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Abstract

In this paper we deal with the solvability of the infinite system of differential equations a’(t) = A(X)z(t) + b with
x(0) = a, where A()) is the triangle defined by the infinite matrix whose the nonzero entries are [A(A)],, = A, and
[A(N)]n,n—1 = Ap—1 for all n € N, for a given sequence A and a, b are two given infinite column matrices. We use a
new method based on Laplace transformations to solve this system.
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1. Introduction

Infinite matrix theory is used in many branches of classical mathematics such as infinite quadratic forms, integral
equations, matrix transformations, differential equations, operators between sequence spaces, it is also used to provide
approximations of solutions. Infinite-dimensional linear systems appear naturally when studying control problems for
systems modelled by linear partial differential equations. Many problems in dynamic systems can be written in the
form of differential equations or infinite differential systems and lead to infinite linear systems. In this way, we cite
Hill’s equation that was studied by L. Brillouin, E. L. Ince [[1]], K.G. Valeev [[10]], H. Hochstadt (1963), S. Winkler
(1966) and B. Rossetto [[9]]. This equation is the second order differential equation of the form

y' (2) +J(2)y(2) =0, (1.1)

where z € Q and € is an open subset of C, containing the real axis and J (z) is a special periodic function. It was shown
that the solutions of 1' are of the form y (z) = e#* ;Lo:oioo T,e?"™* where pu is the Floquet exponent. Replacing

y (2) by its expression in equation (1.1)), we obtain an infinite linear system represented by the matrix equation

Az =0, (1.2)
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where z' = (..., 2_1,z0,21,...) and A, = (@&nm)n,mez is an infinite matrix depending on p (cf. [5]) defined by:

Unn = 0o + (u+2ni)%, Vnez
Apm = Opm—n|, form#n

The aim is then to determine the values of p for which has a non trivial solution. Some authors determined
such values of p using an infinite determinant [[7]]. B. Rossetto provided an algorithm that allows us to calculate the
Floquet exponent from the generalization of the notion of the characteristic equation and of a truncated determinant.
On the other hand, B. de Malafosse [[4]] dealt with equation and studied system using special additionnal
equations.

More recently, B. de Malafosse [[5]] used the same method for the study of the Mathieu equation that is a differential
equation with 7-periodic coefficients of the form:

y™ () + Sy V@) + -+ Sy @) + -+ Jay(t) =0, for all t € R

in which only one of the coefficients J is of the form p+ 2a cos(2t) (a,p € R), the other being constants. In 2006 K.L.
Chiu and P.N. Shivakumar [[2]] studied the differential system

=" (2) + f(2)y(2) = My (2)

with y(0) = 0 and y(co) = 0. It is well known that this system is a Sturm Liouville problem and hence there is an
infinite number of eigenvalues which are all reals, positive and ordered if f(z) is chosen to be a positive function tending
to infinity as z tends to co. The authors used finite difference scheme to reduce the linear system to an equivalent
infinite linear algebraic eigenvalue problem.

In this paper, we use special well known infinite matrices such as the operator of the first difference A. Some
properties of this operator were studied by Hausdorff, Leibowitz, Reade [[8]] and Okutoyi [[6]]. Then we deal with the
infinite linear system of differential equations defined by

' (t) = AN)z(t) + b, (1.3)

where A()) is the triangle defined by the infinite matrix [A(A)]n, = Ap and [A(N)]pn—1 = Ap—1 for all n € N,
b = (by),>; is a given sequence and z (t) = (z, (t)),>, is the unknown sequence of functions. The matrix A(X)
generalizes the well known operator of first difference A. Here we use a new method based on Laplace transformations
to solve equation and we will see that the resolution of these systems leads to solutions with complicated
expressions although they are associated with infinite lower triangular matrices.

This paper is organized as follows. In Section [2f we define the triangle matrix and we recall some results on infinite
bidiagonal matrices and Laplace tranformation operator. We consider in section [3| the equation =’ (t) = A (M) z (¢) +b
with 2 (0) = a where X\ and a = (a,),,~, are two given sequences. We consider two cases where all terms of A are
pairewisely distinct or equals. Finally, in Section [d] we give some examples with particular sequences A, a and b.

2. Preliminaries

In this paper, we consider infinite lower triangular matrices with nonzero diagonal entries that are called triangles.
An infinite matrix T = (tnk),, p>; 1S a triangle if and only if ¢, = 0 for all k£ > n and t,,,, # 0 for all n > 1, that is

t11

to1  to2 0
T = :

tnl tn2 tnn

We denote by w the set of all the sequences and by U the set of the sequences u = (un),,~; with u, # 0 for all n > 1.
The matrix T is considered as an operator from w to itself in the following way, for every sequence x € w which can
be written as a column matrix z = (&1, ..., Zp, ...)", we have Tz = (T (), ..., T, (), ...)" with

T, (z) = Ztnkxk for all n > 1.
k=1
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It is known that every triangle T is invertible and if T—! denotes its inverse then we have
T(T'z)=T""'(Tz) =z foralzeuw. (2.1)
We are interested in solving infinite linear systems represented by
Tz =5 (2.2)

for a given b € w where x € w is the unknown. Equation (2.2)) is equivalent to
n
Ztnkxk :bn n = 1,2,...
k=1

It can be easily deduced from (2.1) that the unique solution of (2.2) is given by
z=T"1b.
In this paper, we will solve the equation A (o, B) x = b where A (a, B) is the triangle defined by

(65} 0
-5 (&)

3(0&75) =

—Bn—1 0n

and a = (ozn)n21 €U and = (ﬁn)n21 € w.
Lemma 2.1. Let a = (an),>; € U and 8= (8n),>, € w. We have

(ﬁ (a,ﬂ))_l = é(a,ﬂ) = (Cnk)p>1 5

where 1
— ifk=n,
79
_ n—1 3.
=y LTl ifk<n,
Qn =k Qi
0 otherwise.
Let A () = A(a,a) and C (@) = C (o, ). Then A (a) is the triangle defined by:
Qan fork=n
Ala),, =94 —on—1  fork=n-1
0 fork#n—1land k#n(n>1)

and C («) is the triangle defined by:
| 1/ay fork<n
Cla)ny = { 0  otherwise

Note that C () is the inverse of A («).
Let e € U, defined by e,, = 1 for all n > 1. Then A = A (e) is the well known operator of the first-difference
defined by
Ap(z) =2y —xp_q foralln > 1,
with the convention xzy = 0. Recall that the operator A is invertible and its inverse is usually written ¥ = C (e).
Finally, we recall some properties on Laplace transformations that are useful in the sequel. For a function f of one
variable ¢, we define the Laplace transformation of f as follows:

+oo
Fo)= [ s erar

where p € C is a new variable. We denote by £ : f — F, the Laplace operator.
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Lemma 2.2. Let £ be the inverse mapping of £. Let ¢ € R and f be a function of one variable t. Then the
following properties hold:

1. £ and £~ are linear operators.

()= 2.

2
3. L£(f'(t)) =p £(f () = f(0).
4

. For allm e N,

£71( 1 ) _ tmflect
p—om/ (m-1l
3. The equation '’ (t) = A (M) x (t) + b

Let A = (Ay)n>1 € U be a sequence. We consider the equation

(2 7 2o

where a = (ay),,~; and b = (by),,~, are given sequences.
Equation (3.1)) is equivalent to the following infinite linear system:

2y, (1) = (AA)n(z(t)) + bn
= AT () — A 1@Tp—1(t) + by, (3.2)
2,(0) = ay, n=12..

with the convention Ao = 0 and x¢(¢) = 0.

3.1. Case when all the entries A, of X\ are pairwisely distinct

In this case, we need the following lemma whose its proof is immediate:

Lemma 3.1. Let ¢, ..., c, be patrwisely distinct real numbers where k < n is an integer and let
1 n—1 .
F(z)= :
(2) zZ—cp EC z—c

Then the decomposition of F(z) into simple fractions is given by:

-1
A — A
Flz)=—""—4> —
Z—cCp ‘ zZ— ¢
i=k
where
n—1 : Ci n—1 C
A”:H ! and A; = ! H J forall i=k,...,n—1.
Cr — C; ci— ¢ Ci—C;
i—f P i 7 n =k ji i J

The main result of this section is stated in the following theorem:

Theorem 3.2. FEquation has a unique solution which is given for each n > 1, by

n n—1
1 b, _ b
T (t) = szk+ an+r+2(fl)” k (ak +)\k> A, | et
" k=1 k=1 n
n—1[n—-1
)|y (ak + ’“,) At (3.3)
k=1 Li=k v
where
n—1 )\ )\ n—1 )\
A, = ! d A, = : J
5= = JYEDWE S Sy
i=k j=k
J#i

forallk=1,....n—1andi=k,...,n—1.
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Proof. Applying Laplace operator £ to equations (3.2)) and using Lemma we obtain the equations:
b
M1 Xp_1+ (p—/\n) X, =an, + ?n, n=12,.. (34)

where for all n > 1,

Xn=Xn(p)=4£(zy(t)) and Xg =0, \g=0
Then we obtain the following infinite linear system A (p—A, =) X =V where

p—A
)\1 p— )\2 0
Alp—A—N) = " :
0 )\n—l p— )‘TL
b = (b,),~; and
> "
b, =a,+— foralln>1.
p
By Lemma [2.1f we obtain
71>\ if k=n,
P—An
Ap-r-n" ={ 2= sk
(p_ T ) nk_ P—An L P—Ai 1 <n,
0 otherwise
that is
1
p—A1
: 0
1
P—Ak
Alp—\-N""= : ;
= s T = s 1
P—An i=1 p—X; P—An i—k P—A; P—An
Then for all n > 1, we have
n—1 /n—1
1 -\
X, = b, + —— | b
s vl KRS ([{p-xi k
n—1 , n—1
an bn, (—1)n—F Ai ( bk)
= + + — ap +— . 3.5
P=An p(p—An) ; P—An (EpAi> T (35)
To simplify this expression, we write
a b n—1
X, = LR n + -1 nik[akF g (p) + b Gnk (p :| 3.6
s M T w R By i (0) + bGk (0) (3.6)
where . .
1 5 N 1 T M For(p)
For(p) = and Gui(p) = = .
®) P=An sy P A ®) p(p*An)Egp*M p
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By Lemma [3.1] we obtain the following decompositions into simple fractions:

- An ek D — A
and )
Ay A, 1 — A 1
Gk () = N = Np— A
where ) .
Y (—1)nk+t P
A, = Ay = d A; = I
O | v P D VW S ST
i=k j=k
J#i
Applying £~ to (3.6) we obtain
1 1
e A R
) pP—An (P =)
n—1
3 [ £ (B () + by £ (G (0) |, (3.7)
k=1
but in the other hand, using Lemma [2.2] we obtain:
1 1 1 1 1
£71 [ ] =L [ + ] = + —ernt 3.8
n—1
£ (Fa(p) = Ane’' 4> At (3.9)
i=k
and
A n—1 A
£ Gk (p) = Ao+ A—"e*nt +> /\—fe*it. (3.10)
n i=k X3

Replacing Formulas (3.8), (3.9) and (3.10) in , we obtain:
a +b—”+?§(71)”*’€ a +b—k A
n B\ k /\n n

k=1

n—1 b
Z(_1>n—k <ak + ;) Aie)\it

3.2. Case where all terms A\, of A are equals

In this subsection, we suppose that A, = ¢ for all n > 1 where c is a constant. Then infinite linear differential

system (3.2) becomes:

y, (1) = cxn(t) — cwn_1(t) + bn,
{ 2, (0) = an, n=1,2,.. (3.11)

After applying Laplace operator £ to equations (3.11)) we obtain the equations

b
CX,L_1—|—(p—c)Xn:an—&—f7 n=12... (3.12)

The solvability of (3.11)) can be obtained reasoning as in Theorem with Fp = (p_i;+f;c+1 and G, = F’;", but

here we explicitly calculate X, Xo, ..., X, from (3.12) by mathematical induction, for short. In this way, we have,
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Theorem 3.3. The infinite linear differential system has a unique solution which is given by:

STL - n—=k cn—k—l(cak +Sk> n—k ct
za(t) = _?+Z(—1) =] kect

for all m > 1, where Sy, = Z?:1 bj forallk=1,...,n

Proof. Let’s show by induction on n that

n

S, "k 1(cay + S)
X, = =24 (-1* . 3.13
- ,;( s e (3.13)

For n = 1, with the convention that X, = 0, equation (3.12)) gives
al b1
p—c pp—oc

ay b1 1 1
2G5
b—c ¢c\p—¢c p

X, =

. b1 cai + by
ecp c(p—rc)

_ 7& N c(ca; + 1)
cp p—c

Then the formula is true for n = 1. Suppose it is true for n — 1 and prove it for n. Replacing X,,—;1 in equations (3.12)),
this leads to:

n—1 n—1—k—
by, Sn—1 CZ(_l)n—l—k+1 ik 1(Cak+sk)

(p—c)Xn = an < (p— c)n—1-k+1
- n—k—1
B Sn ot c (cax, + Sk)
= ay + =+ kz TEr
Then
n—1
an Sn "k 1(cay + S,)
X, = + +) (-nmF
p—c plp—c ,;( ) (p— )kt
n—1 n—k—1
an S ( 1 1) nek C (car + Sk)
= + = — =)+ -1
p—c c\p—c p kz:l( ) (p—c)n=htt
n—k—1
_ _5n yrk € (car + Sk)
- +Z (p—c)n—k+1 ~
Applying £~ to equation (3.13) and using part (4.) of Lemma we obtain:
za(t) = £7H(Xa(p)
S, " A k=1(cay, + S)
_ _Zn -1 n—k tn—k ct.
2.1 n—h)! ¢
O
4. Examples

Example 4.1. If A, =n, b, =1 and a,, = 0 for all n > 1, then the infinite linear differential system ({3.2)) becomes:

zy, (t) = nzy(t) — (n — Dap_1(t) +1
{ 2, (0) = an, n=12,.. (4.1)
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Then the unique solution of the system (4.1)) is given by Theorem

L - k ty —1)nk t
_ - _ n n s
Talt) = =14 —[14+ (1) 4, e Z 4
k=1 k=1 Ls=k
for all n > 1, where
(n—1) k-1
A, =C
(k=D n -kt "
and
s n—1 ]
A =
® s—n };[k s—7
#s
s s—1 ] n—1 ]
T s—-n H s—7 H —7J
i=k j=s+1
_ ( 1)nsl>< s (8_1)' (n_]-)
s—n (k=D (s=k)! sl(n—s—-1)
= (=) 1><s_ x Ck=lx Cs
But
n—1 n—1
S A, = Yk
k=1 k=1
n—2 ] )
= ()" x Gy (=k-1)
j=0
n—1 . ) .
= 1+ C) xVx (=)'
j=0
= —1+(1-1)"t (using Newton binomial formula)
= -1
Thus ) )
n—l|nz- 1)k+s+1
xp(t) = -1+ Z( ) Cf_llelet ,
=1 L=k 7"
for all n > 1.

Example 4.2. f A\=b=¢,ie, A, =b, =1 for all n > 1 and a, = 0 for all n > 1, then A(\) = A is the operator
of the first-difference and the infinite linear differential system ([3.11]) becomes:

2l (t) = zn(t) — zn_1(t) +1
{ 2, (0) = an, n=1,2,.. (4.2)

Then Sy, =k for all k =1,...,n and the unique solution of the system (4.2) is given by Theorem

= n— k n—
t)=-n+> (-1 k(n_k)|t ket
k=1 ’

for all n > 1.

Conclusion

In this paper, we have proposed a new method based on Laplace transformation for solving particular infinite
linear systems of differential equations. This leads to solve infinite linear systems. A future work is to consider other
particular systems of differential equations, like systems defined by Césaro’s operator.
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