equations and
lead to ¢”(p) > 0 immediately. Hence g(p) is strictly convex on (—1,+00).

Therefore, C(p) is strictly increasing on (—1,400). The proof of Theorem is completed. O
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Theorem 4.2. Let {a,} be an increasing arithmetic sequence with a; > 0, n € N, denote E,(a,p) =

Mn(a7l) ]
vai)’ and E(p) = nhﬁngo E.(a,p). Then
pP(p+ 2)P*t
(p+ 1)t p >0,
(_p _ 1>2p+1 , p<—2.

Moreover, E(p) is decreasing on (0,+00) and increasing on (—oo, —2).

Proof. Denote a = % (d is tolerance), p = —t (t > 2). When p € (—o0, —2), simple computation leads to

Mn(a’_l)
n\d; 73
1 & 1\t
OIS
) (m ')
Lym o)
(Za)
k=1

( kZi: [1+(kn1)jj t1>t_1 (4.26)

1
n
1 — n 1\¢
t
<nk [1+(k—1)a} )
Let p(x) = x_%, then ¢'(z) = Ly Applying Lagrange mean value theorem for ¢(z) on interval

[@ 71“];_1)&}, we have t

n )

1+ (k—1Day-1 [(k—1)a7-% 1 11 1
Lot Gt g
n n t n
where (k_Tl)a <& < H(kT_l)a
Denote " ) )
1 1 1+ (k—1ay—3 k—1)a1—%
5n:‘ 1 41 ([ +( )a} t_|:( )a} t)‘ (4.27)
nt T n n
Now, we prove that
lim 4, = 0. (4.28)
n—oo
Simple computations lead to
5 < 1 N 1 z”:( 1 )H;
" nl_% tn? &k
k=2
1 1 S, nyipt
- - t
<STtoe > () (4.29)
n k=1
SRR ()
nl_% cnl_% k 7
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where ¢ = taltl/t.

n—1
1 1
By the property of p-series, we know that lim Z (—)Hf is convergent for t > 2.
n—oo P k
Combining equation (4.27) and inequality (4.29) lead to equation (4.28). Thus

(3 (5))

k=1

JLHQOE”(a’_t): = N
. a\~—1t
Jim <n;(n> )
(Ji () )

(Jotar)~tar)
_ (t _ 1)2t—1
R

Let t = —p in the last equation of (4.30]), we obtain
(—p—-1~*"  (=p)P(=p—2p"
(=p)P(=p—2)77t  (-p-1)F!

Next, we prove F(p) is increasing on (—oo, —2).
When p < —2, denote

(t > 2).

E(p) =

¢(p) = InE(p) = pln(—p) + (p + Din(—p — 2) — (2p + 1)In(—p — 1).

Simple computations lead to

¢ (p) = In(—p) + In(—p — 2) — 2In(—p — 1) + pnltl _ lerQ’

neoy 3p+4
T e T

Then, ¢/(p) is increasing on (—oo, —2).
Note that

lim ¢'(p) = lim =

p——00 p—>—00

[lnp(p +2) 1
(p+1? (+1+2)
Thus
¢'(p) > 0,
Therefore, ¢(p) is increasing on (—oo, —2).
When p € (0, +00). By the same method, we can obtain

9\p+1
B(p) = p(m.

And E(p) is decreasing on (0, +00). The proof of Theorem is completed.

Acknowledgements

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)

The authors would like to express their sincere thanks to the anonymous referees for making great
efforts to improve this paper. This work was supported by the Fundamental Research Funds for the Central

Universities (Grant no. 13ZD19).



Y .-Q. Xu, K. Chen, J.-F. Tian, J. Nonlinear Sci. Appl. 8 (2015), 423433 433

References

[1]
2]

=)

[11]
[12]

[13]
[14]

[15]
[16]

[17]

P. S. Bullen, Mitrinovié, P. M. Vasi¢, Means and Their Inequalities, Kluwer, (2003).

Y. M. Chu, W. F. Xia, Two sharp inequalities for power mean, geometric mean, and harmonic mean, J. Inequal.
Appl., 2009, (2009), 6 pages.

I. 1. Costin, G. H. Toader, Optimal evaluations of some Seiffert-type means by power means, Appl. Math. Comput.,
219 (2013), 4745-4754.

A. Cizmesija, A new sharp double inequality for generalized heronian, harmonic and power means, Comput. Math.
Appl., 64 (2012), 664-671.

A. Cizmesija, The optimal power mean bounds for two convex combinations of A-G-H means, J. Math. Inequal.,
6 (2012), 33-41.

H. Y. Gao, J. L. Guo, W. G. Yu, Sharp bounds for power mean in terms of generalized heronian mean, Abstr.
Appl. Anal., 2011 (2011), 9 pages.

G. Hardy, J. E. Littlewood, G. Pdlya, Inequalities, Cambridge University Press, UK, (1952).

O. Holder, Ueber einen Mittelwerthabsatz. Géttinger. Nachr, (1889), 38-47.

A. Tbrahim, S. S. Dragomir, M. Darus, Power series inequalities via Young’s inequality with applications, J.
Inequal. Appl., 2013 (2013), 13 pages.

O. Kouba, Bounds for the ratios of differences of power means in two arguments, Math. Inequal. Appl., 17 (2014),
913-928. [

B. Y. Long, Y. M. Chu, Optimal power mean bounds for the weighted geometric mean of classical means, J.
Inequal Appl., 2010 (2010), 6 pages.

V. Mascioni, A note on stolarsky, arithmetic and logarithmic means, Math. Inequal. Appl., 15 (2012), 581-590.
m

H. Minkowski, Geometrie der Zahlen, Teubner-Verlag, Leipzig, (1896).

J. J. Wen, W. L. Wang, The optimization for the inequalities of power means, J. Inequal. Appl., 2006 (2006),
1-25. [

S. H. Wu, Generalization and sharpness of the power means inequality and their applications, J. Math. Anal.
Appl., 312 (2005), 637-652.

W. F. Xia, W. Janous, Y. M. Chu, The optimal convexr combination bounds of arithmetic and harmonic means
in terms of power mean, J. Math. Inequal., 6 (2012), 241-248.

Z. H. Yang, Sharp bounds for Seiffert mean in terms of weighted power means of arithmetic mean and geometric
mean, Math. Inequal. Appl., 17 (2014), 499-511.



	1 Introduction and Preliminaries
	2 Some known results
	3 Some new inequalities for power means
	4 Some known results

