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Abstract

In this paper, we define H (-, -)-n-cocoercive operators in ¢g-uniformly smooth Banach spaces and its resolvent
operator. We prove the Lipschitz continuity of the resolvent operator associated with H(-,-)-n-cocoercive
operator and estimate its Lipschitz constant. By using the techniques of resolvent operator, an iterative
algorithm for solving a variational-like inclusion problem is constructed. The existence of solution for the
variational-like inclusions and the convergence of iterative sequences generated by the algorithm is proved.
Some examples are given.(©2012 NGA. All rights reserved.
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1. Introduction

It is well known that variational inequality theory has become very effective and powerful tool for
studying a wide range of problems arising in differential equations, mechanics, contact problems in elasticity,
optimization and control problems, operation research, etc.. A useful and important generalization of
variational inequalities is a generalized mixed type variational inequality containing nonlinear term. Due to
the appearance of this nonlinear term, the projection method can not be used to study the existence and
algorithm of solutions for the generalized mixed type variational inequalities. These facts motivated Hassouni
and Moudafi [§] to suggest the resolvent operator technique which does not depend on the projection. He
studied mixed type of variational inequalities, called variational inclusions.
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The concept of H-monotone, H-accretive, (H,n)-accretive, (H,n)-monotone, (A,n)-accretive, H(-,-)-
accretive, (H(-,-) — n)-monotone and H(-,-)-cocoercive operators are introduced and applied by Fang and
Huang [4], Fang and Huang [5], Fang, Cho and Kim [6], Fang, Huang and Thompson [7], Lan, Cho and
verma [9], Zou and Huang [I3], Xu and Wong [11], Ahmad et al.[I]. The concept of n-cocoercivity, n-strong
monotonicity and 7-strong convexity of a mapping was introduced and studied by Ansari and Yao [2].

Impressed by the noble work mentioned above, in this paper, we introduce H (-, -)-n-cocoercive operators
in g-uniformly smooth Banach spaces. The resolvent operator associated with H (-, -)-n-cocoercive operator
is defined and its Lipschitz continuity is shown. With the help of resolvent operator an iterative algorithm
is constructed for solving a variational-like inclusion problem in g-uniformly smooth Banach spaces. Some
examples are constructed in support of definition of H(-,-)-n-cocoercive operators.

2. Preliminaries

Let X is a real Banach space with dual space X*, (-,-) be the duality coupling between X and X*, and
2% denotes the family of all the non-empty subsets of X. The generalized duality mapping Jg: X — 2X" is
defined by
Jo(@) = {f* € X*: {x, f*) = ||, I = 2"}, V2 € X,

where ¢ > 1 is a constant. The modulus of smoothness of X is the function px : [0,00) — [0, 00) defined by
1
px(t) =swp{ S(le+yll+lle—yl) = 1: 2] < 1llyl < ¢ }.
A Banach space X is called uniformly smooth if

t
lim XY (*)
t—0 ¢

=0.
X is called g-uniformly smooth if there exists a constant C' > 0 such that px(¢t) < Ct4, ¢ > 1.

Note that J; is single-valued if X is uniformly smooth. In connection with the characteristic inequalities
in g-uniformly smooth Banach spaces, Xu [12] proved the following nice result.

Lemma 2.1. Let X be a real uniformly smooth Banach space. Then X is q-uniformly smooth if and only
if there exists a constant Cy > 0 such that, for all z,y € X,

[l +yll* < lzll* + ¢y, Jo(x)) + Colly[*-

We need the following definitions for proving our main result.

Definition 2.2. Let A,B : X — X, n: X x X — X be the mappings and let J, : X — 2X" be the
generalized duality mapping. Then A is called

(i) m-cocoercive, if there exists a constant pq > 0 such that
(Az — Ay, Jy(n(z,y))) = mllAz = Ayl?, ¥ 2,y € X;

(ii) n-accretive, if
(Az — Ay, Jy(n(z,y))) 20, Vz,y€eX;

(iii) m-strongly accretive, if there exists a constant $; > 0 such that
<A$ - Ay? ']q(n(m?y)» Z ﬁle - qu7 v z,y € X7

if n(z,y) = = — y, then it is called strongly accretive.
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(iv) m-relaxed cocoercive, if there exists a constant v, > 0 such that
(Az — Ay, Jo(n(z,))) = (=m)l|Az = Ay[?, ¥V z,y € X;
(v) a-expansive, if there exists a constant o > 0 such that
[Az — Ay|| > aflz —yll, V,yeX;
(vi) B is said to be -Lipschitz continuous, if there exists a constant § > 0 such that
|Bx = By|| < Bllz —yll, VzyecX;
(vii) n is said to Lipschitz continuous, if there exists a constant 7 > 0 such that
In(z, )l < 7lle—yll, VayeX

Definition 2.3. Let A, B: X - X, H: X x X — X, n: X x X — X be three single-valued mappings and
Jg: X — 2% be the generalized duality mapping. Then

(i) H(A,-) is said to be n-cocoercive with respect to A, if there exists a constant x> 0 such that
(H(Az,u) — H(Ay,u), Jo(n(z,y))) = pl|Az — Ay||?, V 2,y € X;
(ii) H(-, B) is said to n-relaxed cocoercive with respect to B, if there exists a constant v > 0 such that
(H(u, Bx) — H(u, By), Jy(n(z,y))) > (=7)[|Bx = By||*, ¥V z,y € X;

(iii) H(A,") is said to be r1-Lipschitz continuous with respect to A, if there exists a constant r; > 0 such
that
[1H(Az,u) = H(Ay, u)[| <miflz —yl, ¥Vz,yeX;

(iv) H(-, B) is said to be ry-Lipschitz continuous with respect to B, if there exists a constant 7 > 0 such
that
I1H (u, Bx) — H(u, By)|| < rallz —yl, Vz,yeX.

Definition 2.4. A multi-valued mapping M : X — 2% is said to be n-cocoercive, if there exists a constant
w2 > 0 such that

(u—w, Jy(n(z,9))) = p2llu—vl?, Vz,yeX, ue Mz, veMy.

Definition 2.5. A multi-valued mapping 7' : X — CB(X) is said to be D-Lipschitz continuous, if there
exists a constant Ap > 0 such that

D(T:CaTy) < )\T”ZL‘ - y”: Va,yeX,
where D(-, ) is the Hausdorff metric on CB(X).

Definition 2.6. Let n : X x X — X be a mapping and let 7,Q : X — CB(X) be two multi-valued
mappings. A mapping N : X x X — X is said to be n-strongly accretive with respect to 1" and @, if there
exists a constant ¢t > 0 such that

(N(21,y1)=N(x2,92), Je(n(ur,u2))) > tllug—uol|?, Yur,ug € X, 21 € T(u1),y1 € Q(ur),x2 € T(uz),y2 € Q(us).

Definition 2.7. Let 7,Q : X — CB(X) be the multi-valued mappings. A mapping N : X x X — X is
said to be
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(i) Lipschitz continuous for the first argument with respect to 7', if there exists a constant Ay, > 0 such
that
HN(xl, ) - N(.Z'Q, )H < )\N1 Hxl — iL'QH, YV up,ug € X, 21 € T(ul),xg S T(UQ);

(ii) Lipschitz continuous for the second argument with respect to @, if there exists a constant Ay, > 0
such that

HN(vyl) - N(7y2)|| < )\NQHyl - y2“7 v U, U2 € X’ Y1 € Q(ul)va € Q(UQ)

Example 2.8. Let us consider the 2-uniformly smooth Banach space X = R2. Let A, B : R? — R? are
defined by
A(w1,w2) = (21,332), Bly1,y2) = (—y1,—y1 — va2), V (21, 72), (y1,92) € R,

Suppose H(A, B),n : R? x R? — R? are defined as

H(Az,By) = Az + By, n(z,y) =z -y, Va,yeR%.

Then
(H(Az,u) — H(Ay,u), n(z, )> (Ar+u— Ay —u, x —y)
(((1’1,3962) (y1,3y2)), (21— Y1, 22 — Y2))
= ((z1 —y1,3(x2 — 92)), (21— Y1, 22 — ¥2))
= (z1 —y1)” + 3(z2 — y2)?
and

Az — Ayl = [[(x1 — y1,3(z2 — v2)) I = (21 — 11)* + (w2 — 2)°
<3(z1 —y1)? + (w2 — )
=3{(x1 —y1)” + 3(x2 — y2)*}
= 3{(H(Az,u) — H(Ay,u), n(z,y))}

ie. (H(Az,u)— H(Ay,u), n(z,y)) > %HAac — Ay||?, which implies that H is 3 -m-cocoercive with respect to
A. Also

(H(u, Bx) — H(u, By),n(z,y)) = (Bx — By, = —y)
= (=1, =21 — 22) — (=y1, —y1 — ¥2)), (1 — Y1, 72 — ¥2))
=((—(z1 —y1), — (@1 — 1) — (x2 —¥2)), (x1— 1,22 — Y2))
—(z1—y1)? = (21 — y1) (w2 — 1) — (32 — 12)°
= —{(z1 —91)* + (21 — 1) (w2 — y2) + (w2 — 12)°}

and

Bz — By||*> = ||(—(z1 — y1), —(x1 — 31) — (w2 — y2))[|”

= (@1 —y1)* + (1 — 1) + (22 — 12))?

(z1—41)? + (21— 11) + (22 — v2)° + 2(21 — y1) (22 — y2)
2(z1 — 1) + 2(z2 — y2)* + 2(z1 — Y1) (w2 — 2)

=2{(z1 —y1)* + (22 — y2)* + (21 — 1) (z2 — y2)}

2{—(H (u, Bx) — H(u, By), n(z,y))}

i.e. (H(u,Bx)— H(u,By), n(z,y)) > —%HBQZ’ — Byl|?, which implies that H is %—n—relaxed cocoercive with
respect to B.
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3. H(-,-)-n-cocoercive operator
In this section, we introduce H (-, -)-n-cocoercive operator and discuss some of its properties.

Definition 3.1. Let A, B: X - X, H: X x X — X, n: X x X = X be the single-valued mappings. Let
M : X — 2% be a set-valued mapping. M is said to be H(, -)-n-cocoercive with respect to the mapping A
and B, if M is n-cocoercive and (H(A, B) + AM)(X) = X, for every A > 0.

Example 3.2. Let X = R? and A, B, H(A,B) and n are defined as in Example 2.8. Suppose that
M : X — 2% is defined by
M(Jil,xg) = (331,0), W ($1,l’2) S RQ.

Then it can be easily verify that M is n-cocoercive and
(H(A, B) + AM)(R?) = R?, V A > 0,
which shows that M is H(-,-)-n-cocoercive with respect to A and B.

Theorem 3.3. Let H(A, B) be n-cocoercive with respect to A with constant > o and n-relazed cocoercive
with respect to B with constant v > 0, A is a-expansive and B is 5-Lipschitz continuous and p > v, a > 3.
Let M : X — 2% be H(-,-)-n-cocoercive operator with respect to A and B. If the following inequality

(x —y, Jy(n(u,v))) >0, holds for all (v,y) € Graph(M),
then x € Mu, where Graph(M) = {(u,z) € X x X : z € Mu}.

Proof. Suppose that there exists some (ug,xg) such that
(wo —y, Jq(n(uo,v))) =0, V (v,y) € Graph(M). (3.1)

Since M is H(-,-)-n-cocoercive operator with respect to A and B, we know that (H (A, B) + AM)(X) = X,
holds for every A > 0 and so there exists (u1,z1) € Graph(M) such that

H(Auq, Buy) + Ax1 = H(Aug, Bug) + Aug € X. (3.2)
It follows from (3.1) and (3.2) that

0 < Xazo — 1, Jg(n(uog,u1))) = —(H (Aug, Bug) — H(Auy, Buy), Jq(n(uo,u1)))
= —(H (Aug, Bug) — H(Au1, Bug), Jq(n(ug,u1)))
— (H(Auy, Bug) — H(Auy, Buy), Jq(n(uo,u1)))
< —pl|Aug — Aua[|? + || Bug — Bua ||
< —pa g — [+ 7B ug — i
= —(pa? =B |luo — w1 ||* <0,

which gives u; = wg, since p > v and « > . By (3.2), we have x1 = z¢. Hence (ug,z9) = (u1,21) €
Graph(M) and so xy € Muy. O

Theorem 3.4. Let H(A, B) be n-cocoercive with respect to A with constant > 0 and n-relazed cocoercive
with respect to B with constant v > 0, A is a-expansive and B is -Lipschitz continuous, p > v and a > 3.
Let M be H(-,-)-n-cocoercive operator with respect to A and B. Then the operator (H(A, B) + AM)~! is
single-valued.
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Proof. For any u € X, let 2,y € (H(A, B) + AM)~1(u). It follows that
—H(Az,Bz) 4+ u € Mz

and
—H(Ay,By) +u € AMy

as M is n-cocoercive (thus n-accretive), we have

0 < (-H(Az, Br) +u — (- H(Ay, By) +u), Jy(n(z,y)))
= —(H(Az, Bx) — H(Ay, By), Jy(n(z,y)))
= —(H(Az, Br) — H(Ay, Bx) + H(Ay, Bx) — H(Ay, By), Jy(n(z,y)))
—(H(Ax, Bx) — H(Ay, Bx), Jy(n(z,y)))

— (H(Ay, Bx) — H(Ay, By), Jq(n(x,y)))- (3-3)

Since H is n-cocoercive with respect to A with constant p and n-relaxed cocoercive with respect to B
with constant 7, A is a-expansive and B is f-Lipschitz continuous, thus (3.3) becomes

0 < —paflle =yl + 9Bz — yl|* = =(pa® —B8Y)[lx —y[|* <0, (3.4)
since 1 > v and a > 3. Thus, we have x = y and so (H (4, B) + AM)~! is single-valued. O

Definition 3.5. Let H(A, B) be n-cocoercive with respect to A with constant ;1 > 0 and n-relaxed cocoercive
with respect to B with constant v > 0, A is a-expansive and B is 8-Lipschitz continuous, @ > v and o > f.
Let M be H(-,-)-n-cocoercive operator with respect to A and B. The resolvent operator Rij(\))_n X > X
is defined by

RYCI™M(w) = (H(A, B) + AM) "' (u), Y u € X. (3.5)
The following theorem shows that the resolvent operator is Lipschitz continuous.

Theorem 3.6. Let H(A, B) be n-cocoercive with respect to A with constant > 0 and n-relazed cocoercive
with respect to B with constant v > 0, A is a-expansive, B is B-Lipschitz continuous and n is T-Lipschitz
continuous and p >y, a > . Let M be an H(-,-)-n-cocoercive operator with respect to A and B. Then the

q—1
resolvent operator Rf("')_n X > X s Ti—Lipschitz continuous, that is
’ pad — 59
H()=n H()=n ! v
R, — Ry < —|u—v], ,v € X.
| \,M (u) A\, M ()]l < Maqiwalu vl u,v

Proof. Let u and v be any given points in X. It follows from (3.5) that
H(-\)— _
R (w) = (H(A,B) + M)~ (),

and

This implies that

and
1

A
For the sake of clarity, we take

(v — HARY ™ (0), B(RYG™"(0))) € MR (v)).

Pu = Rig\})_n(u) and Pv = Ri{g\})_n(v).
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Since M is n-cocoercive (thus n-accretive), we have

(u— H(A(Pu), B(Pu)) — (v = H(A(Pv), B(Pv))), Jo(n(Pu, Pv)))

> =

= v — (H(A(Pu), B(Pw)) ~ H(A(Pv), B(PY))), Jy(n(Pu, Pv))) > 0.

Therefore we have
(u—=v, Jy(n(Pu, Pv))) = (H(A(Pu), B(Pu)) — H(A(Pv), B(Pv)), Jq(n(Pu, Pv))).

It follows that

lu = vl[lln(Pu, Po)||™" > (u — v, Jy(n(Pu, Pv)))
> (H(A(Pu), B(Pu)) — H(A(Pv), B(Pu)), Jy(n(Pu, Pv)))

+ (H(A(Pv), B(Pu)) — H(A(Pv), B(Pv)), Jy(n(Pu, Pv)))
> pl|A(Pu) — A(Po)[|! — 7| B(Pu) — B(Pv)]|?
> pal||Pu — Pol|? — 87| Pu — Pvl|?

and so
= olln(Pu, Po)[[91 > (st — A9 Pu— Pu|e

or
(10t = 9P — Pol" < lu = o] (P, Po)]o-*
< |lu— vHTq*lHPu — PUH‘F1

qg—1

MHU—UW Vu,v € X,

|Pu— Po| <

a1
|lu—wvl, VuveX.

or
H(?)_n _ H(‘»‘)—ﬁ
[1Bya” () = By " (o) < Lo —

This completes the proof.

4. An application for solving variational-like inclusions
In this section, we shall show that under suitable assumption, H (-, -)-n-cocoercive operator plays an

important role for solving a variational-like inclusion problem.
Let p, NW : X x X -2 X, g: X > X,H: X xX —> X, A B:X — X be the single-valued mappings

and T,Q, R, S : X — CB(X), M : X — 2% be the set-valued mappings such that M is H(-,-)-n-cocoercive
with respect to A and B. Then we consider the following problem.
Findu e X, z € T(u), y € Q(u), z € R(u), v € S(u) such that

0 € N(z,y) — W(zv) + M(g(w)). (4.1)
Problem (4.1) is called variational-like inclusion problem.
Below are some special cases of problem (4.1).
(i) If W, R, S = 0, then problem (4.1) reduces to the problem of finding u € X, = € T'(u), y € Q(u) such

that
(4.2)

0 € N(z,y) + M(g(u)).

Problem (4.2) is introduced and studied by Peng [10].
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(ii) If N(z,y) = N(z), T is single-valued and g = I, the identity mapping, then problem (4.2) reduces to
the problem considered by Bi et al.[3]. That is to find u € X such that

0€ N(u) + M(u). (4.3)

Lemma 4.1. (u,z,y,z,v), whereu € X, x € T(u), y € Q(u), z € R(u), v € S(u) is a solution of problem
(4.1) if and only if (u,x,y,2,v) is the solution of the following equation.

g(u) = Ry H(A(gu). Blgw)) = MN(2,y) = W(=,0)}], (4.4)
where A > 0 is a constant.
Proof. Proof is direct consequence of definition of resolvent operator. O
Based on (4.4), we have the following iterative algorithm.

Algorithm 4.2. For any given uy € X, zo € T(uo), yo € Q(up), 20 € R(ug), vo € S(ug), compute the
sequences {un}, {xn}, {yn}, {zn} and {v,} by the following iterative procedure.

9(uns1) = Ry TH(A(gun), B(g(un)) — MN (20, yn) — W (zn, un)}], (4.5)
a1 — zall < D(T(uns1), Tun)); (4.6)
11— yoll < D(Quns1), Qun)); (4.7)
lzas1 = zall < D(R(unt1), Rlun)); (4.8)
ons1 = vall < D(S(uns1), S (un)); (4.9)

where n is the iteration number, X > 0 is a constant and D is the Hausdorff metric on CB(X).

Theorem 4.3. Let X be a q-uniformly smooth Banach space. Let A,B,g: X — X, H N,n,W : XxX — X
be the single-valued mappings. Let T,Q, R, S : X — CB(X) and M : X — 2% be the multi-valued mappings
such that M is H(-,-)-n-cocoercive mapping with respect to A and B. Suppose that

(i) g is 6-strongly accretive and Ag-Lipschitz continuous,
(ii) N is Lipschitz continuous for the first argument with constant A\n, and Ay, for the second argument,
n-strongly accretive with respect to T and @ with constant t,
(i1i) W is Lipschitz continuous for the first argument with constant A\w, and Aw, for the second argument,
(iv) n is T-Lipschitz continuous, A is a-expansive and B is (-Lipschitz continuous,
(v) H(A, B) is n-cocoercive with respect to A with constant p and n-relaxed-cocoercive with respect to B
with constant vy, r1-Lipschitz continuous with respect to A and ro-Lipschitz continuous with respect to
B,
(vi) T,Q, R, S are D-Lipschitz continuous mappings with constants Ay, \Q, Ar and Ag, respectively.

Suppose that the following condition is satisfied:

[</(T1 +19)aN] — gAML+ QAN AT + A AQ) (1 + o) AT + qulﬂ + XAV AT + AN Ag)?

0 (na® —vB7) — MAw, Ar + A, As)] (4.10)

<[ﬁ

o

;(Maq =987 > MAws AR + AwpAs), o>, o> B.

Then there existu € X, x € T'(u), y € Q(u), z € R(u) and v € S(u) satisfying the variational-like inclusion
problem (4.1) and the iterative sequences {un}, {xn}, {yn}, {zn} and {v,} generated by Algorithm 4.1
converge strongly to u, x, y, z, and v, respectively.
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Proof. Since g is d-strongly accretive, we have

lg(uns1) = g(un)[[tmsr = wnl®" = llg(unt1) — gun) 1| Jg(tn i1 — un) |
> (g(un+1) — g(un), Jo(tns1 — un))
> 8l tnsr — wnll?. (4.11)

From (4.11), we get
1
[unt1 = unll < <llg(unt1) — g(un)|l (4.12)

By Algorithm 4.2 and Theorem 3.6, we have

H(-,)—
lg(uns1) = glun)ll = | By H (Algun), B(gun)) = MN (20, yn) = W (20, 0a)}]
H(-.)—
— Ry TH (Algun 1), Bgun 1)
- A{]\'7(:1771—17 yn—l) - W(Zn—la Un—l)}]”
a1
— = IH(A(gun), B(gun)) — H(A(gun—1), B(gun-1))
provt — 3
- )\{N(l’n, yn) - N(xnfla ynfl)}
= MW (2n,v) = W(zn-1,vn-1)}
a1
T opad =
- )\{N(xm yn) - N(Qj‘n,l, ynfl)}H
741\
" ot — B
Using Lipschitz continuity of N with constant Ay, for the first argument and Ay, for the second argument
and D-Lipschitz continuity of 7" and () with constants Az and Ag, respectively, we have

| H (A(gun), B(gun)) — H(A(gun—1), B(gun-1))

W (zn,vn) = W(zn—1,vn-1)|- (4.13)

[N (@0, Yn) — N(@n—1,Yn-1)ll = [N (2n, yn) — N(Tn-1,Yn)
+ N(@n—1,Yn) — N(Zn-1,Yn-1)|l
< |[N(zn, yn) — N(Zn-1,yn)|l
+ [N (zn-1,9n) — N(Zn-1,Yn—1)|
< Anllzn = 2ol + ANg [[Yn — yn—1|
< AN D(T'(un), T(un-1)) + AN, D(Q(un), Q(tn-1))
< AN ATt — Un—1]] + AN AQ||un — Un—1]|
= (AMAT + AN A0Q) || un — Un—1]]. (4.14)

Also as H(A, B) is r1-Lipschitz continuous with respect to A and ry-Lipschitz continuous with respect to B
and g is Ag4-Lipschitz continuous, we have

1H (A(gun), B(gun)) — H(A(gun—1), B(gun—1))[l < (r1 + 72)Agllun — un—1]| (4.15)

By using Lemma 2.1, (4.14), (4.15) and n-strongly accretiveness of N with respect to 7" and @) with constant
t and 7-Lipschitz continuity of 7, we have
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| H (A(gun), B(gun)) — H(A(gun-1), B(gun-1)) = MN (Zn, yn) — N(@n—1,Yn—1) }[|?

< [[H(A(gun), B(gun)) — H(A(gun—1), B(g(un-1))|
— g MN(2n,yn) = N(Tn—1,Yn-1), Jq(ﬁ(Um Up—1)))
— qMN(Tp, Yn) — N(Tn—1,Yn-1), Jg[H(A(gun), B(gun)) — H(A(gun-1), B(gun—1))]
— Jg(n(un, un—1))) + XCq||N(2n, yn) — N(Tn—1,Yn—1)*

< (r1+7r2) A [Jun — un—1[| — gAt[Jun — un—1[|? + gA[[N (25, yn) — N(Tn—1, yn—1)|| X

[ H (Agun)—, B(gun)) = H(A(gun—1), B(gua-1)[1*™" + [ (uwn, un—1)[|7"]
+ MNC (AN AT + Any) Yy — tp—1]]?

< (r1+7r2) A\l — un—1]|? = gAt|lun — wun—1]|?7 + QAN AT + AN AQ) [Un — Un—1]| %
[(r1 +72) T N un = w771+ 79 g — ][]
+ XNCy (AN AT + AN AQ) Y |un — up—1]|?

= [(r1 +72)"AL — gAt + QAN AT + Any AQ)[(r1 + r2) 7 IAIT !+ 7971
+ A Ce (AN AT + AN AQ) ] ttn, — wn—1]|%. (4.16)

Using Lipschitz continuity of W with constant Ay, for the first argument and Ay, for the second argument
and D-Lipschitz continuity of R and S with constants Ap and Ag, respectively, we obtain

W (20, 00) = W (zn—1, 00-1)[| < A Ar + A, As)[[un = un-- (4.17)

In view of (4.16) and (4.17), (4.13) becomes

o) = 1)) < [ (41 + 2N — 0 ACwr + Aol
[+ r2)7 A+ 771 4+ MG, O Ar + Az )
7971\
m()\wl AR + Ay As) | lun — tn—1]]. (4.18)
Using (4.18), (4.12) becomes
[un+1 — unll < Ofluy — up—1]|. (4.19)

where

a1

1
0=~-|——
) [,uaq —yp4
[(r1 + rg)q_l)\g_l + 7471 + NC (AN, AT + )\N2)\Q)q)
741N\

* M(AWMR + A As) | [[tn — un—1]|.

(/1 4720208 — oMt + A Ar + A Ae)

By condition (4.10), 0 < # < 1 and hence {u,} is Cauchy sequence in X, so there exists u € X such that
Up — uw as n — 0o0. By the D-Lipschitz continuity of T, Q, R and S, we have

Zn+1 — Zall < A7|lunt1 — unll;

1Yn1 — Ynll < AQltng1 — unll;
[2n+1 = znll < ARUnt+1 — unll;

|vn41 = nnll < Aslltngyr — unll;
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which shows that the sequences {z,}, {yn}, {2z} and {v,} are all Cauchy sequences in X, so there exist z,
y, z, and v € X such that x, — z, y, = y, 2, — z and v, — v, as n — oco. By the Lipschitz continuity of
the operations H, A, B, N, W, R ( )7 and Algorithm 4.2, it follows that

H
g(w) = Ry57 " H(Agu), Blgu)) = MN(z,y) - W(z0)})
It remain to show that « € T'(u). In fact, since z,, € T'(uy,). we have

d(z, T(u) < ||z — nll + d(2n, T(u))
[ = @[l + D(T(un), T'(w))

<l — zu|| + A |lun —ul| = 0, as n — oo,

<
<

which implies that d(z,T(u)) = 0, since T'(u) € CB(X), it follows that = € T'(u). Similarly, we can show
that y € Q(u), z € R(u) and v € S(u). This completes the proof. O
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