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1. Introduction

Let E be a real Banach space and K be a nonempty subset of £. A mapping T : K — K is called
nonexpansive if [Tz —Ty|| < ||z —y|| for all x, y € K. A mapping T : K — K is called asymptotically
nonexpansive if there exists a sequence {k,} C [1,00) with k, — 1 such that

IT"x = T"y|| < k[l —yll, (1.1)

for all x, y € K and n > 1. Goebel and Kirk [8] proved that if K is a nonempty closed and bounded subset
of a uniformly convex Banach space, then every asymptotically nonexpansive self-mapping has a fixed point.
A mapping T is said to be asymptotically nonexpansive in the intermediate sense (see, e.g., [3]) if it

is continuous and the following inequality holds:
limsup sup (|7 — T — [l - y]) < 0. (1.2)

n—oo z,yeK
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If F(T):={x € K:Tex =z} # @ and (1.2) holds for all x € K, y € F(T), then T is called asymptotically
quasi — nonexpansive in the intermediate sense. Observe that if we define

an = sup (|T" = T"y| — |2 = yl)), and o = max {0,a,} (1.3)
z,yeK

then o, — 0 as n — oo and (|1.2)) reduces to
Tz — T"y|| < ||z — y|| +on, forallw, ye K, n>1. (1.4)

The class of mappings which are asymptotically nonexpansive in the intermediate sense was introduced by
Bruck et al. [3]. It is known [I3] that if K is a nonempty closed convex bounded subset of a uniformly convex
Banach space E and T is a self-mapping of K which is asymptotically nonexpansive in the intermediate
sense, then 7" has a fixed point. It is worth mentioning that the class of mappings which are asymptotically
nonexpansive in the intermediate sense contains properly the class of asymptotically nonexpansive mappings.

Albert et al. [I] introduced a more general class of asymptotically nonexpansive mappings called total
asymptotically nonexpansive mappings and studied methods of approximation of fixed points of mappings
belonging to this class.

Definition 1.1. A mapping T : K — K is said to be total asymptotically nonexpansive if there exist
nonnegative real sequences {u,} and {l,}, n > 1 with u,, I, = 0 as n — oo and strictly increasing
continuous function ¢ : RT — R with ¢(0) = 0 such that for all z, y € K,

[Tz = T"y|| < [lo — yll + pnd(llz = yl) + ln, n =1 (1.5)
Remark 1.2. If ¢(X) = A, then (1.5) reduces to
17" = T < (14 i) 2 — gl + Ly 1> 1. (1.6)

In addition, if [, = 0 for all n > 1, then total asymptotically nonexpansive mappings coincide with asymp-
totically nonexpansive mappings. If u, = 0 and [,, = 0 for all n > 1, we obtain from (1.5 the class of
mappings that includes the class of nonexpansive mappings. If u, = 0 and [,, = 0, = max{0,a,}, where

an = sup (||T"x — T"y|| — ||z — y||) for all n > 1, then 1) reduces to || which has been studied as
z,yeK

mappings asymptotically nonexpansive in the intermediate sense.

Iterative techniques for nonexpansive and asymptotically nonexpansive mappings in Banach space in-
cluding Mann type and Ishikawa type iteration processes have been studied extensively by various authors;
see [2], [4], 5], [8], [10], 1], [16], [17], [19] and [2I]. However, if the domain of T', D(T'), is a proper subset
of E (and this is the case in several applications), and 7' maps D(T') into E, then the iteration processes of
Mann type and Ishikawa type studied by the authors mentioned above, and their modifications introduced
may fail to be well defined.

A subset K of E is said to be a retract of E if there exists a continuous map P : E — FE such that
Pz =z, for all z € K. Every closed convex subset of a uniformly convex Banach space is a retract. A map
P :E — K is said to be a retraction if P? = P. It follows that if a map P is a retraction, then Py = y for
all y € R(P), the range of P.

The concept of asymptotically nonexpansive nonself-mappings was firstly introduced by Chidume et al.
[5] as the generalization of asymptotically nonexpansive self-mappings. The asymptotically nonexpansive
nonself-mapping is defined as follows:

Let K be a nonempty subset of real normed linear space E. Let P : E — K be the nonexpansive
retraction of E onto K. A nonself mapping T : K — E is called asymptotically nonexpansive if there exists
sequence {k,} C [1,00), k, — 1 (n — 00) such that

|T(PT)" 'z — T(PT)" 'y|| < knllz —y| forallz, ye K, n>1 (1.7)

Chidume et al. [6] introduce a more general class of total asymptotically nonexpansive mappings as the
generalization of asymptotically nonexpansive nonself-mappings.
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Definition 1.3. Let K be a nonempty closed and convex subset of E. Let P : F — K be the nonexpansive
retraction of E onto K. A nonself map T : K — E is said to be total asymptotically nonexpansive if there
exist sequences {fin},~1, {ln},>q in [0, +00) with u,, l,, = 0 as n — oo and a strictly increasing continuous
function ¢ : [0, +00) — [0, +00) with ¢(0) = 0 such that for all z, y € K,

|T(PT)" " 2 — T(PT)"y|| < 2 =yl + pnd(lz = yll) + 1oy n2>1. (1.8)

Proposition 1.4. [J/Let K be a nonempty subset of E which is also a nonexpansive retract of E, Tj,
Ty : K — E be two total nonself asymptotically nonexpansive mappings. Then there exist nonnegative real
sequences {pn} and {l,}, n > 1 with py, l, = 0 as n — oo and strictly increasing continuous function
¢ : RT — R with ¢ (0) =0 such that for all x, y € K,

|T(PT)" e = T(PT)" Yyl < llz =yl + g (lz = yl) +1ny n2>1, (1.9)
fori=1,2.

Proof. Since T; : K — FE is a total nonself asymptotically nonexpansive mappings for ¢ = 1,2, there exist
nonnegative real sequences {tin }, {lin},n > 1 with iy, l;, — 0 as n — oo and strictly increasing continuous
function ¢; : R™ — R with ¢; (0) = 0 such that for all z, y € K,

|T:(PT)" e — T,(PT)" 'y|| < llz = yll + pin®i (lz = yl]) + lin,  n>1.

Setting

Hn = MmMax {Mlnv N2n} , ln = max {llna l2n} 5

¢ (a) = max {‘bl (a) y G2 (a)}v for a > 0,

then we get that there exist nonnegative real sequences {u,} and {l,}, n > 1 with u,, I, = 0 asn — oo
and strictly increasing continuous function ¢ : Rt — R™ with ¢ (0) = 0 such that

|T:(PT)" e = T(PT)" " Yy|| < Nl =yl + sindi (| = yll) + lin
<z =yl + pnd (lz = yll) + i, n=1,
for all x,y € K, and each i = 1,2. O

A

In [18], Schu introduced the modified Mann and the modified Ishikawa iterative schemes. Recently,
Kim and Kim [12] considered the modified Mann and the modified Ishikawa iterative schemes with errors
in the sense of Xu [22] of a mapping which is asymptotically nonexpansive in the intermediate sense in a
uniformly convex Banach space. In 2009, Nilsrakoo et al. [I5] introduced a new strong convergence theorem
for non-Lipschitzian mappings in a uniformly convex Banach space. The scheme is defined as follows.

Let E be a real uniformly convex Banach space and K be a nonempty subset of E which is also a
nonexpansive retract of E. Let 171, T5 : K — E be given two total nonself asymptotlcally nonexpansive
mappings with sequences {tin},,~1 , {ln},>1 C [0, +00) such that Z fn < 00, Z l, < oo. Then for a given

n=1 n=1
x1 € K, compute the sequences {x,} and {y,} by the iterative schemes

Yyn = P (Oé;zl’n + ﬁ;le (PTl)n_l Tn + V;Lvn) ) (1'10)
Tpn+1 = P <anyn + BnT2 (PTQ)n_l Yn + ’Ynun> , n>1,

where {a,}, {Bn}, {1}, {a;} ) {B;L} and {7,’1} are appropriate sequences in [0, 1] with oy, + 5 + 7 =
o, + B+~ =1, and {u,} and {v,} are bounded sequences in K. The iterative scheme (1.10) is called the

modified Ishikawa iterative scheme with errors in the sense of Xu.
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If 6; = 77'1 =0 and a;L =1, then 1' reduces to the modified Mann iterative scheme with errors in
the sense of Xu
Tpi1 =P (anxn + 8,15 (PTg)n_1 Ty + fynun> , n>1, (1.11)

where {a,, }, {Bn} and {7y, } are appropriate sequences in [0, 1] with a,, + 8, +v, = 1, and {u, } is a bounded
sequence in K.
If ) = Ty = T are self-mappings and 3, = 7, = 0 and «,, = 1, then (1.10) reduces to the iteration
defined by Nilsrakoo [15]
Tl = Xy + BT Ty + Yntin, n>1, (1.12)

where {a,, }, {fn} and {7, } are appropriate sequences in [0, 1] with o, + 8, +7v, = 1, and {u, } is a bounded
sequence in K.

If Ty =T, =T are self-mappings and B;l =Y, = fy;l =0 and a;L = 1, then reduces to modified
Mann iterative scheme.

The purpose of this paper is to define and study strong convergence theorems of the modified Ishikawa
iterative scheme with errors for two total asymptotically nonexpansive nonself-mappings in uniformly convex
Banach space.

2. Preliminaries

Now, we recall the well-known concepts and results.
Let E be a Banach space with dimension E > 2. The modulus of E is the function dg : (0,2] — [0, 1]
defined by

o @) =int {1~ |3+ 0)|+ el =l =1, £ = lo =l | (2.1)

A Banach space E is uniformly convex if and only if 0z (¢) > 0 for all € € (0, 2].
The mapping T : K — E with F (T') # () is said to satisfy condition (A) [20] if there is a nondecreasing
function f:[0,00) — [0,00) with f(0) =0, f(t) > 0 for all ¢t € (0,00) such that

[ = Txl| = f (d(z, F(T))) (2.2)

for all z € K, where d (z, F(T)) = inf {||lx —p|| : p € F(T)}.
Two mappings 11, Ts : K — FE are said to satisfy condition (A’) [14] if there is a nondecreasing function
f:[0,00) = [0,00) with f(0) =0, f(¢t) > 0 for all t € (0,00) such that

5 (e = Tial + e = Tol)) > £ (d (2, F)) (23)

for all € K where d(z, F) =inf {||z —p|| : p € F = F(T1) N F(T3)}.

Note that condition (A’) reduces to condition (A) when T3 = T, and hence is more general than the
demicompactness of 71 and Ty [20]. A mapping T : K — K is called: (1) demicompact if any bounded
sequence {z,} in K such that {z, — T'z,} converges has a convergent subsequence; (2) semicompact (or
hemicompact) if any bounded sequence {z,} in K such that {x,, — Tz,} — 0 as n — oo has a convergent
subsequence. Every demicompact mapping is semicompact but the converse is not true in general.

Senter and Dotson [20] have approximated fixed points of a nonexpansive mapping 7" by Mann iterates,
whereas Maiti and Ghosh [14] and Tan and Xu [2I] have approximated the fixed points using Ishikawa
iterates under the condition (A) of Senter and Dotson [20]. Tan and Xu [21] pointed out that condition
(A) is weaker than the compactness of K. We shall use condition (A’) instead of compactness of K to study
the strong convergence of {z,} defined in (1.10)).

In the sequel, we need the following useful known lemmas to prove our main results.
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Lemma 2.1. [2]] Let{a,}, {bn} and {c,} be sequences of nonnegative real numbers satisfying the inequality
apt1 < (1 + bn) an + ¢p, n 2> 1
If Y0 en < oo and > 02 by < 00, then

(i) limy, o0 ap exists;
(ii) In particular, if {a,} has a subsequence which converges strongly to zero, then lim,_,~ a, = 0.

Lemma 2.2. [7] Let E be a uniformly convex Banach space and B, = {x € E : ||z|| < r}. Then there exists
a continuous, strictly increasing, and convez function g : [0,00) — [0,00), g(0) = 0 such that

laz + By +7z* < allz|* + B llyl* + 7 |121* = @By (lz — y]) .

forallx, y, z € By, and all o, B, v € [0,1] with a4+ B+ v=1.

3. Main Results
We shall make use of the following lemmas.

Lemma 3.1. Let E be a real Banach space, let K be a nonempty closed convex subset of E which is
also a nonexpansive retract of £, and Ty, T : K — E be two total asymptotically nonexrpansive nonself-

mappings with sequences {un}, {ln} defined by such that Z i < 00, Z ln, < o0 and F := F(T1) N
F(Ty) ={x € K :Thx =Thx =z} # &. Assume that there emzst M M* >0 such that ¢(N) < M*X for all
A > M. Suppose that {u,}, {vn} are bounded sequences in K such that Y -7 vn < 00, D o0 v < 00 and

> oo | HnYy, < 00 . Starting from an arbitrary x1 € K, define the sequence {xy} by recursion . Then,
the sequence {x,} is bounded and lim |, — p|| exists, p € F.
n—oo

Proof. Let p € F. Since {uy} and {v,} are bounded sequences in K, we have

¢ = maoe fsup i~ pl up s =1} (3.1)
n>1 n>1
By using , we have
lyn =l = ||P (ann + BT (PT)" " 2o+ 70m ) = 1) (3:2)
< apllen - (PT)" ™" @ = p + 72 v — 2
< ay o —pll + B, [lzn — pll + pnd(lzn — plI) + n] + 707
< (an+8,) lon =l + Buttnd(llzn = pl) + Bl + 0.

Note that ¢ is an increasing function, it follows that ¢(\) < ¢(M) whenever A < M and (by hypothesis)
d(A) < M*XNif A > M. In either case, we have

(N < G(M) + M*A (33)
for some M, M* > 0. Thus, from and , we have

Iyn —pll < llwn = pll + Buttn [6(M) + M* [z — pl] + Boln + V7 (3.4)
< (14 Qupn) |on — pll + Q1 (ptn + 1n) + T
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for some constant Q1 > 0. Similarly, we have

Jonss = ol < anllyn = 2l + Ba | T2 (PT2)" " g = || + 30 10n = ] (3.5)
< anllyn — 2l + Balllyn — pll + 0@y — pI) + ] + ynr
< (o + Bn) lyn — Il + Bupnd(lyn — pll) + Buln + vur
< ||yn - p” + Bupin [é(M) + M* ”yn - p”] + Buln + Yur
< (14 Q2pn) lyn — pll + Q2 (ptn + 1n) + Y7

for some constant (2 > 0. Using and , we obtain

fomes =pll < (1% Qatt) (1 Quie) 2 —pll + Q1 (o +10) + 7] 5.5)
+Q2 (,un + ln) + Ynr

< lon —pl] + (Q1 + Q2 + Qapn Q1) i |20 — P

Q1 (ttn + 1n) + Q1Qaptn (1 + 1n) + 17 + Qaptn T

+Q2 (ptin +1n) + ynr
< (1 + QBMn) ”xn - pH + Q3 (,UJn + ln) + '77/174 + QQ,Un'Y;LT + YnT
< (1 + Qspn) [lzn — pll + @3 (n +1n) + Ty,

where I'{};) = Vi 4 Qafin YT + ynr and for some constant Q3 > 0. Since S°°° v, < 00, S20° 4/ < 00 and

(o] (o]

D onet PnYn < 00, we have 370° | T, < oco. Also, since 21 o, < 00, Ell < ooand 3377 I < oo, by
n= n—=

Lemma we get limy,,_, ||z, — p|| exists. This completes the proof. O]

Lemma 3.2. Let E be a uniformly convex Banach space, let K be a nonempty closed convexr subset of E

which is also a nonexpansive retract of £, and 11, To : K — E be two total asymptotically nonexpansive
o0 o0

nonself-mappings with sequences {un}, {ln} defined by such that > u, < oo, Z I, < 00 and F :=

n=1

F(T)NF(Ty) ={x € K : Thx =Thx =z} # &. Assume that there exist M, M* > 0 such that ¢(X\) < M*\
for all \ > M. Suppose that {u,}, {vn} are bounded sequences in K such that 2 | ypn < 00, Y o717y, < 00
. Starting from an arbitrary x; € K, define the sequence {x,} by recursion . Suppose that

(i) 0 < liminf,, an and 0 < liminf,,— oo Tn < lim sup,,_,~ Tn < 1,

(71) 0 < liminf, a and 0 < liminf,,_, ’yn < limsup,,_, fyn < 1.
Then lim,,_ys0 HT (PT;)™ L :EnH =0 fori=1,2.

Proof. Let p € F. It follows from Lemmathat {zn —p}, {Tl (PTY)" 2, — p} Ayn — p}, {Tz (PTy)"™
{u, — p} and {v, — p} are all bounded. We may assume that such sequences belong to B, where r > 0.

1
yn_p}u
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Using Lemma [2.2] we have, for some constant R; > 0, that
lyn = pI* < oy llzn —pl* + 8,

—a;lﬁ;g <HT1 (PTl)”_1 Ty — Tn

2 /
T (P = ||+ Jow = ol (3.7)

)

< ay o = plI* + B, lllzn — pll + tnd |z — pll) + 1)
it —alBlg ( ‘Tl (PT)™ Y2, — 2n )

< (an+8.) llow = pl” + B (0 + 1)
—l-’)/;LT‘Q — a/nﬁ;g (HTl (PTl)nf1 Ty — T )

< lzw = plI* + Ra (ptn + 1)

T1 (PTl)n_l Ty — Tp,

).

2
Ty (PT2)" " o = ||+l — (38)
_anﬁng (HTQ (PTQ)nil Yn — Tn )
an lyn — pI1* + B llyn — Il + 1nd(lyn — pll) + In
+'Yn7’2 — apfng < ’TQ (PTQ)n_l Yn — Tn )

(an + Bn) llyn — p”2 + Ra (i + In) + 'Yn7"2
yn — p”2 + Ra (ptn + In) + 'YnTQ
for some constant Ro > 0. Using and (@, we have, for some constant Rz > 0, that

2ns1 — plI? (3.9)

7,77 = 0, B9 (‘
It follows from Lemma [2.2] that

Hxn—l-l - p||2 < o llyn — p”2 + Bn

IN

]2

IAIN

< [l =l + Ry (a4 1) + 900 = ag (| T2 (P @ = )|
+1y (,un + ln) + ’an2
< =l + R G+ ) + 6y = e (1= o =0 ) 9 (|73 (P70 — )

where 5?1) = 4,12 + y,r2. Since Yo < 00, Yoo n < 00, we have > 7, E("l) < oo. Also, since

0 < liminf, o a; and 0 < liminf,, 'y; < limsup,,_,00 'y;l < 1, there exists ng € N and m1, ma, ms € (0,1)
such that 0 < my < a;L <mg<land0< 7;1 < mg < 1 for all n > ng. It follows from that

) < (llow =2l = oars —pI?)

mi1 (1 —mg—m3)g (HTl (PTl)"_1 Ty — Tn

for all n > ng. Applying for k > ng, we have

Ek: g (HT1 (PT)" 2, —

1 k
2 ) < m1 (1 — ma — mg) (ngo (Hxn _pH2 — [|7n41 _pH2>
k k
+Rs > (n 1)+ > 55))
n=ngo n=no

k k
1 2 Z
< - n n 5 .
~ mq (1 —mg—ms3) (”an Pl + By (pn + I + Z f(1))

n=ng n=ng
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Since > 07 4 §(1) < 00, by letting k — oo we get Yooliyg (HTl (PTY)" ' — > < 00, therefore lim,, o g (HT1 (PTy)

0. Since g strictly increasing and continuous at 0 with g(0) = 0, it follows that

lim }TI (PTV)" ' 2 — 20| = 0. (3.10)
n—oo
Similarly, we may show that lim,, s HT2 (PTQ)"_1 Ty — Tn|| = 0. The proof is completed. O

Theorem 3.3. Let E be a real Banach space, let K be a nonempty closed convex subset of E which is also
a nonexpansive retract of E , and Ty, Ty : K — E be two continuous total asymptotically nonexpansive
oo [ee]

nonself-mappings with sequences {un}, {l,} defined by such that > pup, < oo, Y l, < o0 and F :=
n=1 n=1

FM)NF(Ty) ={z € K : Thx = Tox =z} # &. Assume that there exist M, M* > 0 such that ¢p(X) < M*\
for all X\ > M. Suppose that {uy}, {vn,} are bounded sequences in K such that )" >7 | vn < 00, > 0217}, < 00.
Starting from an arbitrary x1 € K, define the sequence {ZL‘n} by recursion (-) Then, the sequence
{zp} converges strongly to a common fized point of {T; }Z 1 if and only if liminf, o d(z,, F) = 0, where
d(zn, F) = infper |z, —pl|, n > 1.

Proof. The necessity is obvious. Indeed, if z,, — ¢ € F (n — 00), then

d(xn, F) = inf d(zp,q) < ||xn —q| = 0 (n — 0).
qeEF

Next, we prove sufficiency. It follows from (@ that for p € F, we have

[zne1 —pll < (14 Qspn) [|n — pll + Q3 (1t + 1) + I‘?1) (3.11)
=z —pl + on,

where ¢ = Qspin [|[2n — pll+Q3 (4tn + In)+1{;). Since {zy — p} is bounded and 3572 1 pin < 00, 3207 In < 00
and » 7, I'f}) < oo, we have Y only n < oo. Thus, (5.11) implies

inf — |l < inf ||z, —
;gfllwnﬂ pll_;gfl\wn pll + ¢n,

that is
d(xn—l—l;f) < d(.%'n,]:) + ©n, (312)

by Lemma (1), It follows from that we have limy,_o0 d (2, F) exist. But liminf,,_, d (2, F) = 0.
It follows from and Lemma (71) that we get lim,, o0 d (zy, F) = 0.
Now, given € > 0, since lim,, o0 d (2, F) = 0 and ZZOZI pn < 00, there exists an integer N7 > 0 such

o0

that for all n > Ny, d(z,,F) < § and Y ¢; < §. So, we get d (zn,,F) < § and Z @;j < {. This means
j=n Jj=MN1

that there exists a g1 € F such that ||zn, —¢i|| < §. So for all integers n > Ny, m > 1, we obtain from

that

|Zntm — zall < Tnem — a1l + |20 — a1

n+m—1 n—1
< lav —all+ Y. it lan —all+ D ¢
j=N1 Jj=N1
[o@) [o@)
< lew —all+ D e+ lav —all+ D @
J=Ni J=Ni
NN
- 4 4 4 4
= €
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Hence, {z,} is a Cauchy sequences in F; and since F is complete there exists * € F such that z, — z*
as n — 00.We will prove that z* is a common fixed point of 7; (i = 1, 2), that is, we will show that z* € F.
Suppose for contradiction that x* € F¢ (where F¢ denotes the complement of F). Since F is a closed
subset of E (recall each T;, i = 1, 2 is continuous), we have that d(z*,F) > 0. For all ¢; € F, we have
lz* — 1| < ||l* — xn|| + ||xn — q1|| which implies

d(z*, F) < ||z — z*|| + d (20, F),

so that as n — oo we have d (z*, F) = 0 which contradicts d (z*, F) > 0. Thus, * is a common fixed point
of T;, i = 1, 2. This completes the proof. O

Letting g3, = fy; =(and a; =1 in Theorem we obtain the following modified Mann iterative scheme
with errors convergence.

Theorem 3.4. Let E be a real Banach space, let K be a nonempty closed convex subset of E which is also

a nonexpansive retract of E | and Ty, Ty : K — E be two continuous total asymptotically nonexpansive
o o

nonself-mappings with sequences {un}, {ln} defined by such that > p, < 00, Y, Iy < oo and F :=

n=1 n=1

FM)NF(Ty) ={z € K : Thx = Teax = x} # &. Assume that there exist M, M* > 0 such that ¢p(X) < M*\
for all X\ > M. Suppose that {un}, {vn,} are bounded sequences in K such that Y o7 | vn < 00, > o0 | 7} < 00.
Starting from an arbitrary x1 € K, define the sequence {xn} by recursion (-) Then, the sequence
{zn} converges strongly to a common fized point of {T; }Z 1 if and only if iminf, . d(z,, F) = 0, where
d(xn, F) = infper ||z, —p||, n > 1.

Theorem 3.5. Let E be a real Banach space, let K be a nonempty closed convexr subset of E which is also

a nonexpansive retract of E , and Ty, T : K — E be two continuous total asymptotically nonexpansive
oo oo

nonself-mappings with sequences {un}, {ln} defined by such that > p, < oo, z l, < oo and F :=

n=1

FM)NF(Ty) ={z € K : Thx =Thx =z} # @. Assume that there exist M, M* >0 such that ¢(X\) < M*\
for all X > M; and that one of T;, i = 1, 2 is demicompact (without loss of generality, we assume that Ty is
demicompact). Suppose that {u,}, {v,} are bounded sequences in K such thaty -2 | vyn < 00, Y o0 7} < 00.
For an arbitrary ©1 € K, define the sequence {x,} by recursion (-)

Suppose that

(i) 0 < liminf,, an and 0 < lim inf,,— oo Tn < lim sup,,_, Tn < 1,

(ii) 0 < liminf, o0 c,, and 0 < liminf, 7, < limsup,, .. v, < 1.

Then the sequence {$n} converges strongly to some common fized points of {TZ}?:1

Proof. {u,}, {vn} are bounded, it follows from Lemma [3.1| that {u, — z,} and {v, — z,,} are all bounded.
We set

r1 = sup{|lup — x| :n > 1}, ro = sup {||v, — x| :n > 1}, (3.13)
r = max{r;:i=1,2}.
It follows from and Lemma that
lyn — x| = HP (alnxn + 8.7y (PT)" Y 2 + 'y;lvn) — T
< (PTY)" " @ = @[ + Yy o — 20|

IN

HTl (PT)" 2 — 20 || + v,

This together with implies that

nh_)n;o |y — znl] = 0. (3.14)
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We find the following from and ,

lonis = aall = ||P (@npo + BuTo (PT2)" ™ o+ Yt ) = Py (3.15)
< o ||yn — 2l 4 Bn || T2 (PT2>n_1 Yn — Tn|| + Tn lun — 24|
< ap ||yn - an + Bn [Hyn - an + Nnd)(Hyn - an) + ln] + W7
< (T4 Qun) lyn — xall + Q (pn + 1n) + yur
— 0, asn — o0
for some constant () > 0. It follows from Lemma and that
[on =T (PTY" 20| < llon = @l + |01 = T (PT)" 20| (3.16)
|| (P 2y = TP 2
< 2an = znoa ] + ||onoy = T (PT)" a0
+Hn—1¢(”xn - xn—l”) + a1
— 0, asn — oo, fori=1,2.
Since T; is continuous and P is nonexpansive retraction, it follows from that for 1 =1,2
|75 (PT)" 2y — Tian || = | T P(T(PT;)" %) 2y — TiPay|| — 0, as n — oco. (3.17)
Hence, by Lemma and , we have
#n — Tizn| < ‘ n — T; (PT)™ 2| + ) T, (PT)" " 2y — Ty (3.18)
— 0, asn — oo, fori=1,2.
Since T} is demicompact, from the fact that lim, o ||€, — T12,| = 0 and {z,} is bounded, there exists

a subsequence {z,, } of {z,} that converges strongly to some q € K as k — oo. Thus, it follows from
that Thxy, — q, Toxy, — q as k — oo, and it follows from and T; is continuous that

|T(PT)™  ay, — Togl| < || Ti(PT)™ ', — Tizn, || + | Tin,, — Tl (3.19)
< || TiP(T(PT)™ ) an, — TiPay, ||
+ || Tizn,, — Tiql|
— 0, asn — oo, fori=1,2.

Observe that
lg = Tigll < lg = @, || + |0, — TL(PTL)™ 2, || + || TL(PT)™ g, — Tiq]| -

Taking limit as £k — oo and using the fact that Lemma and we get that Th1q = q and so
q € F(T1). Also, we have

lg = T2qll < llg = @n, || + [[2n, — To(PT)™ @ || + || T2(PT2)"™ 2, — Tagl| -

Taking limit as £k — oo and using the fact that Lemma and we get that Thq = ¢q and so
q € F(T3y). Thus, we obtain that ¢ € F. It follows from (@, Lemma and limy_,o ©n, = ¢ that {z,}
converges strongly to g € F. This completes the proof. O

The following result gives a strong convergence theorem for two total asymptotically nonexpansive
nonself-mappings in a real Banach space satisfying condition (A/).
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Theorem 3.6. Let E be a real uniformly convex Banach space, let K be a nonempty closed convex subset of

E which is also a nonexpansive retract of £, and T, T : K — E be two total asymptotically nonexpansive
oo

nonself-mappings with sequences {un}, {l.} defined by such that »_ p, < oo, Z l, < o0 and F :=

n=1

FM)NF(Ty) ={z € K : Thx =Thx =z} # &. Assume that there exist M, M* >0 such that ¢p(N\) < M*\
for all A > M. Suppose that {u,}, {vn} are bounded sequences in K such thaty > | vn < 00, Y o0y Yl < 0.
For an arbitrary x1 € K, define the sequence {x,} by recursion .

Suppose that T1 and Ty satisfy condition (A') and

(i) 0 < liminf,, an and 0 < liminf,,_, Tn, < limsup,,_, Tn, <1,

(7i) 0 < liminf, a and 0 < lim inf,,— oo W’n < limsup,, 'yn <1.

Then the sequence {:cn} converges strongly to some common fized points of {Ti}?:l .

Proof. By Lemma we see that lim, e ||z, — p|| and so, lim, o d (2, F) exists for all p € F. Also,
from (3.18)), limy, 500 || Zn — Tjzn|| = 0 (i = 1,2). Tt follows from condition (A') that

) . 1
nh_}ngof (d(zp, F)) < nh_}n;() <2 ([[zn, — Than|| + |20 — Tgﬂ:nH)) =0. (3.20)
That is,

li_>m fd(zn, F)) =0. (3.21)

Since f : [0,00) — [0,00) is a nondecreasing function satisfying f (0) = 0, f(¢) > 0 for all t € (0,00),
hence, we have
lim d(z,,F)=0. (3.22)
n—oo
Now we can take a subsequence {,;} of {x,,} and sequence {y;} C F such that ||z,; — y;|| < 277 for
all integers j > 1. Using the proof method of Tan and Xu [21], we have

}}xnj+1 - yJH < ||$nj - yj” < 2_j’ (323)
and therefore
Hyj-i-l - yj” < Hyj-‘rl — Tnjp H + “xnj+1 - y]H (3.24)
< 9=+l L 9=j
< 97IHL

We get that {y;} is a Cauchy sequence in F and so it converges. Let y; — y. Since F is closed, hence,
y € F and then z,; — y. As lim,_, ||z, — pl| exists, 2, = y € F. The proof is completed. O]

Letting 3, = v, = 0 and «,, = 1 in Theorem we obtain the following modified Mann iterative scheme
with errors convergence.

Theorem 3.7. Let E be a real uniformly convex Banach space, let K be a nonempty closed convex subset of
E which is also a nonexpansive retract of E |, and T, T : K — E be two total asymptotically nonexpansive

n=1

FM)NF(Ty) ={z € K : Thx =Thx =z} # @. Assume that there exist M, M* >0 such that p(N\) < M*X
for all X > M. Suppose that {u,}, {vn} are bounded sequences in K such thaty > | vn < 00, Y o0 Yl < 00.
For an arbitrary 1 € K, define the sequence {x,} by recursion .

Suppose that T) and Ty satisfy condition (A') and

(i) 0 < liminf,, an and 0 < liminf,,_, Tn < limsup,,_, Tn, <1,

(77) 0 < liminf, a and 0 < liminf,,— oo ’yn < limsup,, 'yn <1.

Then the sequence {xn} converges strongly to some common fized points of {Ti}?:l )

nonself-mappings with sequences {un}, {ln} defined by such that > p, < oo, Z lp < 0 and F :=
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Remark 3.8. Since total asymptotically nonexpansive mappings reduces to asymptotically nonexpansive in
the intermediate sense mappings, Theorem [3.6 and 3.7 extend and improve Theorem 3.7 and 3.8 of Nilsrakoo
[15].

Remark 3.9. If T} and T, are asymptotically nonexpansive mappings, then I, = 0 and ¢(A) = A so that
the assumption that there exist M, M* > 0 such that ¢(A) < M*X for all A > M, i € {1,2} in the
above theorems is no longer needed. Hence, the results in the above theorems also hold for asymptotically
nonexpansive mappings. Therefore, the results in this paper improve and extend the corresponding results of
B, [7, [12], [15], [16] and [18] from asymptotically nonexpansive mappings (or asymptotically nonexpansive
in the intermediate sense) mappings to nonself total asymptotically nonexpansive mappings under general
conditions. Moreover, the iterative sequence is replaced by the modified Ishikawa iterative scheme
1.10)).

Example 3.10. Let E is the real line with the usual norm [.|, K = [0,00) and P be the identity mapping.
Assume that Tyz = z and Tox = sinz for x € K. Let ¢ be a strictly increasing continuous function such
that ¢ : R — RT with ¢ (0) =0 . Let {in},>; and {l,},5; be two nonnegative real sequences defined by

oy, = # and [, = n—lg, for all n > 1 (limy,—00 b, = 0 and lim,, o0 [, = 0) . Since Tz = x for x € K, we have
T7'e =TTyl < |z —y|.
For all z,y € K, we obtain

TP — TPy| = |2 — ] — pmd(z — o) — b
=yl — le =yl — bz — ) — L
0

IN A

foralln=1,2,..., {ttn},,>; and {lp},~; with pn, [, = 0 as n — oo and so T is a total asymptotically
nonexpansive mapping. Also, Tox = sinx for z € K, we have

T7'x = Ti'y| < |z —yl.
For all z,y € K, we obtain

T3z — T3yl — |z — y| — pad(|z —yl) — ln
< z—yl—lz =yl = pad(lz —yl) —In
< 0

foralln=1,2,..., {Un}nzl and {l,},,~, with u,, l, = 0 as n — oo and so T is a total asymptotically

nonexpansive mapping. Clearly, F := F(11) N F(T2) = {0}. Set

1 n2—n-—1 1

’ﬁnzﬁn:ﬁ’ ’}/n:’ynzmandvn:’un:n—{_l

’ n
Qa, =Qp = ——
n+1

for n > 1. Thus, the conditions of Theorem are fulfilled. Therefore, we can invoke Theorem to
demonstrate that the iterative sequence {z,} defined by converges strongly to 0.
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The following table has been obtained by FORTRAN 90 Programming Language.

{zn} | Iteration (f].]@ Iteration (fl.lq)
T 1.000000 3.000000
x9 1.034148F — 01 —1.183136
T3 1.703063F — 01 | —2.192974F — 01
T4 1.297774F — 01 | —5.604304F — 02
Ts 8.572214F — 02 | —4.820751F — 03
T4 5.691798FE — 02 | 9.707832F — 03
T 3.521213F — 02 1.211889F — 02
s 2.292063F — 02 1.102576 FE — 02
Tg 1.420441F — 02 | 8.534811F — 03
z10 | 9.505245F — 03 | 6.647571FE — 03
x50 | 2.756935F — 05 | 2.756935F — 05
T100 | 3.345823F — 06 | 3.345823F — 06

Acknowledgements:

The authors would like to thank Prof. Murat OZDEMIR and the referees for their helpful comments.

References

[1] Ya. I. Albert, C. E. Chidume, H. Zegeye, Approzimating fized points of total asymptotically nonexpansive map-

2]
8]

pings, Fixed Point Theory Appl., 2006 (2006) article ID 10673.

V. Berinde, [terative approximation of fixed points. Second edition, Lecture Notes in Mathematics, 1912, Springer,
Berlin, 2007.

R. E. Bruck, T. Kuczumow, S. Reich, Convergence of iterates of asymptotically nonexpansive mappings in Banach
spaces with the uniform Opial property, in: Colloq. Math., vol. LXV Fasc. 2 (1993) pp. 169-179.

C. E. Chidume: Geometric Properties of Banach Spaces and Nonlinear Iterations, Springer, Berlin, 2009.

C. E. Chidume, E. U. Ofoedu, H. Zegeye, Strong and weak convergence theorems for fized points of asymptotically
nonexpansive mappings, J. Math. Anal. Appl., 280 (2003) 364-374.

C. E. Chidume, E. U. Ofoedu, Approzimation of common fized points for finite families of total asymptotically
nonezxpansive mappings, J. Math. Anal. Appl., 333 (2007) 128-141. _

Y. J. Cho, H. Y. Zhou, G. Guo, Weak and strong convergence theorems for three-step Iterations with errors for
asymptotically nonexpansive mappings, Comput. Math. Appl., 47 (2004) 707-717.

K. Goebel, W. A. Kirk, A fized point theorem for asymptotically nonexpansive mappings, Proc. Amer. Math.
Soc., 85 (1972) 171-174.

G. Hu, L. Yang, Strong convergence of the modified three step iterative process in Banach spaces, Dyn. Contin.
Discrete Impuls. Syst. Ser. A Math. Anal., 15 (2008) 555-571.

S. H. Khan, W. Takahashi, Approzimanting common fized points of two asymptotically nonexpansive mappings,
Sci. Math. Jpn., 53 (1) (2001) 143-148.

S. H. Khan, N. Hussain, Convergence theorems for nonself asymptotically nonexpansive mappings, Comput. Math.
Appl., 55 (2008) 2544-2553.

G. E. Kim, T. H. Kim, Mann and Ishikawa iterations with errors for non-Lipschitzian mappings in Banach spaces,
Comput. Math. Appl., 42 (2001) 1565-1570.

W. A. Kirk, Fized point theorems for non-Lipschitzian mappings of asymptotically nonexpansive type, Israel J.
Math. 17 (1974) 339-346.

N. Maiti, M. K. Ghosh, Approzimating fized points by Ishikawa iterates, Bull. Aust. Math. Soc., 40 (1989)
113-1172 2]

W. Nilsrakoo, S. Saejung, A new strong convergence Theorem for non-Lipschitzian Mappings in a uniformly
convexr Banach Space, Rostock, Math. Kollog., 64 (2009) 75-86.



E. Yolacan, H. Kiziltunc, J. Nonlinear Sci. Appl. 5 (2012), 389-402 402

[16] M. O. Osilike, S. C. Aniagbosar, Weak and strong convergence theorems for fized points of asymptotically nonez-
pansive mappings, Math. Comput. Modelling, 32 (2000) 1181-1191.

[17] X. Qin, Y. Su, M. Shang, Approximating common fixed points of non-self asymptotically nonexpansive mappings
wn Banach Spaces, J. Appl. Math. Comput., 26 (2008) 233-246.

[18] J. Schu, Iterative construction of fized points of asymptotically nonexpansive mappings, J. Math. Anal. Appl.,
158 (1991) 407-413.

[19] J. Schu, Weak and strong convergence of a fized points of asymptotically nonerpansive mappings, Bull. Aust.
Math. Soc., 43 (1991) 153-159.

[20] H. F. Senter, W. G. Dotson, Approzimating fized points of nonexpansive mappings, Proc. Amer. Math. Soc., 44
(1974) 375-380.

[21] K. K. Tan, H. K. Xu, Approzimating fized points of nonexpansive mappings by the Ishikawa iteration process, J.
Math. Anal. Appl., 178 (1993) 301-308.

[22] Y. Xu, Ishikawa and Mann iterative processes with errors for nonlinear strongly accretive operator equations, J.
Math. Anal. Appl., 224 (1998) 91-101.



	1 Introduction
	2 Preliminaries
	3 Main Results

