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Abstract

In this paper, we introduce the concepts of cyclic weakly (v, ¢)-contractive mappings and cyclic weakly
(C, 4, p)-contractive mappings, and prove some fixed point theorems for such two types of mappings in
complete partially ordered Menger PM-spaces. Some new results are obtained, which extend and generalize
some fixed point results in metric and probabilistic metric spaces. Some examples are given to support our
results. (©2015 All rights reserved.
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1. Introduction and Preliminaries

The study of fixed points of mappings satisfying cyclic contractive condition and weakly contractive
condition has been at center of vigorous research activity in last years. In 2003, Kirk and Srinvasan [13]
proved fixed point theorems for mappings satisfying cyclical contractive conditions in metric spaces. In
2009, Harjani and Sadarangani [8] obtained some fixed point theorems for weakly contractive mappings
in complete metric spaces endowed with a partial order. In 2011, Karapinar [I1] presented a fixed point
theorem for cyclic weak ¢-contraction in metric spaces. Harjani et al. [7] proved some fixed point theorems
for nonlinear weakly C-contractive mappings in partially ordered metric spaces. In 2012, Karapinar [12]
obtained some fixed point theorems for cyclic generalized weak ¢-contraction on partial metric spaces. In
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2014, Alsulami [I] proved fixed point theorem for g-weakly C-contractive mappings in partial metric spaces.
Meantime, other authors also obtained some corresponding results in this area [5]-[10].

The notion of a probabilistic metric space was introduced and studied by Menger [14]. The idea of
Menger was to use distribution functions instead of nonnegative real numbers to describe the distance
between two points. It has become an active field since then and many fixed point results for mappings
satisfying different conditions have been studied [10]-[20].

The purpose of this paper is to present some fixed point theorems for cyclic weakly (v, ¢)-contractive
mappings and cyclic weakly (C, 1, ¢)-contractive mappings in complete partially ordered Menger PM-spaces.

We first recall some definitions from probabilistic metric spaces (see [4} [18§]).

Let R denote the set of reals and R the nonnegative reals. A mapping F : R — R is called a

distribution function if it is nondecreasing and left continuous with tin}f% F(t) =0 and sup F'(t) = 1. We will
€ teR

denote by D the set of all distribution functions and let D™ = {F € D : F(t) = 0,Vt < 0}.
Let H denote the specific distribution function defined by

0, t<0,
H(t)_{ 1, t>0.

Definition 1.1 ([I8]). The mapping A : [0,1] x [0,1] — [0,1] is called a triangular norm (for short, a
t- norm) if the following conditions are satisfied:

(A—1) A(a,1) =a, for all a € [0, 1];
(A —2) Aa,b) = A(b, a);

(A =3) A(a,b) < A(e,d), for ¢ > a,d > b;
(A —4) A(a, A(b,c)) = A(A(a,b), ).

Three typical examples of continuous t-norm are Aj(a,b) = max{a + b — 1,0}, As(a,b) = ab and
Apr(a,b) = min{a, b}, for all a,b € [0, 1].

Definition 1.2 ([I8]). A triplet (X, F,A) is called a Menger probabilistic metric space (for short, a Menger
PM-space), if X is a nonempty set, A is a t-norm and F is a mapping from X x X — D satisfying the
following conditions (for z,y € X, we denote F(x,y) by Fy,):

(MS-1) Fpy(t) = H(t), for all t € R, if and only if z = y;

(MS-2) F, 4(t) = Fy »(t), for all z,y € X and t € R;

(MS-3) xy(s +1) > A(Fy2(s), F.y(t)) for all z,y,2 € X and s,t > 0.

Remark 1.3. Schweizer and Sklar [18] point out that if (X, F,A) is a Menger probabilistic metric space
and A is continuous, then (X, F,A) is a Hausdorff topological space in the (g, A)-topology T, i.e., the
family of sets {Uy(g,\) : € > 0,\ € (0,1]} (x € X) is a basis of neighborhoods of point x for T, where
U(e,N) ={y € X : Fpy(e) >1— A}

Definition 1.4 ([4]). (X, F,A) is called a non-Archimedean Menger PM-space(shortly, a N.A Menger PM-
space), if (X, F,A) is a Menger PM-space and A satisfies the following condition: for all z,y,z € X and
t1,t2 >0,

Fpo(max{ty, t2}) = A(Fyy(t1), Fy,2(t2)). (L.1)

Definition 1.5 ([4]). A non-Archimedean Menger PM-space (X, F,A) is said to be of type (D), if there
exists a g € ) such that

9(A(s,1)) < g(s) + g(t),
for all s,t € [0,1], where Q = {g: g : [0,1] — [0,00) is continuous, strictly decreasing, g(1) = 0}.
Example 1.6. Let (X, F,A) be a N.A Menger PM-space and A > Ag. Let g € {2 satisfy one of the three

conditions:
(1) g(t) =1 —1tP for all t € [0, 1], where 0 < p < 1;
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(2) g(t) = |Int|, for all ¢t € (0, 1], and g(0)
(3) g(t) = a' —a, for all t € [0,1], where 2
Then (X, F,A) is of type (D).

Definition 1.7 ([13]). Let X be a nonempty set, m be a positive integer, Ay, As, ..., A, be nonempty
subsets of X, Y = U™, A; and a mapping f : Y — Y. Then Y is said to be a cyclic representation of ¥’
with respect to f, if
(i) 4;,i=1,2,...,m, are nonempty closed sets, and
(ii) f(Al) - A27 BERY f(Amfl) - Ama f(Am) - Al-
Example 1.8. Let X = RT. Let A; = [0,F], Ao = [1,]], A3 = [2—sinl,5] and Y = U?_, A;. Define
f:Y=>Yby fr=x—sinz+1,forallzeY.

Clearly Y = U?:l A; is a cyclic representation of Y with respect to f.

Definition 1.9 ([10]). A function ¢ : [0,00) — [0,00) is called an altering distance function, if it is
continuous and nondecreasing in [0, 00), and ¢ (¢) = 0 if and only if ¢ = 0.

Lemma 1.10 ([4]). Let {x,} be a sequence in X such that lim Fwn oy (t) =1 for allt > 0, If the sequence

{zn} is not a Cauchy sequence in X, then there exist € > 0 to > 0 and two sequences {k(i)}, {m(i)} of
positive integers such that

(1) m(i) > k(i), and m(i) — oo as i — oo;

(2) Fa,iyany (to) <1 —e0 and Fy, o ) ) (t0) 21— €0, fori=1,2,---.

2. Main results

In this section, we first define the concepts of cyclic weakly (1), ¢)-contractive mappings and cyclic weakly
(C, 4, ¢)-contractive mappings in partially ordered Menger PM-spaces.

Definition 2.1. Let (X, <) be a partially ordered set and (X, F,A) be a N.A Menger PM-space of type
(D)g. Let m be a positive integer, Ay, Ag, ..., Ay, be nonempty subsets of X and ¥ = U™, A;. A mapping
T:X — X is said to be a cyclic weakly (v, ¢)-contractive, if Y is a cyclic representation of Y with respect
to T, and for k € {1,2,...,m}, Apy1 = Ay, x € A and y € Ay are comparable with

P(9(Frery(t)) < P(9(Fey(t))) = (9(Fry(t))), (2.1)

for all ¢ > 0, where 1 is a altering distance function, ¢ : [0,00) — [0, 00) is a continuous function, such that

¢(s) = 0 if and only if s = 0.

Definition 2.2. Let (X, <) be a partially ordered set and (X, F,A) be a N.A Menger PM-space of type
(D)g. Let m be a positive integer, A1, Ag, ..., Ay, be nonempty subsets of X and ¥ = U"; A;. A mapping
T:Y — Y is said to be a cyclic weakly (C, 1, ¢)-contractive, if Y is a cyclic representation of Y with respect
to T, and for k € {1,2,...,m}, Am+1 Ay, x € A, and y € Ag4q are comparable with

P(9(Frery(t))) < 1/)( (9(Fary(t) + 9(Fray(1))) — e(9(Fe,ry(1)), 9(Fray(t))), (2.2)

for all ¢ > 0, where v is a altering distance function, ¢ : [0,00) x [0,00) — [0, 00) is a continuous function,
such that ¢(s,t) =0 if and only if s =¢ = 0.

Now, we are ready to state our main results.

Theorem 2.3. Let (X, <) be a partially ordered set and (X, F,A) be a complete N.A Menger PM-space of
type (D)g, m be a positive integer, A1, Aa, ..., Ay be subsets of X and Y = U2 A;. Let T :Y =Y be a
cyclic weakly (1, @)-contractive mapping satisfying . Suppose that the following hold:

(i) T is nondecreasing;

(i1) if a nondecreasing sequence {x,} CY such that x,, — x, then x, < x, for alln € N.

If there exists xg € Ay such that xqg < Txg, then T has a fized point in Y. Furthermore, if for each
x,y €Y, there exists z € Y which is comparable to x and y, then T has a unique fized point.
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Proof. Let xg € A; such that g < Txg. Since T(A;) C A, there exists x1 € Ag, such that 1 = Txo.
Since T'(Az) C As, there exists xo € As, such that zo = Tz;. Continuing this process, we can construct
a sequence {x,} in Y, such that z,41 = Tz, for all n € N, and there exists i,, € {1,2,...,m} such that
Ty € Ain and Tnt1 € Ain-l-l-

Since T is nondecreasing and zg < T'xg = z1, we have 1 = Txg < Tx1 = x5. By induction, we obtain

ro<r1 <<z, <---, foralln eN. (2.3)

Since z,, € A;, and z,+1 € A; 11 are comparable, for i, € {1,2,...,m}, by (2.1) and (2.3), we have

Pl9(Fy 1,20 ()] < Ylg(Frp 2,y ()] = S(9(Frp 2y (1)) < 0[g(Frp o, (£))], for all £ > 0. (2.4)

Since v is nondecreasing, it follows from (2.4) that {g(F, .+, (t))} is a decreasing sequence and bounded
below, for every ¢t > 0. Hence, there exists 7y > 0, such that lim g(Fy,., 2, (t)) = 7.

By using the continuities of ¥ and ¢, letting n — oo &H5.4), we get ¥(ry) < ¥(ry) — é(ry), which
implies that ¢(r;) = 0. Using the property of ¢, we obtain r; = 0. Thus, nh_)rrgo 9(Fppi1,2n(t)) = 0 and
hmF (t) =1, for all t > 0.

Tn+1,Tn

In the sequel, we will prove that {x,} is a Cauchy sequence. In order to prove this fact, we first prove
the following claim.

Claim: for every t > 0 and € > 0, there exists ny € N, such that p,q > ng with p — ¢ = 1(m) then
Fﬂ?pﬂfq( ) >1-e and g( Tp, Z‘q( )) < g(l - 8)'

In fact, in oppose case, there exist typ > 0 and ¢ > 0, such that for any n € N, we can find p(n) > q(n) > n
with p(n) — ¢(n) = 1(m) satisfying sz(n)vfl'q(n) (to) <1 —eo. Thus, g(Fu, ) 2y (.to)) > g(1 —¢gp). o

Now, take n > 2m. Then corresponding to ¢(n) > n, we can choose p(n) in such a way that it is the
smallest integer with p(n) > g(n) satistying p(n) —q(n) = 1(m) and g(Fy,,,) 2, (f0)) = g(1—¢0). Therefore,
I(Fsy () —mg(m (t0)) < g(1 — £0). Using the triangular inequality, we have

g(1 —eo0) < g(F a(n)Tp (to)) g(A(Fy Tg(n)»Tq(n)+ (tU) qu(n)+1,xp<n) (t0)))
< 9(Foyy 0 q(n>+1( 0)) + 9(Fry) 1,50 (0))
< g(Fe Tq(n)Tq n)+1( 0)) + 9(Fz Tq(n)+1s xp(n>+1( 0)) +9(Fz Tp(n)+1>Tp(n) (t0))
< 29(Fa g g0y41 (10)) + 9(Fo g 00 (20)) + 29 (Fay) 0y (F0)) (2.5)
< 29(Fuy )24 1 (0)) F 9(Frg) 00 - (10)) H 9(F oy (20)) 29 (Fiy) 1, (F0)
< 20(Fr )4 ny+1 (P0)) + 9(1 = €0) + Zg Epmy—istp(m) -1 (10)) + 29 (Firy 1 (F0))-
=1
Since li_>m 9(Fyp znsq (t)) =0, for all t > 0, letting n — oo in (2.5), we obtain
n o
A 9(F )y (10)) = B 9(Fory() 1100044 (F0)) = 9(1 = €0). (2.6)

By p(n) —q(n) = 1(m), we know that z,,) and z,(, lie in different adjacently labeled sets A; and A; 1,
for 1 <i <m. By (2.1) and (2.3), we have

w[g(qu(n)+17$p(n)+l( ))} < ¢[ (F: Tg(n) Tp(n) (t0)>] - ¢(g(F$q(n)1$p(7z) (tU))) (2'7)
From the continuities of 1) and ¢, and (2.6), letting n — oo in (2.7), we get

Plg(1 —0)] < Plg(1 —e0)] = ¢(g(1 — €0)),

which implies that ¢(g(1 —e0)) = 0. Hence, g(1 —eg) = 0, it follows that 9 = 0, which is in contradiction
to g9 > 0. Therefore, our claim is proved.
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Now, we prove that that {z,} is a Cauchy sequence. By the continuity of g and g(1) = 0, we have

lim+ g(1 — ae) = 0, for any given € > 0. Since g is strictly decreasing, then there exists a > 0, such that
a—0

1—
g(1 — ag) < 2=,

For any given ¢ > 0 and € > 0, there exists a > 0 such that g(1 — ag) < 9(12_5). By the claim, we find
no € N, such that if p, ¢ > ng with p — ¢ = 1(m), then
g(1—¢)

Fppz,(t) >1—ac and g(Fp, 4, (t) < g(l—ae) < — (2.8)

Since lim g(F%,., 2, (t)) =0, we also find n; € N such that

n—o0
g(l—¢

oy, (1) < 225 (29)

2m

for all n > nq.
Suppose that r, s > max{ng,n;} and s > r. Then there exists k € {1,2,...,m} such that s —r = k(m).
Therefore, s —r + j = 1(m), for j =m — k+ 1 and so

Q(Fzr,zs (t) < Q(Fxr,xsﬂ (t)) + Q(Fxﬁj,xsﬂq )+ + Q(F:tsﬂ,xs (t))-

By (2.8), (2.9) and the last inequality, we get

g —-¢) . gd-¢)

=9 ;. _9(1=9) , g(1=0)

2m 2 + 2

9(Fr, 2,(t)) < =g(1—¢). (2.10)

Since g is strictly decreasing, by (2.10), we have Fy, . (t) > 1 —¢e. This proves that {z,} is Cauchy
sequence. Since (X, F,A) is a complete PM-space, there exists z* € X, such that x,, — z*. Since {z,} C P
and Y = UL A; is closed, we get that 2" € Y. As Y = U A; is a cyclic representation of Y with respect
to T, then the sequence {z,} has infinite terms in each A; for i € {1,2,...,m}.

First, suppose that z* € A;, then Tz* € A;;1, and we take a subsequence {z,, } of {z,} with z,, €
A;_1(the existence of this subsequence is guaranteed by the comment above).

Since z,, — «* and {z,} is a nondecreasing sequence, by the condition (ii), we have z,, € A;_; and
x* € A; are comparable, for all k£ € N. By (2.1), we have

Plg(Fapy 1,10 ()] < Plg(Fr,, 2x ()] = (9(Fr, v (1)) < 0[g(Fr,y, o (1))]-
Since 1) is nondecreasing and ¢ is strictly decreasing, by the above inequality, we deduce
Fypp 1,107 (t) = o,y 27 (1) (2.11)

Let G be the set of all discontinuous points of Fy« 74+ (). Moreover, we know that G is a countable
set. Let G = RT\Gy. When t € G (¢ is a continuous point of Fy« 1,+(-)), it follows from (2.11) that
Foe g (t) > Fyx o+ (t) = H(t). Thus,

Fyp« 7+ (t) = H(t), forallteG. (2.12)

When t € Gy with ¢ > 0, by the density of real numbers, there exist t1,ts € G such that 0 <t < t < ts.
Since the distribution is nondecreasing, we have

1= H(t1) = Fpr ppr (t1) < Fypr 1 (t) < Fye e (t2) = 1.
This shows that, for all t € Gy with ¢t > 0,

Foe - () = H(2). (2.13)
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Hence, from (2.12) with (2.13), we obtain Fy 74+ (t) = H(t), for all t > 0. Thus, Tz* = z* and z* is a fixed
point of T.

Finally, suppose that for each z,y € Y, there exists z € Y which is comparable to x and y. We prove that
fixed point of T' is unique. In fact, suppose that there exist 2*,y* € Y, such that Tz* = z* and Ty* = y*,
then we have z*,y* € N} A;. Now, we consider the following cases:

Case 1. If * € A; and y* € A;4; are comparable. By (2, 1), we have

Plg(For g ()] < Plg(Fre = (8))] = (g(Fi = (1)), for all ¢ > 0.

Hence, ¢(g(Fy= 4+(t))) = 0, that is, g(Fp= y+(t)) = 0. Thus, Fyp« 4« (t) = 1, for all t > 0. Then z* = y*.

Case 2. If * and y* are not comparable, then there exists zg € Y comparable to * and y*.

First, suppose that zg € A;. Define a sequence {z,} in Y, such that z,; = Tz,, for all n € N, and there
exists i, € {1,2,...,m} such that z, € A; and z,41 € 4; 11.

Since T' is nondecreasing and zp € A; and z* € A;41 are comparable, we have z; = Tz and Tz* = z*
are comparable. By induction, we obtain 2,11 = Tz, and Tz* = x* are comparable, for all n € N. Since
x* € N A;, we have z, and z* lie in different adjacently labeled sets, for all n € N. By (2.1), we have

P(g(Fzax (1) S U(9(Fepy 0 (1)) = (9(F, 1 0v (1)) < p(9(Frpy oo (1)) (2.14)
Since 1 is nondecreasing, we get g(F, o+(t)) < g(F%,_,2+(t)). Hence, {g(F.,2+(t))} is a nonnegative

decreasing sequence and hence possesses limit ry, for every ¢t > 0.
By the continuities of ¢ and ¢, letting n — oo in (2.14), we have () < ¥(r¢) — ¢(r¢). Hence, ¢(r) =0,
that is, 7+ = 0. Then lim g(F},,+(t)) = 0 and lim F, ,«(t) = 1, for all £ > 0. Thus, lim z, = z*.
n—oo n—o0 n—oo
Analogously, h_)m zn = y*. Therefore, * = y*.
n o

Therefore, T' has a unique fixed point. O

Theorem 2.4. Let (X, <) be a partially ordered set and (X, F,A) be a complete N.A Menger PM-space of
type (D)g4, m be a positive integer, A1, As, ..., Am be subsets of X and Y = U2, A;. LetT Y — Y be a
cyclic weakly (C, 1), p)-contractive mapping satisfying . Suppose that the following hold:

(i) T is nondecreasing;

(1) if a nondecreasing sequence {x,} CY such that x, — x, then x,, < x, for all n € N.

If there exists xo € Ay such that xo < Txg, then T has a fized point in Y. Furthermore, if for each
x,y €Y, there exists z € Y which is comparable to x and y, then T has a unique fixed point.

Proof. According to the proof of Theorem 2.3, we can construct a sequence {x,} in Y, such that z,,41 = Tz,
for all n € N, and there exists i, € {1,2,...,m} such that x, € A4; and z,41 € A;,+1. Since T is
nondecreasing and z¢ < T'zo = x1, we also have that (2.3) holds.

Since x,, € A;, and x,41 € A;,+1 are comparable, for i, € {1,2,...,m}, by (2.2) and (2.3), we get

¢[9(an+1;$n ()] = T/J[Q(FTmn,T:vnfl (t))]

< w[%(Q(Fxn,Tﬂcnq ) + 9(Fra, z, - )] — o(9(Fr, 121 (1), 9(Fra, 2, 1 (1))

0P () + 9o s (O] = G0 Fr () Frm s ()
<UL 0+ 9(Fay s ()]
Since h is nondecreasing, by (2.15), we have
O(Fres (1)) < 0Py (1)
< SO Eey 10 (1), Far (1) (216)
1

< 5(9(Fei12, () + 9(Fo 0 (1)),
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that is,

From (2.17), it implies that{g(F;, , «,(t)} is a decreasing sequence and bounded below, for every given
t > 0. Hence, there exists r, > 0 such that

lim g(Fz, 120 (t)) =1t (2.18)

n—o0

By (2.18), letting n — oo in (2.16), we get

1
Tt S lim *g(Fxn+1,xn_1(t)) S

n—o0

(’f‘t + ’I”t),

N

that is,
hm g(anﬁ»l,mnfl(t)) = 27't.

n—oo

By using the continuities of ¢ and ¢, letting n — oo in (2.15), we get

$r0) < 95 (2r0)) - 9(0,200) = Y1) — (0, 2r),

which implies that ¢(0,2r;) = 0. Thus, rs = 0. Then hm g( Znir,an(t)) =0and lim F, . . (t) =1, for

n—oo

all ¢ > 0.

In the sequel, we will prove that {z,} is a Cauchy sequence. In order to prove this fact, we first prove
the following claim.

Claim: for every ¢t > 0 and € > 0, there exists ng € N, such that p,q > ng with p — ¢ = 1(m), then
Fapag(t) > 1= £ and g(Fy 0, () < g(1 — ).

In fact, in the oppose case, there exist ¢y > 0 and g9 > 0, such that for any n € N, we can find p(n) >
q(n) > n with p(n) — ¢(n) = 1(m) satisfying Fy,, 2., (to) <1 —eo. Thus, g(Fy Zp(n) Ta(m) (to)) > g(1 — o).

Now, take n > 2m. Then corresponding to ¢(n) > n, we can choose p(n) in such away that it is the
smallest integer with p(n) > g(n) satistying p(n) —q(n) = 1(m) and g(Fs,,,) 2, (t0)) = g(1—¢o). Therefore,
I(F s ) g (t0)) < g(1 — €0). Using the triangular inequality, we have

(B gy i) (10)) < GAFry 00141 (80)s Frgy 41,2, (0))

(F: )+ 9(Fr gy i1 (0))

( )+ 9(F gy 1,000y (10)) + 9(Fy) 1 20y (T0)

( )+ 9(Fe 1,800 (20)) + 29(Fy) 1y (T0)) (2.19)
) (

to)) + 29(pr(n)7171’p(n) (to))

Tg(a) gty 1 (F0)
Er g0 4(ny 1 (0)
)

Tq(n) T q(n)+1(t0
g(Fx a(n)Tq(n)+1 (to ) ( Tq(n):Tp(n)— (t )) + g(Fl‘P(n)*mva(n)

IA

QQ(F Zq(n)Tq(n)+1 (to)) + 9(1 — 60 + Zg Tp(n)—ir>Tp(n)— z+1( 0)) + 29(pr(n)_1,wp(n) (tO))-
=1

Since lim g(F. (t)) =0, for all ¢ > 0, letting n — oo in (2.19), we obtain

€T x
—00 n+1,In

lim g(qum)@p(n) (to)) = lim g(qu(n)H,xme (to)) = hm g(F Tg(my4 1T p(n>(t0)) =g(1 —&9p). (2.20)

n—oo n—oo

By p(n) —q(n) = 1(m), we know that x,,) and z,) lie in different adjacently labeled sets A; and A;41,
for 1 <1i <m. By (2.2) and (2.3), we have

w[g(Fmp(n)’mq(n)+1( ))] <¢[ ( ( Zp(n)—1,T q(n)+1(t0)) +g(Fxp(n),xq(n) (to)))]
- (P(Q(F (n)—1:Zq(n)+1 (to)), g(FIp(n)J»’q(n) (to)))
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By the continuities of ¢ and ¢, and (2.20), letting n — oo in last inequality, we have

Y[g(1 —e0)] < Y[g(1 —e0)] — ¢(g(1 — €0), g(1 — €0)),

which implies that ¢(g(1 —¢€0)), g(1 —ep)) = 0. Thus, g(1 —eg) = 0. Then ¢g = 0, which is in contradiction
to g9 > 0. Therefore, our claim is proved.

By the claim and using the same arguments in the proof of Theorem 2.3, we know that {z,} is a Cauchy
sequence. Since (X, F,A) is a complete PM-space, there exists z* € X, such that z,, — z*. Since {z,} C P
and Y = U2 A; is closed, we get that 2" € Y. As Y = U A; is a cyclic representation of Y with respect
to T, the sequence {x,} has infinite terms in each A; for i € {1,2,...,m}.

First, suppose that 2* € A;, then Tz* € A;1 1, and we take a subsequence {zy, } of {x,} with z,,, € A;_;.

Since {z,} is a nondecreasing sequence and x,, — z*, by the condition (ii), we have z,, € A;_; and
x* € A; are comparable, for all K € N. By (2.2), we have

DIg(Fpy 1,70+ (1))] < w[;g(% 1+ (1) + 9(Fep, 100 (D)) = P(9(Fay, 1o (1), 9(Frp, 1,07 (1))

< w[i(g(Facnk Ta* (t)) + g(FEnk+1,IE* (t)))]

Since 1) is nondecreasing, by the above inequality, we get

G(Faera(8)) < 2 (0o, 10 (8)) + 9(Far 110 (1))). (2.21)

2
Let Gg be the set of all discontinuous points of Fy« 74+ (-). Since g is continuous and strictly decreasing,
we get that Gy also is the set of all discontinuous points of g(Fy+ 74+(-)). Moreover, we know that Gy is a
countable set. Let G = RT\Gy. When ¢ € G (t is a continuous point of Fy« 74+(+)), it follows from (2.21)
that g(Fx*,Tm* (t)) < %[Q(Fx*,x* (t)) + Q(Fz*,Tac* (t))] = %g(Fx*,T:r* (t)) Thusa g(Fm*,Tm* (t)) = 0. Then

Fye mo(t) = H(t), forallted. (2.22)

When t € Gg with £ > 0, by the density of real numbers, there exist t1,f3 € G such that 0 < ¢ <t < t9.
Since the distribution is nondecreasing, we have 1 = H(t1) = Fy 7y (t1) < Fyr 7o+ (t) < Fop= 10 (t2) = 1.
This shows that, for all ¢t € Gy with ¢t > 0,

Foe 1 () = H(2). (2.23)

Hence, from (2.22) with (2.23), we have Fy 14+ (t) = H(t), for all ¢ > 0. Thus, Tz* = z* and z* is a fixed
point of T.

Finally, suppose that for each z,y € Y, there exists z € Y which is comparable to x and y. We prove that
fixed point of T' is unique. In fact, suppose that there exist «*,y* € Y, such that Tz* = z* and Ty* = y*,
then we have z*,y* € N} A;. Now, we consider the following cases:

Case 1. If z* € A; and y* € A;41 are comparable. By , we have

Dlg(Fe = (1)) < ¢[%(9(Fx*,y* (1)) + g(Eor - (0)))] = £(g(Fie 2 (1), g(Fi = (1)), for all >0,

which implies that ¢(g(Fy= 4= (t), g(Fy= = (t)) = 0. Thus, g(Fy= 4+(t))) = 0 and Fy« ,«(t) = H(t) for all t > 0.
Then x* = y*.

Case 2. If z* and y* are not comparable, then there exists zg € Y comparable to z* and y*.

First, suppose that zg € A;. By the proof of Theorem 2.3, we can construct a sequence {z,} in Y, such
that z,11 = T'zy, for all n € N, there exists i, € {1,2,...,m} such that z, € A;, and z,41 € A;, +1, and we
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have 2,41 = Tz, and Tx* = z* are comparable, for all n € N. Since z* € N, A;, we have z, and z* lie in
different adjacently labeled sets, for all n € N. By (2.2), we have

V[g(Fep o (1)) = Ylg(Frz, 1, (1))]

Ul (O(Feyr(0) + 0P ()] — 00(Fey (), 9(Foae (00)) (220)

<UL (0(Farms () + 9(Frpae ()]

Since 1) is nondecreasing, by (2.24), we get

%(Q(an—lzx* (1) + g(F, o+ (1))

Hence, g(F., »+(t)) < g(F%,_, «+(t)), which implies that {g(F., +(t))} is a nonnegative decreasing sequence
and hence possesses limit 74, for every ¢ > 0.
By the continuities of ¢ and ¢, letting n — oo in (2.24), then ¢ (ry) < ¥(r) — @(ry, ). Hence,
o(re,r¢) = 0, that is, 7 = 0. Thus, lim ¢g(F}, .+(t)) = 0 and lim F, ,«(t) = 1, for all ¢ > 0. Then
n—00 n—oo
lim z, = x*. Analogously, lim z, = y*. Therefore, * = y*.
n—o0

n—oo

Then T has a unique fixed point. O

Q(an,x* (t) <

Remark 2.5. Theorem 2.3 and Theorem 2.4 extend the fixed point theorems of weakly contractive mappings
in metric spaces to probabilistic metric spaces, and they extend and generalize many existing fixed point
theorems in the literature [1-6] and [12-14].

Now, in order to support the usability of our results, we present the following examples.

Example 2.6. Let X = R, A = Ay, g(¢t) = |Int|, for all ¢ € (0,1] and ¢g(0) = +00. Define F : X x X — D"
by

_ lz—y|
Fla,y)(t) = Fp,(t)=4 ¢ ©» t>0
(z,y)(t) y() {0’ £ <0

for all x,y € X. Then (X, F,A) is a complete N.A Menger PM-space. In fact, for all ¢1,t2 > 0,

_ ==yl _lz—z|+|z—yl
vay(max{t]_, tQ}) — ¢ max{ty,ta} 2 e max{ty i}
_lz=zl |zl

>e t e 2 = A(F;p,z(tl)sz,y(tQ))'

By Example 1.6, we obtain (X, F,A) is of type (D)g.
Suppose that A1 = [1,27], Ay = [1,9], A3 = [1,3], and Y = U}_;A; = [1,27]. Define T : Y — Y by
Tr = xé, for all x € Y. Then T is nondecreasing and Y is a cyclic representation of Y with respect to T’
Let 4(t) = 5, ¢(t) = £, for all t € [0,00). Now, we verify inequality (2.1) in Theorem 2.3. By the
definitions of F', g, ¥ and ¢, we only need to prove that

V| Te =Tyl _ 1 |z—yl 1 |z—y|

2t T2 t+ 3 t

for all £ > 0, that is,
1
|Tz —Ty| < §|:c —vyl, forall z,yeY. (2.25)

For all z,y € Y = [1,27], we have x5+ xiy% + y§ > 3. According to the definition of T', we get

2 1 1 2
r3 +x3ys +y3 1 1 1
3 -\xS—y3!=§!x—y!,

Tz — Ty| = |a5 —y5| <

which implies that (2.25)) holds.
Also, conditions (i) and (ii) of Theorem 2.3 are satisfied. Therefore, from Theorem 2.3, we obtain that
T has a fixed point in Y, indeed, x = 1 is a fixed point of T'.
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Example 2.7. Let X = RT, A = Ay, g:[0,1] = [0,+00) and F : X x X — DT be the same as the ones
in Example 2.6. Then (X, F,A) is a complete N.A Menger PM-space of type (D)q.
Suppose that A; = [1,4], Ay = [1,3], A3 = [1,2], and Y = U}_;A; = [1,4]. Define T : Y — Y by
Tx = x%, for all x € Y. Then T is nondecreasing and Y is a cyclic representation of Y with respect to T’
Let 1(t) = t, ¢(s,t) = =t for all s,¢ € [0,00). Now, we verify inequality (2.2) in Theorem 2.4. By the
definitions of F', g, ¥ and ¢, we only need to prove that

Tz —Ty| 1|z —Tyl  |[Tex—y|, 1]e-Ty  |[Tz—y|
< — _ =
t_2[t+t]6[t+t]’
for all ¢t > 0, that is,
1
|Tx — Ty| < §[|x —Ty|+ [Tz —yl], forall z,yeY. (2.26)

We consider the following cases: ) )
First, suppose that x <y, z,y € Y. For all z,y € Y = [1,27], we have z2 + y2 > 2.
Case 1. If z < y% <y, then 3 <z< y% < y. Hence,

1 1 1 1 1 1
g[!w—Ty! +|Tx —y|] = |[Tx —Ty| = g[(y—ﬂﬂ) +(y2 —2)] — (y2 —22)
1 2 1

=§(y—x) - g(y% —27) = g(’y% —23)(y? + 27 —2) >0,

which implies that (2.26)) holds.
Case 2. Ify% <z <y, thenx% Sy% <z <y. Let

1 1
hy) =5lle = Tyl + Tz — yl) = [Te = Ty| = 5[y — =
1 1 4 1 2 1

Yt cp— oy 4+ g3
3¥ T 37 gy g

[SIE
~—
_l_
—~
8
|
NS
N|=
=
|
—~
<
(NI
|
8
[
~—

W

for all y € [z, min{z?,4}]. Hence, #'(y) = % — %y*% <

~3 =0, for all y € [z,min{x? 4}]. Thus, h is
decreasing. If min{z?,4} = 4, then x > 2. Hence,

1_2,
33

4z 21 4 2 2v2 4
hpin=h(4)=-+=-+-22 —=--2>—-+——=>0
min =h(4) =g+ o+ ge -0 22 ok - — o2
If min{z2,4} = 22, then 1 < x < 2 and y < 22 < 4. Hence,
2 2
9 T r 21 4z =z 2 1
hin = h(x?) 3+3+3x2 3 3—1-3:1:2 x>0

Thus, h(y) > 0, for all y € [z, min{x?, 4}], which implies that holds.

Similarly, If > y, for x,y € Y. we also have holds.

Also, conditions (i) and (ii) of Theorem 2.4 are satisfied. Therefore, from Theorem 2.4, we obtain that
T has a fixed point in Y, indeed, x = 1 is a fixed point of 7.

Acknowledgements

The authors thank the editor and the referees for their valuable comments and suggestions. The research
was supported by the National Natural Science Foundation of China (11071108,11361042,11326099,11461045)
and the Provincial Natural Science Foundation of Jiangxi, China (20142BAB211016,20114BAB201007,

20132BAB201001), and supported partly by the Provincial Graduate Innovation Foundation of Jiangxi,
China (YC2012-B004).



W. Q. Xu, C. X. Zhu, Z. Q. Wu, L. Zhu, J. Nonlinear Sci. Appl. 8 (2015), 412422 422

References
[1] S.M. Alsulami, Unique coincidence and fized point theorem for g-weakly C-contractive mappings in partial metric
spaces, Abstr. Appl. Anal., 2014 (2014), 6 pages.
[2] A. Amini-Harandi, H. Emami, A fized point theorems for contraction type in partilly ordered metric spaces, and
application to ordinary differential equations, Nonlinear Anal., 72 (2010), 2238-2242.
[3] T. G. Bhaskar, V. Lakshimikantham, Fized point theorems in partilly ordered metric spaces and applications,
Nonlinear Anal., 65 (2006), 1376-1393.
[4] S. S. Chang, Y. J. Cho, S. M. Kang, Nonlinear operator theory in probabilistic metric spaces, Nova Science
Publishers, Inc., Huntington, NY, (2001).
[5] B. S. Choudhury, A. Kundu, (%, a,B)-weak contractions in partially ordered metric spaces, Appl. Math. Lett.,
25 (2012), 6-10.
[6] L. ¢iri¢, R. P. Agarwal, B. Samet, Mized monotone generalized contractions in partially ordered probabilistic
metric spaces, Fixed Point Theroy Appl., 2011 (2011), 13 pages.
[7] J. Harjani, B. Lopez, K. Sadarangani, Fized point theorems for weakly C-contractive mappings in ordered metric
spaces, Comput. Math. Appl., 61 (2011), 790-796.
[8] J. Harjani, K. Sadarangani, Fized point theorems for weakly contractive mappings in partially ordered sets,
Nonlinear Anal., 71 (2009), 3403-3410.
9] X. Q. Hu, X. Y. Ma, Coupled coincidence point theorems under contractive conditions in partially ordered
probabilistic metric spaces, Nonlinear Anal., 74 (2011) 6451-6458.
[10] M. S. Kan, M. Swaleh, S. Sessa, Fized point theorems by altering distances between the points, Bull. Aust. Math.
Soc., 31 (1984), 1-9.
[11] E. Karapinar, Fized point theory for cyclic weak ¢—contraction, Appl. Math. Lett. 24 (2011), 822-825.
[12] E. Karapinar, I. S. Yuce, Fized point theory for cyclic generalized weak ¢—contraction on partial metric spaces,
Abstr. Appl. Anal. 2012 (2012), 12 pages.
[13] W. A. Kirk, P. S. Srinavasan, P. Veeramani, Fized points for mappings satisfying cyclical contractive conditions,
Fixed Point Theory., 4 (2003), 79-89.
[0 L7
[14] K. Menger, Statistical metric, Proc. Natl. Acad. Sci, USA., 28 (1942), 535-537.
[15] H. K. Nashine, Cyclic generalized p—weakly contractive mappings and fized point results with applications to
integral equations, Nonlinear Anal., 75 (2012), 6160-6169.
[16] H. K Nashine, C. Vetro, Monotone generalized nonlinear contraction and fized point theorems in ordered metric
spaces, Math. Comput. Model., 54 (2011), 712-720.
[17] W. Shatanawi, Fized point theorems for nonlinear weakly C'-contractive mappings in metric spaces, Math. Com-
put. Model., 54 (2011), 2816-2826.
[18] B. Schweizer, A. Sklar, Probabilistic Metric Spaces, North-Holland. Amsterdam, (1983).
[19] W. Sintunavarat, P. Kumam, Fized point theorems for a generalized almost (¢, ¢)-contraction with respect to S
in ordered metric spaces, J. Inequal. Appl., 2012 (2012), 11 pages.
[20] C.X. Zhu, Several nonlinear operator problems in the Menger PN space, Nonlinear Anal., 65 (2006), 1281-1284.
m
[21] C. X. Zhu, Research on some problems for nonlinear operators, Nonlinear Anal., 71 (2009), 4568-4571.
[22] C. X. Zhu, J. D. Yin, Calculations of a random fized point index of a random sem-cloosed I-set-contractive

operator, Math. Comput. Model., 51 (2010), 1135-1139.



	1 Introduction and Preliminaries
	2 Main results

