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Abstract

The center conditions and pseudo-isochronous center conditions at origin or infinity in a class of non-analytic
polynomial differential system are classified in this paper. By proper transforms, the quasi analytic system
can be changed into an analytic system, and then the first 77 singular values and periodic constants are
computed by Mathematics. Finally, we investigate the center conditions and pseudo-isochronous center
conditions at infinity for the system. Especially, this system was investigated when A = 1 in [Y. Wu, W.
Huang, H. Dai, Qual. Theory Dyn. Syst., 10 (2011), 123-138]. (©2016 All rights reserved.

Keywords: Infinity, quasi analytic, center, pseudo-isochronicity.
2010 MSC': 34C05, 34CO07.

1. Introduction

It is well known that the study of limit cycles bifurcation from infinity and center problem is an important
part of the so called weakened 16 — th Hilbert problem. As far as limit cycles bifurcated from infinity are
concerned, there have been many results [2 [3] [6 1T, 14, 29] for special continuous systems. Bifurcation
of a periodic orbit from infinity has been also studied for polynomial planar vector fields, see for instance
Sotomayor and Paterlini [26], Blows and Rousseau [2], and Gunez, Saez and Szanto [4]. Other papers about
bifurcation of periodic orbits from infinity are due to Keith and Rand [7], Malaguti [22], A. K. Alomari[I]
and Sabatini [25], where they study the Rayleigh, Vanderpol and Lienard systems. But for general system
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it is still a hard work to solve its center problem. A special system with a singular point at infinity

d
—x:(éx— y) (2% + y?) +Zkay

dt
(1.1)
Y (24 oy)(a? + +ZY z
it Yy y k y
where
D> Aapz®y’, Yi(z,y) = > Bagz®y’, (1.2)
a+pB=k a+pB=k

was discussed by Liu et al. in [8], where Xy (z,y) and Yi(x,y) are homogeneous polynomials of order k.
System (1.1]) can be changed into

df 2n+1 |:<

« (52 +n2)(n+1)(k—1)7

2n 4+ 2
2n+1

+1n ) Xony1-k(§,m) — §7Ian+1k(§777)}

(1.3)
2n+1
dn _ 2n + 2
Pl [t Z [( Gy 1?7 > Yont1-k(&:m) — o+ 1677X2n+1—k:(£777):|
« (§2 +n )(n+1)(k71)7
by transformations

= ) y = b
(52 + ,,72)n+1 (§2 + nZ)n-i—l
In [I8, 19, 20, 21], Llibre studied the following systems

z= ()\+z)z+(zz) 2 (Az4+3z1 I+ B372 4+ C227973 4+ D7), d=2m+1 > 5;
,é:z'z—i—( *)%(Az32+Bz2*2+Cz ), d=2m >4

(/\+z)z+(zz) (Az + B2*2 + C22* + D7%), d=2m +1 > 3;
z—()\+z)z+(zz) 2 (Az + Bzz+C7?), d=2m > 2.

They obtained the conditions of centers and isochronous centers, but the d is restricted in order to make
the system to be polynomial system. d was restricted strictly in order to make those systems to be analytic
system. In fact, quasi-analytic systems have been widely used in modeling many practical problems in
science and engineering recently. For example, an axis-symmetric quasi-analytical model was presented
in order to simulate the behavior of a RFEC system during its operation [23]. A quasi-analytical model
to predict and analyze signals on layered samples measured by infrared scattering type scanning near-field
optical microscopy was modeled in [5]. A simple quasi-analytical model was developed to study the response
of ice-sheets to climate change in [24]. It is also noted that a type of quasi-analytic systems, described by

oo
. (k—1)(A—1)
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where

> Awpr™y’, Vilwy)= > Bapz™y’,
a+p=k a+p=k

has been studied by Liu et al. [10,[I7]. As special cases, quasi-analytic quadratic systems have been studied
in [16] and cubic systems in [28]. As far as center conditions at origin are concerned, there are very few
results for the case of non-analytic systems, several special systems have been studied, see [10} [17].

The problems of center conditions and pseudo-isochronous center conditions for quasi-analytic system are
poorly-understood. In this paper, we investigate center conditions and pseudo-isochronous center conditions
for a class of quasi-analytic septic system

dx _
= = (02 = By) + Xs(2,9) (@ + )77 = y(a? + 4%
(1.5)
d _
7 = (Br+5y) +Ys(a,y)@® + ) +a(a® + )P
where
k+j=5 k+7=5
Aso = Boz + B2 + P21 + Bao, Ay = —dagz — 3aq2 — a1 + ao,
Azp = —2(5803 + P12 — P21 — B30), A2z = 2(bapz — a2 — a1 + @3p),
A1q = 5803 — 3512 + Ba21 + B0, Aos = —ap3 + 12 — a1 + asp,
Bso = ap3 + a2 + ag1 + o, By = 5803 + 3812 + B21 — B3o, (1.6)
B3y = =2 (bags + a2 — a1 — ag0), Bag = —2(5603 — P12 — P21 + B30),
Bi14 = 5apz — 312 + a1 + asp, Bos = Boz — P12 + 21 — B30,

AeER.

The paper will be organized as follows. Some preliminary results are given in Section 2. In Section 3, system
is reduced to analytic system by some proper transformations. Furthermore, we compute the singular
point quantities and derive the center conditions of the origin for the transformed system. In Section 4, we
compute the period constants and discuss isochronous and pseudo-isochronous center conditions.

2. Some preliminary results

Complex center and isochronous center for the following system

dz >
T = z—i—ZZk(z,w) = Z(z,w),

(2.1)
= E Z (Z )7

were defined in [9] [12), 13| I5]. The following theorems could be used to compute focal values and periodic
constants.

Theorem 2.1 ([9]). For system (2.1)), we can derive successively the terms of the following formal series:

o0
Z ca/gzawﬂ,

a+5=0

such that
oo

a(giZ) B a(gwa) _ mZ::l (m + 1) g (20)™
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where coo = 1,Vepe € Rok = 1,2,---, and for any integer m, .y, is determined by the following recursive

formulae:

coo = 1; when (o= >0) or a <0, or §<0,cag=0;

else;
1 a+p+2
R > la+Darj—1 — (B+ 1)bjp—1]Cacrs1,8-j41,
k+j=3
2m—+2
P = Z (akj—1 = bjr—1)Cm—kt1m—js1-
k+j=3

Theorem 2.2 ([13]). For system (2.1)), we can derive uniquely the following formal series:

flz,w)=z+ Z Chi? Fwd | g(z,w) = w + Z djjw ko,

k+j=2 k+j=2

where ¢}y, =dj 1, =0,k=1,2,--, such that

d N, o o d s 4
O 1w+ Y, B o) - Y
j=1 =

and when k —j —1#£0, %‘ and d;cj are determined by the following recursive formulae:

k4j-+1

Chj = Ty > ((k—a+1)aas1— (G =B+ Dbga1)hasijpris
a+p=3
k+j+1

d;fj j 4 1 . ]{7 Z - + ba:ﬁfl - (] - B + 1)a’ﬁ7a*1]d;€fa+1»j*5+17
a+5=3

and for any positive integer j,p; and q} are determined by the following recursive formulae:

2j+2
p;- = Z ((j —a+2)aas1— (G -8+ 1)bﬁ,a—1]637a+2,j75+1,
a+5=3
2j+2
/ . . /
q; = Z (G —a+2)bas-1— (= B+1Daga-1]dj_ni2i—pi1-
a+p5=3

In the above expression, we have let ¢y = dyg = 1,¢p; = diy; =0, and if o <0 or B <0, let aps = bopg =

Theorem 2.3 ([15]). (The extended symmetric principle) Let g denote an elementary Lie invariant of
system (2.1)). If for all g the symmetric condition g = g* is satisfied, then the origin of system ([2.1)) is a

complex center. Namely, all singular point quantities of the origin are zero.

3. Singular point quantities and center conditions

System ([1.5)) with 6 = 0 could be changed into its concomitant complex system

d
d—; = u(uv) + (u)2A D (agzu® + argvu + ag1u®v? + azouv®) — Bu(uv)®,
dv A

= —v(uwv)* = (uv)?A VD (bo3v® + brav*u + byru?v® + baguv?) + Bu(uww)>N

dT
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by using transformation
u=x+iy, v=x—iy, T =1it, i=+v—1, (3.2)
where _ _ . .
asp = agp + 1830, a1 = ag1 +1iP21, a2 = a2 +ifi2, ao3 = 3 + 1503, (3.3)
b3o = agp — 1830, b21 = ag1 —iPB21, bi2 = a12 —iB12, bo3 = a3z — ifo3. ’
Then, by means of transformations
Al A-l Al A=l
£:u2v2,77:v2u2,
and (|1.4),—3, system (3.1)) is reduced to
ldT =z + (2b03 + 14[)03/\)’(0 z° 4+ 2(&30 +b12)w z' 4+ 14(b12 — ago)w z
A 1
+ §(a21 + boy )w” 28 + ﬂ(bm — ag)w’2® + §(a12 + bo)w®2?
A 1
+ ﬁ(au + bgo)w6z9 + ﬁ(7a03 — a03/\)w5210 + ,311)14215,
(3.4)
d 1 1 1
% = —w — (§a03 =+ ﬁaog)\)zgwﬁ — i(bgo + a12)28w7 — ﬁ<a12 — b30)28w7
1 A 1
— Z(bay + a21)2"w® — = (ag — bay)z"w® — = (b1a + azp) 28w’
2 14 2
A 1
— ﬁ(blg + a30)26fw9 — ﬂ(7b03 — bog)\)z5w10 — Bz14w!?,

The singular point quantities at the origin of system ({3.4]) can be computed by using the recursive formulae
of Theorem and simplify them with the constructive theorem of singular point quantities, we get the

following theorem.

Theorem 3.1. The first 77 singular point quantities at the origin of system (3.4)) are as follows:

1
pr = —5(6121—1?21)/\7
1
s = ?(a30a12—b30512)>\,

Case 1 aisbio # 0, then there exist k to make asg = kbio, bsg = kaqo,

A
po1 = %(%35%2 — bozais)(—1 4 3k) (=2 — 2k — A+ k),
)‘2 2 2
H28 = *mbm(ambu — bozaty)(3k — 1),
A2 2 2 2
35 = —m(?)k — 1)(@03[)12 — b03a12)(—32a03603 — 28ap3bos A + 32a12b19\
+5a03bo3\> + agzboz At + 1926 + 19203 + 4812 3),
H42 = 07
)\2 2 2 2 12 2 12
Hag = m(3k — 1)((1/03()12 — b03a12)(1024a03b03 + 1920(1/03(703)\

—138240,12&03()12()03)\2 + 224@%35%3)\2 — 11392&12&03()12()03)\3 — 1584&%3()33)\3
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—1—128000,%2[)%2/\4 + 2432a12a03b12b03/\4 — 1056&%3[)33/\4 + 4064&12@03[)12()@3)\5
+864a12a03b12003 N8 + 20602362506 + 690250207 + Tal,b3,08),

72
pse = —m(?ﬂf — 1)(aosbiy — bosats)(aosbis + bosais) (A — 1)
x (—32a03bos — 24aozbos + 32a12b12A% + daozbosA® + 6agzbosA’ + agsbosA?),
If ai2b12 = —a03b03(_22/\2))522+/\)2(4+)\)7
He3 = 3(25%:1))(150 (3k — 1)agsbis(aosb?y — bozats)A*(A — 1).
If ap3b?y + bozals = 0, then there exist m to make ags = maiy, by = —mbiy,
He3 = >\2 (3]€ — 1)(/\ — 1)@12612@33533(@03[)%2 — bgga%)
6773760000(\ — 2)3

X (—23257088a12b19m? + 6577280a12b12m>\ — 23257088\% + 26650064a19b12m>\>2
+751644167\3 — 2764244a12b19m> X3 + 83048960 — 10922212a12b19m>A* — 18884608\
—916685a12b19m> X5 + 1341691 a19b12m>A® 4 255854a19b1om?\7),
pro = 0,
gAML

Hrr = —m(?)k‘ - 1)(610317%2 - bO3a%2)<)‘ - 1)'

Case 2 a1 = 612 = O,

3\
pa1 = oo —(ao3azy — bosbze) (A — 2),
3
pos = ﬁ(aozzago — bosb3g )b,
1
p3s = —%(aowgo — bosb3y) (4azobso — 3aosbos + 2413),
H42 = 07
1 2 2 12 2 12
Hag = 560(a03a30 bosb3g) (—11agsbys — 19aozbozaszobso + 50a30b3),
1
pss = o= (ao3ady — boabo)(aosady + bosb3o) (aosbos — azobso),
96
1
Hes = 560a3ob30(003a30 — bosb3y) (—50 — 19agobsom? + 11azbzem®),
where pr=0,k# Ti, i < 11,i € N. In the above expression of uy, we have already let p1=---=pp_1=0,
—2.3,... 7T,

Theorem implies that

Theorem 3.2. The first 77 singular point quantities of system (3.4) are zero if and only if one of the
following conditions holds,

ag1 = ba1, aja =bia =0, a3paos = bo3biy; (3.5)
1 1
a1 = ba1, asg = §b12, b3g = 3012, a12b12 # 0; (3.6)

az1 = ba1, azoaiz = bobia, alabosz = biyags, aiabia # 0. (3.7)
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A=1, =0, a1 =by =0, ago= —3bi2, bzg = —3a12, ap3boz = 4ai2b12, ai2b12 # 0. (3.8)

Correspondingly, the conditions in Theorem[3.3 are the center conditions of the origin.

In order to prove this Theorem, according to the technique used in [I7], we can find out all the elementary
Lie invariants of system ({3.4)) firstly which are given in following Lemma.

Lemma 3.3. All the elementary Lie invariants of system (3.4) are as follows:

B, a1, ba1, asobso, a12b12, aosbos, azoai2, b3pbi2, (3.9)
2 2 2 2 :
a3pa03, a30b12a03, b12a03, b39bo3, b3oa12bo3, atsbos.

Proof. When condition (3.5)) or (3.7)) holds, system (3.4]) satisfies the conditions of Theoremﬁ If condition
(3.6) holds, system (13.4)) has the first integral

Zwefi—3(103291115—4(11228106—6(7212'7w7—4blgz6w8—317()3z51119—3zl4wl457 \ = 2’
_T(A=2)
(zw) A f17 A 7é 27

where

fi=-24— 12)\(—12a03 + 3&03)\2)29105 + (4(112)\2 — 16&12)28106 + (6()21)\2 — 24b21)z7w7
+ (4b1aA? — 16b12) 2503 + (3bo3A? — 12003)2°w” — (248 — 12)8) 2! %w!°.

When condition (3.8)) is satisfied, system (3.4) can be rewritten as

d 1
é = ﬂ<14 + 6@032911)5 — 18@122811}6 — 10b1226w8 + 8b03z5w9),
dw ] (3.10)
T —ﬁ(lél + 6bg32°w? — 18b19w®2% — 10a10w°28 + 8a03w5z9).
By means of transformation
u w
z = 3, W= 35
@)? ()
system (3.10|) is transformed into
d
d—; = u + bogv® + biav*u — 3ajou® = U(u,v),
(3.11)
dv 3 2 3
T = —(v 4 agsu’ + ajpu v — 3b12v°) = =V (u,v),
_5
which has a integrating factor f, ¢, where
fo=1—6(brau® + a12v°)
+ 3(3bqu" — 2a12b03u’v + 2a12b12u”v” — 2b1za03v°u + 3atyv?) (3.12)
1
+ 5(2a12u — aogU)(legv — bogu) (b03u4 — 2612u3v - 2a12v3u + a03214)
and df 6 OU OV
2 2 2
2 _19(h — =—(—/— — =—)fo. 3.13
o (br2u” — a12v7) fa 5(8u 8v)f2 (3.13)
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4. Period constants and isochronous center conditions

In this section, we devote to discuss the isochronous center conditions for system (3.4). First of all, we
compute period constants according to Theorem from the center conditions given in Section 4. Then the
sufficiency are proved by different means. The complex isochronous center conditions are given in following
Theorem.

Theorem 4.1. The origin of system (3.4)) is a complex isochronous center if and only if one of the following
conditions holds

B =ag =ba =ai2=bia=ag =bz =0, A=-2 (4.1)

B = az1 = bay = a1z = b1z = ap3 = bp3 =0, A =1, azobzo # 0; (4.2)
A=—=2, B=as =by = a3 =boz =0, ago = $bi2, bgo = 3ai2. (4.3)
B = ag1 = ba = agz = bog = 0, azo = —b12, bzo = —aiz; (4.4)

B =as = by = ap3 = bos =0, azo = $3b12, bzo = T3 a10. (4.5)

Proof. When condition (4.1]) is satisfied, system (3.4)) could be rewritten as

d 1
é = ﬂ,7:(14 + 9ags2w® + 5b0325w9),
(4.6)
d 1
d% = fﬂw(lél + Bagszw® + 9b0325w9),
there exists a transformation
z(1+4 b03z5w9)% w(l+ a0329w5)557>‘
u = , U= )
(1+ a0329w5)% (1+ b0325w9)%
such that system (4.6]) is reduced to a linear system.
When condition (4.2)) holds, system (3.4) becomes
C‘% = ﬁz(lll + 8b3028w0 + 6agezSw®),
(4.7)
g—% = —ﬁw(lél + 6b3025w0 + 8azpzfw?).
By means of a transformation
- z(1+4 a3026w8)21% . w(l+ b3028w6)21%1 ’ (4.8)
(1 + bgpz8wb)7 (14 agpzbw®)7
system (|4.7)) is reduced to a linear system.
When condition (4.3)) is satisfied, system ([3.4) is rewritten as
d 1 32
& —z(14 + 8a1225w’ + —blgzﬁwg),
—=——w 22w + —ayeztw
ar — 14 2 g el

it also could be reduced to a linear system by a transformation

23+ 4b12z6w8)% w3+ 4a1228w6)%
- :
7

u = ’
(3 + 4(1122811)6) (3 + 4b122’6w8)%
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When condition (4.4)) is fulfilled, system (3.4)) becomes

d 1
é = ﬁ;:(14 — 2a19223w8 + 2b12)\26w8),
(4.10)
dﬂ = —iw(lll — 2()12)\2’6108 + 2()12)\2’8106)
dT 14 ’
we have for system (4.10|) that
dd 1 /(1dz 1 dw
o= o q, 4.11
a2 (z ar w dT) (411)
When condition (4.5)) is satisfied, system (3.4) could be rewritten as
% — ﬁz(?()\ — 1) + 8a12Az8w8 + 6b12 A 20w?),
(4.12)
duy — —ﬁw(’é()\ — 1) + 8b12 228w + 6b12 A 25w0),
there exists a transformation
_z(—1 +)\+2612A26w8)% B w(—1+)\+2a12/\z8w6)%
(=1 + A+ 2a1222806)7 (=1 + A+ 2bipA20wd)7
such that system (4.12)) is reduced to a linear system. O]
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