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Abstract

By means of the lower and upper solutions argument and fixed index theorem in the frame of the ODE tech-
nique, we consider the existence and nonexistence of multiple positive solutions for fourth-order eigenvalue
Sturm-Liouville boundary value problem. Our results significantly extend and improve many known results
including singular and nonsingular cases. (©2016 All rights reserved.
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1. Introduction

In this paper, we will study the existence and nonexistence of positive solutions for the following fourth-
order nonlinear Sturm-Liouville boundary value problem (BVP)
(1
m(p(t)um(t))' —Ag(t)f(u(t)) =0, 0<t<1,
a1u(0) — B1u/(0) = 0, yu(l) 4+ 612/(1) = 0,
(1.1)

agu"(0) — By tl_i)r&p(t)u”’(t) =0,

" 1 1 n —
you" (1) + d2 t_lgl_p(t)u (t) =0,

\

where \ > 0 is positive real parameters, o, B;, d;,v; > 0 (i = 1,2) are constants, and p € C*((0,1), (0, +c0)).
Moreover g, p may be singular at ¢t = 0 and/or 1.
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The boundary value problems for ordinary differential equations play a very important role in both
theory and application. They are used to describe a large number of physical, biological and chemical
phenomena. BVP is often referred to as the deformation of an elastic beam under a variety of boundary
conditions(see [3 6, 10, 11, 12, 13]. For example, as A = 1, BVP subject to Lidstone boundary
value conditions u(0) = u(1) = «”(0) = v”(1) = 0 are used to model such phenomena as the deflection
of elastic beam simply supported at the endpoints, see [1, 2 [4, 6] [7, &, O 10, 13]. Particularly, when
g(t) =1, B1 = 01 = 0, Zhang [I1] only discussed existence of positive solutions for BVP (|L.1]).

The aim of this paper is to consider the existence of positive solutions for the more general Sturm-
Liouville boundary value problem by using the lower and upper solutions argument and fixed index theorem
in the frame of the ODE technique. Here we allow p, g have singularity at t = 0, 1, as far as we know, there
were fewer works to be done. This paper attempts to fill part of this gap in the literature.

This paper is organized as follows. In Section 2, we firstly present some properties of Green’s functions
that are used to define a positive operator. Next we approximate the singular fourth-order boundary value
problem to singular second-order boundary value problem by constructing an integral operator. In Section
3, A sufficient condition for the existence of multiple positive solutions and no positive solutions of BVP
will be established. In section 4, we give one example as the application.

2. Preliminaries and Lemmas
In this paper, we all suppose J = [0,1], R is a real number space, Rt = [0, +0c) and let
C(J,R)={u:J — R|u(t) continuous},
C'(J,R) = {u:J — R| u(t) is ith-order continuously differentiable}, i =1,2,--- .
For uw = u(t) € C(J,R), let |lul]| = meax\u( )|, then E = C(J, R) is a Banach space with the norm || - ||.

Definition 2.1. A function u(t) is said to be a positive solution of the boundary value problem (1.1)) if
u € C?([0,1], R) N C3((0,1), R) satisfies u > 0, pu”” € C*((0,1), R") and the BVP (L.1).

Definition 2.2. a € C?([0,1], R)(C3((0,1), R), p(t)a™(t) € C1((0,1), R*) is called a lower solution of

BVP (1) if
P00 (0] =g f(a(0) =0, 0<r<1

a1a(0) — £1a/(0) <0, na(l) + 61a/(1) <0,

020" (0) = f lim p(t)a’" (1) 0,

Y20 (1) 4 2 lim p(t)a” () > 0.
t—1—

‘]" lf ppe] SO on Of

a16(0) — £14°(0) > 0, m1B8(1)+ 018 (1) >0,
23" (0) — B2 tglgl+p(t)5'//(t) <0

18"(1) + 6 Jim p(t)3" (1) <0

We notice that if u(t) is a positive solution of the BVP (1.1I) and p € C*((0,1),(0,400), then
u(t) € C4(0,1).
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Now we denote that H(t,s) and G(t,s) are Green’s functions for the following boundary value problem

—u' =0, 0<t<l,
aju(0) — S/ (0) = 0, yu(l) + 61w/ (1) =0

and
1 / I
m(p(t)v (1)) =0, 0<t<l,
as0(0) — Tim Bap(t)v'(t) =0,

t—0+
Y2u(1) + lim dop(t)u/(t) =0,
t—1—

respectively. It is well known that H(¢,s) and G(t, s) can be written by

1 [ Bitas)(G+m(1—1), 0<s<t<1,
Ht,9) =2 (2.1)
Pl (Bi+art) (b1 +m(1—s), 0<t<s<1

and
’ 1 | B2+ @2B(0,5)) (62 +72B(t, 1)), 0<s<t<I,
G(t,s) = — (2.2)
P2 | (B + aaB(0,1)) (82 + 12 B(s,1)), 0<t<s<1,

5odr
where p1 = v181 + a171 + o161 > 0, B(t,s) = / o) p2 = a2z + a2 B(0,1) + Bay2 > 0.
t
It is easy to verify the following properties of H(t,s) and G(t,s)
(1) G(t,s) < G(s,s) < 400, H(t,s) < H(s,s) < +o0;

(I1) G(t,s) > pG(s,s), H(t,s) > EH(s,s), for any t € [a,b] C (0,1),s € [0, 1], where

— min { 62 +72B(b,1) B2+ a2 B(0,a) }
p b2 +72B(0,1)" B2+ azB(0,1) [’

¢ = min

For [a,b] C (0,1) which is given by (II), we set

{51+’Yl(1—b) 514—041@}
i+ Bitar

b b
91:/ G(s,s)p(s)g(s)ds, 02:/ H(r,7)dr.

Throughout this paper, we adopt the following assumptions
(H1) p € C1((0,1),(0,4+00)), g € C((0,1),]0,+00)) and satisfies

1 d 1
0< / =< +o0, 0<e= / G(s,s)p(s)g(s)ds < +oo.
o p(s) 0

(Hs2) f(u) € C(]0,400),[0,+00)) and f is nondecreasing on [0, +00).
(H3)
f(0) >0, foo= lim ——= =+

Now we define an integral operator S : C[0, 1] — C0, 1] by

1
Sv(t):/o H(t,)v(r)dr. (2.4)
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Then S is linear nondecreasing continuous operator and by the expressed of H(t,s), we have
(Sv)"(t) = —v(t), 0 <t <1,
a1(Sv)(0) — B1(Sv)'(0) =0, (2.5)
y1(Sv)(1) + 61 (Sv)'(1) = 0.
The following Lemmas play an important role in this paper.

Lemma 2.4. The Sturm-Liouville BVP (1.1)) has a positive solution v if and only if v is a positive solution
of the following integral-differential boundary value problem

p(lt)(p(t)v’(t))’ +Ag(t)f(Sv(t) =0, 0<t<1,
azv(0) — lim Bop(t)v'(t) =0, 26)

t—0+
1 li "(t) =
you(1) + Jim dap(t)v'(t) = 0,

where S is given in (2.4)).

Proof. In fact, if u is a positive solution of (L.1), let u = Sv, then v = —u”. This implies v’ = —v is a
solution of (2.6). Conversely, if v is a positive solution of (2.6). Let u = Sv, by (2.5), u” = (Sv)" = —v.
Thus v = Sv is a positive solution of . This completes the proof of Lemma

Now, for the given [a,b] C (0,1), p as above in (II), we introduce

K ={ue C[0,1] : u(t) > pu(s), t € [a,b], s €]0,1]}.

It is easy to check that K is a cone in C[0,1] and for u(t) € K,t € [a, b], we have u(t) > pllu]|.
Next, for any A € (0,+00), we define an operator A, Ty given by

/ G(t, s)p(s)g(s) f(Sv(s))ds, t € [0, 1], (2.7)

Th(t) = Ao(t),Y v € K. (2.8)

Clearly, v is a solution of the BVP ([2.6) if and only if u = Sv is a fixed point of the operator T, therefor,
by Lemma u = Sv is also a solution of the BVP (L.1)).
Through direct calculation, by (II) and for v € K, t € [a,b], s € J, we have

Tyo(t) = A / G(t, 5)p(s)9(5) £ (Sv(s))ds

> )\p/ G(s, 5)p(3)g(s) F(Su(s))ds

= pThv(s
So, this implies that ThK C K. O
Lemma 2.5. Assume that (Hy), (H2), (Hs) hold. Then Ty : K — K is completely continuous.

Proof. Firstly, The continuity of T} is easily obtained. In fact, if v,, v € K and v, — v in the sup norm as
n — oo, then for any t € J, we get

1
[Tyun(t) = Tho(t) < Ama (S (0)) = F(S0(0))] [ Gls.s)pls)a(s)ds,
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so, by the continuity of f, .S, we have

| T\vr, — Thol|| = sup [Thv,(t) — Thv(t)] = 0, as n — oco.
teJ

This implies that Thv,, — Thv in the sup norm as n — oo, i.e., T is continuous.
Now, let B C K is a bounded set. It follows from condition (H2) and the continuity of S that there
exists a positive number L such that || f(Sv)| < L for any v € B. Then, we can get

IThv(t)|| < ALe < oo, Vte J, veB.

So, T)\(B) C K is a bounded set in K.
For any ¢ > 0, by (H1), there exists a §' > 0 such that
o 5 L 5
" Gomets < e [ Gl < o

Let G = max g(t), P = max p(t). It follows from the uniformly continuity of G(¢,s) on
te[6! 1- 8] te[o/ 18]

[0,1] x [0,1] that there exists § > 0 such that

|G(t,s) — G(t, s) [t —t'| <6, t,t' €]0,1].

[ —
3AGPL
Consequently, when |t —t'| < 4, t,t' € [0,1], v € B, we have

1
| Tho(t) — Thw(t)] = ‘/\/0 (G(t,s) — G(t',5))p(s)g(s) f(Sv(s))ds

}
SAAIGwﬁ—GW$W@MMﬂ&@m%

1-6'
+ A ; G(t,s) = G(t', 5)|p(s)g(s)[ [ (Sv(s))|ds

1
+ A/ G(t,5) = G(t',s)] - [p(s)] - [g(s)] - | f(Sv(s))|ds
1-4

5 1

< 2AL G(s,s)p(s)g(s)ds + ZAL/ G(s,s)p(s)g(s)ds
0 s

1
+ )\GPL/ |G(t,s) — G(t,s)|ds
0

<e.

This implies that T)\(B) is equicontinuous set on J.
Therefore, it is easy to check by Arzela-ascoli Theorem that Ty : K — K is completely continuous. The
proof is complete. O

Lemma 2.6 ([5]). Let E be a real Banach space, K C E be a cone, and Q be a boundary open set in E.
Suppose A : K (\Q — Kis a completely continuous operator. If

Au # pu, Yu e KN, u>1.
Then the fized point index i(A, K (Q, K) = 1.

Lemma 2.7 ([5]). Let K be a positive cone in real Banach space E. Suppose A : QK — K is a completely
continuous operator and satisfies:

|Aul| > |Jul, ve INNK.
Then fized point index i(A, QN K, K) = 0.
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3. Main results

In this section, we will give our main results. Let
S={\ u) |\ u) e RV x K, A>0, u#0, u="Tau},
A={N| A€ R, X>0, there exists u # 0 such that (), u) € X}.

Theorem 3.1. Suppose that conditions (Hy) — (Hs) are satisfied. Then, for X sufficiently small, BVP (2.6))
has at least one positive solution; i.e., for A sufficiently small, BVP has at least one positive solution.
In addition, for \ sufficiently large, BVP has no positive solution; i.e., for A sufficiently large, BVP
has no positive solution.

Proof. For 1 >0, let d(I) = sup  f(Su(s)). Combine (H3), there exist r > 0 such that d(r) > 0.
ueK,||u||=l

Let A\ = ﬁ and set K71 = {u € K : ||u|]| <r}. Then for A € (0, A1) and v € K7, we have

Tyu(t) )\/ G(t, 5)p(s)g(s) f(Su(s))ds
< )\/ G(s,s)p(s)g(s)d(r)ds

< ud(r) /0 G(s, $)p(s)g(s)ds
= Aid(r)e =1 = |jul,

Therefore,
[Toul| < [lull, ve dK;.

S
On the other hand, since (H3), (2.4) and the property of limits, we can have lim M = 4o00. Then,
U—00 U

there exists H big enough such that f(Su) < mu, t € [a,b], uw > H, where m > 0 is choose so that

/\mp/Gss g(s)ds > 1.

H
Let R>r+ — > H and set Ko = {u € K : |jul]| < R}. Then for u € 0Ks, by (II), we have
p

Tou(t) =\ / G(t, 5)p(s)g(s) f(Su(s))ds
>)\/Gts 9(s) £ (Su(s))ds

> Aptm /0 G(s, 5)p(s)g(s)ds ]
> Jull

Therefore,
[Txull = [[ull, ue 0Ks.

Then, by the fixed-point theorem of cone expansion and compression, there has at least one positive
fixed point u, € K5\(K7) for the BVP ({2.6)).
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S
To prove the nonexistence part. we note by lim f(Su)
U—00 u

f(Su) > ou, ¥ u>0.

We suppose that v € K be a positive solution for BVP ([1.1]). Now choose ) big enough such that Aop?6; > 1.
Then, we have

= +400, there exist ¢ > 0 such that

1
u(t) = A /0 G(t, 5)p(5)9(5) f (Su(s))ds
b
> o / G(t, 5)p(s)g(s)u(s)ds

b
> Agp? / G(s, 5)p(s)g(s)ds]u]

> Aoobilull > llull, V¢ € [a,b].
It is a contradiction.

Now, by Lemma we see that u, = Sv, is a position solution of BVP (|1.1]) for A\ sufficiently small,
whereas for A sufficiently large, BVP ([1.1]) has no positive solution. The proof is completed. O

Furthermore, we can get the next more precise result by using the lower and upper solutions argument
and fixed index theorem.

Theorem 3.2. Suppose that conditions (Hy) — (H3) are satisfied. Then, there exists a \* € R with
0 < A* < 400 such that

(1) the BVP has no solution when A > \*.

(2) the BVP (1.1)) has at least one positive solution when A = \*.

(3) the BVP has at least two positive solutions when 0 < A < \*.

In order to obtain the proof of Theorem [3.1] we first give the following Lemmas.
Lemma 3.3. Suppose that conditions (Hy), (H2), (Hs) hold. Then set A is nonempty.

Proof. By the definition of operator Ty and the compact of operator A, we know that for any r > 0, we can
choose an adequately small positive number Ag > 0 such that

Ao sup [[Aul| <7, where K,={u€ K: |lul <r}.

UGKT
Therefore,
Thou 2 u, u € 0K,. (3.1)
On the other hand, by (Hs), we can choose an appropriately big positive number R > r > 0 such that
f(u) > ou, Yu>EphaR, (3.2)
where o satisfies
)\00'§p2(9192 > 1. (3.3)

Then, let Kr = {u € K : ||u|]| < R} and for any ¢ € [a,b], u € 0Kg, by (3.2)), (3.3), we have

1
Thou(t) = AoAu(t) = )\0/0 G(t,s)p(s)g(s)f(Su(s))ds

>N / ' Gt )p(s)a(s) ] ( / bH(s,T)u(T)dT> ds

> Mop / " G, )p(s)a(s)f (sp / bH(aﬂdTnuu) s

> Xop?o&6:162]|ul|

> [lull-
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Therefore,
T)\O’LL ﬁ u, u € 0KRg. (34)
Then, by (3.1), (3.4) and the fixed-point theorem of cone expansion and compression, T has at least
one positive fixed point u, € Kr\(K,). The proof is completed. O

Lemma 3.4. Suppose that conditions (Hy), (Hz) hold. And also suppose that there is a positive solution
at the point A1. Then for any 0 < A < Ay, there is a positive solution of BVP (|1.1]).

Proof. Suppose that v; is the positive solution of BVP (2.6 at the point A\;. Then, v; and 6 are the upper
solution and lower solution od BVP (2.6]) for 0 < A < A;.
In fact, for 0 < A < Ay, we have

1

0 ()1 (1)) + Ag(t) f(Svi(t)) = —Aig(t)(fSvi(t)) + Ag(t) f(Svi(t))

= (A= A)g(®)(fSu(t) <0, 0<t <1,
061'01(0) — ,31?)/1 (0) =0, 'ylvl(l) + 51?}/1(1) =0,

ey 1; "y —
207 (0) 52t_1)fél+p(t)?11 (t) =0,

" 1 1‘ " —
Y201 (1) + 02 t_l}IIIl_p(t)Ul (t) =0,

This means that v;(¢) is an upper solution of BVP . Obviously, vg = 6, t € J is a lower solution of
BVP ([2.6)).

Because T : K — K is completely continuous, then therefore exist v,(t) € [0, v1] such that v, = Tyv,.
Therefore, BVP has a positive solution for any 0 < A < Aq.

Now, by Lemma we see that u, = Sv, is a position solution of BVP for any 0 < A < A\1. The
proof is completed. O

Lemma 3.5. Suppose that conditions (Hy), (Hz), (Hsz) hold. Then set A has upper bound. And if
A* =sup A, there exist u* such that \* € A and (\*,u*) € X.

Proof. For any A € A, we suppose that u)y is the positive solution of BVP (|1.1)) at the point A\. By (Ha),
(Hs), there exist o > 0 such that

flu) > ou, YVu>0. (3.5)
Then, )
n(®) =X [ Gl (sl (Su(s)ds
b b
> )\/ G(t,s)p(s)g(s)f </ H(s,7’)u(7’)d7’> ds
b b

> [ Gtssmeiao)s (s [ il ) as

> A\p? 060102 ||ull, Yt € [a,b].
B Jull = ua(t) = ApPoE016a
therefore,

A< [pP0t0169) ",

So, set A has upper bound.
Suppose A* = sup A. Next we will show that A* € A.
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For A\* = sup A, there exist A\, € A such that A\, — A, as n — 4o00. And for A\, € A, there exist
up, € K\{0} such that (A, u,) € . Then, {u,} is bounded.

In fact, if not, there exist {u,x} C {uy} such that u,; — +o0, as k — +o00. Then, by (IT), for any
s € [a,b], upi € K, we have

1
SUnk<s>=:J€ H (s, 7t (r)dr > €0t (3.6)

By (H3), (H3), we can choose an appropriately big positive number ¢ > 0 and positive integer N > 0
such that for any s € [a, b],

J(Sunk(s)) = f (§02]|unk ) = e€bal|unkl, ¥V k= N, (3.7)
Anke€p?010; > 1. (3.8)
Therefore, by (3.6)), (3.7)), (3.8]), we have

1
!MNZW@=M/QMMW@WW@W
0
2 Ank5§p29102”unkH > ||unkH7 vk Z N,

this is a contrafactual. So {u,} is sequence compact set. Therefore, there exist u* € K\{0} and {u,;} C {un}
such that {un;} C {u*}, i = 400, and up;(s) = T, , Uni(s) = Ak Auni(s).

Then, it is easy to see by the completely continuous of T , that u* = Th«u* = A\*Au*, i.e., u* is the
fixed point of Ty«, i.e., A* € A and (A\*,u*) € 3. The proof is completed. O]

Lemma 3.6. Suppose that conditions (Hy), (Hsz), (Hs) hold and 0 < A\ < \*. Then there have at least two
positive fixed point of T, i.e., there exist at least two positive solutions of BVP (|1.1)).

Proof. By Lemma we suppose that v* is the positive solution of BVP (2.6 at the point A*. For any
0 < A < A\*, we can obtain that there exist ¢* > 0 such that for any 0 < e < e*, u’(t) = u*(t) + ¢, t € [0,1]
is a upper solution of BVP ({2.6]) at the point .

In fact, for v}(t) = v*(t) +¢, t € [0,1], by (Hz), we have

1 * Ay *
o () (vz()7) + Ag(t) f(Svz (1))
1 * AN *
0] (P() (W™ ()™)" + Ag(t) f(Sv™ () +€)

= —X'g(t)(fSv™ () + Ag(t) f(Sv™(t) +€)
= (A=A (f(Sv* (1) + &) = f(Sv™(1))) <0,

and
a1v:(0) — B1(vE)(0) = ae > 0, Mvi(1l) + 61 (vE) (1) = ce >0,

0a(v2)/(0) ~ Ba Jim p(t)(w2)"(t) = 0,
99(02) (1) + 83 Jim p(t)(2)" (1) =0,

This means that v}(t) is an upper solution of BVP (2.6)).
Let @ = {u € C(J,R)| — e < v(t) < vi(t), t € [0,1]}, then Q is bounded open in C(J, R) and 0 € Q.

Obviously, Ty : KN — K is completely continuous.
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Suppose u € K N IS, then there exist ¢y € [0, 1] such that u(tg) = v}(to). So, by (H2), (2.4) and Lemma

we have
Thu(to) < Thvi(to) < Th=vX(to) < vi(to) = u(to) < pu(ty), ¥ u > 1.

Therefore, we have
Thu# pu, ue KNOQ, pu>1,

so, by Lemma we have
(T, K (LK) = 1. (3.9)

On the other hand, by (Hj3), we can choose an appropriately big positive number R’ > 0 such that
f(u) > ou, Vu>EpbhR, (3.10)

where o satisfies

)\U§p29192 > 1.
Then, let R = max{R'/p,2||v}||} and Kr = {u € K : ||u]| < R}. And for any ¢ € [a,b], u € OKR, by

using the same method as in Lemma we have
u# T, YuéedKg,
Furthermore, if u € 0K g, then

min u(t) > pllul| > R’
t€[a,b]

Thus by (3.10)), for any ¢ € [a, b], we have

ITsull > Tau(t) = Ault) —A/<9ts<><va@m8

ZA/G(t,s)p </HH >ds
> /\p/ Gls, s)p <§p/ H(r, T)dTWH) ds

ZW@/HWW/G@W®WWM
a a
> [Jull.
Therefore, | Thu| > ||ul, u € K NdKg and by Lemma [2.4] we have
i(Ty, K, K) = 0. (3.11)
Consequently, by the additivity of the fixed point index,
0=i(Ty, Kp, K) = i(Tx, KN Q, K) +i(Ty, Kg\K N, K).

Therefore, i(T\, K(Q, K) =1, i(Ty, Krp\K N, K) = —1, and thus, T) have at lease two positive fixed
points on K [ and Kr\K N respectively, i.e., by Lemma there exist at least two positive solutions
of BVP (1.1)). The proof is completed. O

Proof of Theorem[3.3. By Lemma [3.3}-Lemma [3.6] we can obtain the results of Theorem [3.2] The proof is
completed. m

Remark 3.7. In Theorem we not only derive an explicit interval of A such that for any A in this interval,
the existence of at least one positive solution to the boundary value problem is guaranteed, and the non-
existence of solutions for A in an appropriate interval is also discussed which is different from the previous
papers. So our conclusion extend and improve the corresponding results of papers.
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4. Application

In the section, in order to illustrate our results, we consider the following concrete fourth-order singular
boundary value problem

Example 4.1. Consider the following singular boundary value problem (SBVP)

15vE(1 — t) <15\/%(11_t)um(t)>/ +tz(1—8) [(u+1)2+ (u+1)3] =0, 0<t<1,
w(0) — 3u/(0) =0, wu(l)+2u/(1) =0, (4.1)
3u”(0) — t1_1>1(1)1+ u"(t) =0, u"(1)+ tl_iglﬁ u"'(t) =0,

where
ap=7m1=1 61=3,0=2, fo=r=0=1, ay=3,
1

BTN g(t) = t2(1—1), f(u) = (u+1)>+ (u+1)%

p(t)
Then obviously,
1 1
1
g(t)dt = 4/15, / L i—a f = oo
/0 o p(t) >
By computing, we know that the Green’s function are

1{ B+s)(3-1),

HE =5 5anGos).

. <1+305%—185%> (5—10t%+6t%), 0<s<t<l1,

G(t, S) = E

<1+30t%—18t%> (5—103%+6s%), 0<t<s<l.

It is easy to note that 0 < G(s,s) < 1 and conditions (Hy), (H2), (H3) hold.
Next, by computing, we know that

1
e= /0 G(s, s)p(s)g(s)ds = 0.08,

we choose r = 3, it follows from a direct calculation that

d3)=  sup f<3 /OlH(s,s)ds):QQél.

uek, Jull=3

Let )\1 =

7 (T) = 0.13. Therefore, from Theorem H when A € (0,0.13), BVP (l.1) has at least one
r)e

positive solution.
Let [1/4,3/4] C (0,1), from Aop*6; > 1, it follows from a direct calculation that A > 277.95. Then by
Theorem BVP (4.1)) has no positive solutions when A > 277.95.
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