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Abstract

In this paper, some results concerning the existence of common fixed points, coincidence points and approxi-
mating fixed points with PPF dependence for the pairs of operators in Banach spaces satisfying a generalized
contractive condition are proved. The novelty of the present work lies in the fact that the domain and the
range spaces of the operators in questions are not same and all the results are obtained via constructive
methods. Our results generalize and extend the fixed point theorems with PPF dependence of Bernfeld et
al. [S. R. Bernfeld, V. Lakshmikatham and Y. M. Reddy, Applicable Anal. 6 (1977), 271-280] and Dhage
[B. C. Dhage, Fixed point Theory, (to appear)] under more general contractive conditions.(©2012 NGA. All
rights reserved.
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1. Introduction

In a recent paper [I], the authors proved some fixed point theorems for nonlinear operators in Banach
spaces, where the domain and range of the operators are not same. The fixed point theorems of this kind
are called PPF dependent fixed point theorems or the fixed point theorems with PPF dependence. Some
basic fixed point theorems along this line such as those established in Bernfeld et al. [I] and Dhage [4] are
useful for proving the solutions of nonlinear functional differential and integral equations which may depend
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upon the past history, present data and future consideration. The properties of a special Razumikhin class
of functions are employed in the development of fixed point theory with PPF dependence in abstract spaces.

The topic of common fixed point theorem for pairs or families of contractive mappings in metric and
abstract spaces is of great interest and has already been studied in the literature since long time. It seems
that theory of common fixed point theorems has reached its culmination point and there are a good number
of common fixed point theorems available for commuting as well as noncommuting mappings in metric
spaces satisfying different contractive conditions. However, to the best of knowledge there no any result
proved so far in the literature concerning the common fixed point theorems for the mappings in abstract
spaces with different domain and range spaces. In the present paper, some common fixed point theorems
with PPF dependence are proved for pairs of operators in Banach spaces satisfying generalized contractive
conditions. We claim that our results of this paper are new and generalize some known basic results those
proved in Bernfeld et al. [1] under more general contractive conditions.

2. Preliminaries

Given a Banach space E with norm || - ||z and given a closed interval I = [a,b] in R, we consider
the Banach space Ey = C(I, E) of continuous E-valued functions on I. We equip the space Ej with the
supremum norm || - || g, defined as

9]l 20 = sup [[o(t)]| - (2.1)
tel
For a fixed point ¢ € I, the Razumikhin class of functions(cf. [Il [4]) in Ey is defined as

Re={6€ By | 6]z = ()] x}. (2:2)

Let T': Ey — E. A point ¢* € Ejy is called a PPF fixed point of T if T'¢* = ¢*(¢) for some ¢ € I.

It is known that Razumikhin class of functions plays a significant role in proving the existence of PPF-
fixed points with different domain and range of the operators. See Bernfeld et al. [I], Dhage [4] and the
references therein. Below we give different classes of contractive mappings for having common fixed point
theorems with PPF dependence in Banach spaces.

Definition 2.1. An operator T : Ey — FE is called Banach type contraction if there is a real number
0 < o < 1 such that

IT¢ —T¢||le < allé¢ — €|k, (2.3)
for all ¢, & € Ej.

The following fixed point theorem with PPF dependence are proved respectively in Bernfield et al. [I]
and Dhage [4].

Theorem 2.2 (Bernfeld et al. [1]). Suppose that T : Ey — E is a Banach type contraction. Then the
following statements hold.

(a) If R. is algebraically closed w.r.t the difference, then for a given ¢g € Ey and ¢ € [a, b], every sequence
{én} of iterates of T defined by

2.4
160 — buallzs = [6n(©) — nia ()l 24)

forn —0,2,...; converges to a PPF fixed point of T.

T¢n = ¢n+1 (C) }
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(b) If ¢o, & € Eo and {¢n}, {&n} are sequences defined by (2.4). Then,

16 — Eullzo < —— (b0 — dulzo + €0 — Exllzw] + 160 — oll .

“1-«

If, in particular ¢o = & and {pn} Z {&n}, then

2
||¢n - gnHEo < 7”9%)0 - gOHEO‘

T 1l-«
(¢) If R. is topologically closed, then T' has a unique fized point in R..

The following definition is introduced in the literature on the lines of classical definition for contraction
mappings given by Kannan [6].

Definition 2.3. An operator T : Ey — E is called strong Kannan type contraction if

IT¢ — T¢lle < afll¢(c) — Tolle + [1€(c) — TE||e] (2.5)
for all ¢,£ € Ey and some ¢ € [a,b], where 0 < a < 1/2.
The following PPF dependent fixed point theorem is proved in Dhage [4].

Theorem 2.4 (Dhage []). Suppose that T : Ey — E is a strong Kannan type contraction. Then the
following statements hold.

(a) If R. is algebraically closed w.r.t the difference, then for a given ¢g € Ey and ¢ € [a, b], every sequence
{én} of iterates of T defined by (2.4) converges to a PPF fixed point of T.

(b) If ¢o,&0 € Eo and {¢n}, {&n} are sequences defined by (2.4). Then,

1 —
I6n = nlln < (7o ) o — 61l + 6o — E1ll ] + 160 — ol 2o
If, in particular ¢pg = & and {pn} Z {&n}, then
2(1 —
Jon — &l < (2252 o — &l

(¢) If R. is topologically closed, then T' has a unique fized point in R..

Now we list some of our observations.

Observation I The statement (a) in above Theorem presupposes that the Razumikhin class R. of func-
tions in Fy is algebraically closed with respect to difference, that is, ¢ — & € R. whenever ¢, £ € R..
Otherwise the construction of the sequence {¢,} made there is not possible, because of the fact that

16 =&l = llo(c) = &)l = [I(6 = &)(c) &- (2.6)

Observation II The Razumikhin class R. of functions in Ej is is not assumed to be topologically closed,
so the sequence of successive iterations constructed as in the statement (a) converges to a PPF fixed
point of the operator T' which may be outside of R..

In this paper, we extend and generalize Theorems and to a pair of operators in Banach spaces
and establish some interesting common fixed point theorems with PPF dependence. In the following section
we prove our main PPF dependent common fixed point theorems for the operators satisfying different
contractive conditions.
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3. PPF Dependent Common Fixed Point Theory

Let S, T : Eg — E be two operators. A point ¢* € Ej is called a PPF dependent common fixed
point of S and T if S¢* = ¢*(c) = T'¢* for some ¢ € I and any statement that guarantees existence of the
PPF dependent common fixed points of the operators S and T is called a PPF dependent common fixed
point theorem for the operators in Banach spaces.

We need the following definitions in what follows.

Definition 3.1. Two operators S, T : Ey — F is said to satisfy a condition of strong Ciri¢ type generalized
contraction if there exists a real number 0 < A < 1 satisfying

156~ Telle < Amaxc {[l6(6) — €l [6(c) — S, (e) — T
S16(6) — Tl + (o) — Solel} (3.)

for all ¢, & € Ep and for some ¢ € [a, b].

Definition 3.2. Two operators S,T : Ey — F is said to satisfy a condition of Ciri¢ type generalized
contraction if there exists a real number 0 < A < 1 satisfying

156~ Telle < Amaxc {6 — €l . 6(6) — S0, l(e) — T
S16(6) — Tl + (o) — Solel} (32)

for all ¢, & € Ey and for some ¢ € [a, b].

It is easy to see that every strong Ciri¢ type generalized contraction is Ciri¢ type generalized contraction,
however the converse is necessarily not true.

Theorem 3.3. Suppose that S, T : Ey — E satisfy the condition of Ciri¢ type generalized contraction. Then
the following statements hold.

(a) If R. is algebraically closed w.r.t the difference, then for a given ¢g € Ey and c € |a,b], every sequence
{én} of iterates of T defined by

Son = pant1(c), Thont1 = Panta(c);
[¢n — Pnt1llEy = l|én(c) — Pnr1(c)lE

forn=0,1,2,..., converges to a PPF dependent common fixed point of S and T.
(b) If ¢o,&0 € Eo and {én}, {&n} are sequences defined by (3.3)). Then,

(3.3)

1
60 = &allza < (7= ) 60 = B1l, + o — &xll50] + 160 — Eoll o
If, in particular ¢9 = & and {on} Z {&n}, then

2
160 = &all < |77 40 — &oll .

(¢) If R. is topologically closed, then S and T have a unique PPF dependent fixed point in R..
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Proof. Let ¢g € Ey be arbitrary and define a sequence {¢,} in Ej as follows. By hypothesis, S¢g € E.
Suppose that S¢yg = x;. Choose ¢1 € Ey such that 1 = ¢1(c) and ||¢1 — ¢ollE, = l|¢1(c) — po(c)| E-
Again, by hypothesis, T'¢p; € E. Suppose that T¢p; = x3. Choose ¢po € Fy such that xo = ¢o(c) and
|2 — d1llE, = ||p2(c) — ¢1(c)||E. Proceeding in this way, by induction, we obtain

Ston = pant1(c); Thons1 = Pany2(c)

and
[on — nt1llEe = l|Pnlc) = dnta(o)lE

foralln=0,1,.....
We claim that {¢,} is a Cauchy sequence in Ey. Now for n = 0, we have the following estimate:

[¢1 — B2l = [|91(c) — d2(c) ||
=[[S¢o — To1||E

< Amax { |60 = @1l s [60(e) = Seollz, 161() = Tu |,
Sl60(c) — Torlls + l61(c) — Soollx] )

< )\max{”% — ¢1llEo, |do(c) = d1(c)l| e, [[¢1(c) — d2(c)l e,
S160(c) — 62(0)le + la() ~ ba()]1 ] }

< Amax {60 = @1l os 60 — 81l 61 — 2l i
o — dallz, + 161 — 1]}

< Amax {60 — 61l 61 — bl 51160 — ool s,

1
< Amax {160 = é1 s 5 lllé0 — 61ll, + 61 — Gl }
< Ml¢o — é1] -

Similarly,

P2 — #3llEy = l|P2(c) — ¢3(c)l|e
=|[S¢2 — To1||E

< Amax{”ebz = 01|y, |92(c) = So2l &, [|61(c) — Th1| e,
Sl162(c) ~ Torlls + 61(c) — Séullx]

< Amax{”@ — ¢1llEo, |92(c) — d3(c)l| e, [[¢1(c) — d2(c)l e,
S1162(0) = 62(0)l + la(e) — ds()]1 ] }

< Amax {62 = @1l os 62 = Ball s 61 — 2l i
s — dollz, + 161 — 65l }

< Amax {61 — éallo. 62 — bl 5161 — sl

1
< )\max{”¢1 — 02|k, §[||¢1 — ¢2llg, + |2 — ¢>3||E0]}
< X|p1 — d2llE, -
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Proceeding in this way, by induction y, we obtain

o — OntillEs < Mldn—1 — dnllE,

foralln=1,2,....
Hence, by repeated application of the above inequality yields

H¢n - ¢n+1HEO < )‘nH(ﬁO - (blHEo
foralln=1,2,....

If m > n, by triangle inequality, we obtain

om — dnllEs < llon — InvillEy + - + |dm—1 — dml B,
< N'do — d1llEy + -+ AN Hldo — 1l g
A"+ -+ X" Dlgo — b1l &,

)\n
T Ido — 1l

IN

IN

Hence,
lim ||¢m — ¢nllE, =0.

m>n—o00

As a result, the sequence {¢,} is Cauchy. Since Ej is complete, {¢,,} and every subsequence of it converges

to a limit point ¢* in Ey, that is, lim ¢, = ¢* and that lim ¢o,11 = ¢* = lim ¢o,10. We rove that ¢* is
n—oo n—oo n—oo

a PPF dependence fixed point of T'.

Now, we first prove that ¢* is a PPF dependence fixed point of S. By inequality ,
15¢" = ¢"(0)lle < 190" — dan+2(c)ll & + ld2nt2(c) — ¢7(0) &
<8¢ = Thant1lle + l|p2n+2 — 9%
< /\maX{llqb* — $ontillmo, 197(¢) = S¢*(|m, | 2nt1(c) — Thantal &,
%[IW(C) — Toony1lle + [l d2n+1(c) — S¢*IIE]} + [|2n+2 — &7 £,
< /\maX{IIQS* — Pan1ll 5o, |97 (¢) = SO 5, [[d2n11(¢) — Panta(c) &,
S116%(0) = Gansa(@)l + gansa(€) — 567116l } + 9nsz — 6l
Taking the limit superior as n — oo in the above inequality yields,
159" — ¢*(c)||r < N[S¢™ — 6™ (c)|| &
Hence, it follows that S¢* = ¢*(c). Similarly, it is proved that T¢* = ¢*(c).

(b) Let ¢o,& € Ep and let {¢,} and {&,} be two sequences of iterations of S and T' defined by (3.3).
Then,

on — &nllEs < Pn — Pn—1llEy + [|Pn—1 — En—1llEe + |dn—1 — &nllEo

< MN'[po — d1llEs + ([ Pn-1 — EntllEs + A" (160 — &1l

< AN'[llgo — 1llEe + 160 — &1l Eo] + [ Pn—1 — &n—1ll B0
A"+ -+ Dlllgo — @1l 5o + 160 = 1ll5o] + llo — ol &

1
[léo — d1llEe + 160 — &1l Bo) + ld0 — &oll Eo- (3.4)

IN

IN

1-—A
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In particular, if ¢g = &g, then ¢o(c) = &o(c) so that S¢g = S& and ¢1 = &;. Hence, from inequality (3.4)
it follows that

2
||¢n - £n||Eo < ﬁ”ﬁbo - ¢1HEO'

(¢) To prove uniqueness of fixed point in R, let ¢* and £* be two fixed points of T', then

19" = &Mz = ll9*(c) = &)l
<|[S¢" —T¢ e
< Amax{[|¢” — &g, [197(¢) = 567 &, [1€7(c) = TE" ||,

%[Hé*(c’) —T¢ e+ 11€7(c) = S™| ]}
< Amax{[|¢” — £z, 0,0, %[Hé*(C) =&z + 1187 () = ¢* ()l =]}
< Amax{[[¢* — £ 5,,0,0, 0" — &[5 }
which yields ¢* = &* since A < 1. This completes the proof. O
On taking S =7 in , we obtain

Definition 3.4. An operator T : Ey — E is called a Ciri¢ type generalized contraction if there exists a real
number 0 < A < 1 satisfying

176 —T¢ |5 < Amax {16 = €l g, l6(c) — 765, IE(e) - 7€)l
1
sllo(e) = Tellz + ) = Tollsl ) (3.5)

for all ¢,¢& € Ep and for some ¢ € [a, b].

Remark 3.5. It is clear that contractions and strong Kannan type contractions are Ciri¢ type generalized
contractions, but the converse may not be true. The class of generalized contraction operators is supposed
to be the most general one and includes several classes of contraction operators in metric spaces including
those of Banach and Kanann etc. A nice comparison of different classes of contractive mappings appears in
Rhoades [§].

As a special case of Theorem [3.3] we obtain the following corollary.

Corollary 3.6. Suppose that T : Eg — E is a generalized contraction. Then the following statements hold
m Ey.

(a) If R. is closed with respect to difference, then for a given ¢g € Ey, every sequence {¢n} of iterates
defined by converges to a PPF dependent fixed point of T.

(b) If R is algebraically and topologically closed, then for a given ¢g € Eqy every sequence {¢n} of iterates
defined by converges to a unique PPF dependent fixed point of T in R..

Proof. The proof is similar to Theorem and hence we omit the details. O

Remark 3.7. We note that operators in Theorems and are not required to satisfy any continuity
condition on the domains of their definition.

Remark 3.8. Note that Corollary [3.6] includes Theorems [2.2| and [2.4] as special cases in view of Remark
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4. Existence of Coincidence Points with PPF Dependence
We need the following definition in what follows.

Definition 4.1. Let A: Fg — F and S : Ey — Ey be two operators. A point ¢* € Ej is called a PPF
dependent coincidence point of A and S if A¢* = S¢*(c) for some ¢ € I and any mathematical statement
that guarantees the existence of such a coincidence point is called a common coincident point theorem with
PPF dependence.

We consider the following definitions in what follows.

Definition 4.2. Two operators A: Fg — F and S : Ey — Ej are said to satisfy a condition of strong Cirié
type generalized contraction (C) if there exists a real number 0 < A < 1 satisfying

[A¢ — Aglle < AmaX{IIScf)(C) = S¢(0) e, [[S9(c) — Ad| g, [|SE(c) — AL,
1
5[156(c) — Aellz + I15¢(0) - Agllsl}  (4.1)
for all ¢,& € Ey and for some ¢ € [a, b].
Definition 4.3. Two operators A : Ey — E and S : Eg — Ej are said to satisfy a condition of Ciri¢ type

generalized contraction (C) if there exists a real number 0 < A < 1 satisfying

|A¢ — Al|e < /\maX{HS¢ — 58| 5o, 196 (c) — Ad| g, [1SE(c) — AL,
1
SlI15é(e) — ALllp + [|5¢(c) — A¢HE]} (4.2)
for all ¢,¢& € Ep and for some ¢ € [a, b].

Our main coincident point theorem with PPF dependence is the following.

Theorem 4.4. Let A : Ey — F and S : Ey — Ey be two operators satisfying a Ciri¢ type generalized
contraction (C). Further suppose that

(a) A(Eo) C S(Eo)(c),
(b) S(Eo) is complete, and
(c) S is continuous.

If R. is topologically and algebraically closed w.r.t the difference, then A and S have have a PPF dependent
coincidence point in R.

Proof. Let ¢y € Ey be arbitrary and define a sequence {£,} in Ey as follows. By hypothesis, Apy € E.
Suppose that A¢yg = x1. Since A(Ey) C S(Eo)(c), choose ¢1 € Ey such that z1 = S¢i(c) = &i(c) and
161 — &ollzy = ||€1(c) — &o(c)||E. Again, by hypothesis, A¢; € E. Suppose that A¢; = za. Since A(Ey) C
S(Ep)(c), choose ¢2 € Ey such that xo = S¢a(c) = &2(c) and ||§2 — &illg, = ||€2(¢) — &1(¢)|| . Proceeding in
this way, by induction, we obtain

Agn = Spny1(c), Shpt1 = &n1; } (4.3)

an - En—i-lHEo = an(c) - §n+1(c)”E
foralln=0,1,.....

We claim that {&,} is a Cauchy sequence in Ey. Now for n = 0, we have the following estimate:

1€1 — &2llmy = [€1(c) — &2(0)|| e
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Similarly,

= [[A¢o — Adr e
< Amax { 1S90 — 5615, 1Sd0(c) — Adollp, |1S61(c) — Agn|,

S 1500(c) — Adulls + S61() — gl ]}
< Amax {]Ig0 — &1l 60(e) — €1(0) 1, 61 () — 62(0)ll s,

Sleo(e) ~ &x(@)ls + l61(0) ~ &x()le]}
< Amax {16 = €1, 160 = €1l os 161 — Eoll o

Sl — &ollm, + 6 — ]}
< Amax {160 ~ &l 162 — Eallzys 5160 — Gl }

1
< amax {160 — &1llz0 50160 — €l + 61 — & llm]
< Alléo — &1l -

1€2 = &3llzy = [1S¢2(c) = Shs()lle

= || A2 — Ad1||E
< Amax {HS¢2 — S¢1| 5, [1Sp2(c) — Apa| &, [|S1(c) — A1l &,

S11502(c) — Adullz + 1s61(c) — Ads |}
< amax {16 ~ &l [62(0) ~ &) 1. [61(0) ~ &)l

Slles(e) — (s + 61(0) ~ Ex(o)e]}
< Amax { €2 = € los €2 = Eall s 161 = Eoll o

Sl — &l + 116 — )}
< Amax {16 ~ &l 162 — Esll o 31161 — Esllm,

< Amax {16 ~ &l 516 — &l + 1162 — Esll] )
< )‘Hfl - §2HE0'

Proceeding in this way, by induction, we obtain

forallm=1,2,....

an - fn—i—lHEo < /\H§n—1 - §nHEo

Hence, by repeated application of the above inequality yields

foralln=1,2,....

16n — EntillEs < A€o — &illE,

If m > n, by triangle inequality, we obtain

Hfm - anEo < an - §n+1”E0 Tt ”fm—l - §mHEo
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<M — &l + -+ A& — &l g,
< (

T AT 60 — &l

)\n
— 160 — &l

IN

1

Hence,
lim ||&m — &nllE, = 0.

m>n—o0

As aresult, the sequence {&,} is Cauchy. Since Fy is complete, {&,, } and every subsequence of it converges
to a limit point £* in Ej, that is,
lim &, = lim S¢, =& and lim &,(c) = lim A¢, = {*(c).
n—00 n—00 n—r00 n—oo

From continuity of S it follows that
& = lim &, = lim S¢, =8 lim ¢, = S¢*.
n—00 n—00 n—0o0
We prove that ¢* is a PPF dependent coincidence point of A and S. Suppose not. Then, by (4.2]),

46" = S¢™(c)l|e < [|A¢" — A¢ulle + [[A¢n — S¢™(c) ||
< |[|A¢" = AdnllE + [|SPn(e) — SO™ (0l

< Amax { 156" = Sul 5, 156" (c) = A" [1S8n(c) — Adul 5,
S1156°(0) — Abulls + l1s6n(c) — A6 1}

< Amax {6 = €l g0, 1567 (¢) = A¢* . 1Sn(c) — A¢* |
S1156*(0) — S9n(llm + lsdn(c) — A¢° 5]}

< Amax {0,1156°(¢) — A6 [1p,0, 10+ 156*(c) — A”]1e]}

= \|A6" — S6"(0)|1&

which is a contradiction since 0 < A < 1. Hence A¢* = S¢*(c). Thus ¢* is a PPF dependent coincidence
pint of A and S. This completes the proof. O

5. Approximating PPF Dependent Common Fixed Points

Given two operators S, T : Eyg — E, let CF(S,T) denote the class of all PPF dependent common fixed
points of S and T in FEjy, that is,

CF(S,T)={¢ € Ep: S¢" =¢"(c) =T9¢"}.
We consider the following definition in what follows

Definition 5.1. Two operators S, T : Ey — E are said to satisfy a condition of generalized nonexpansive if

156~ Tellp < max {6 ~ €lly, 5[16(c) ~ Solls + ll(e) ~ T¢lle),
S116(0) = Tells + lle) ~ Sollel} (5:1)

for all ¢, & € Ey.
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In the following theorem we give a necessary and sufficient condition for the existence of a sequence
which approximate the PPF dependent coincidence points.

Theorem 5.2. Suppose that S,T : Ey — E are generalized nonexpansive and that CF(S,T) # (. Suppose
that R is topologically and algebraically closed w.r.t the difference, and {¢,} is a sequence of iterates of S
and T defined as in Theorem satisfying for some c € I,

lfn = ¢llz, = l|on(c) = ¢(c)llm (5:2)

forall € CF(S,T). Then {¢n} converges to a PPF dependent common fized point of S and T if and only

if
nlggo dg, ((z)n)C'F(Sv T)) =0. (5.3)

Proof. First we note that if ILm dg, (qﬁn,C]:(S, T)) =0, then
nh—>nolo dgy (¢2n41,CF(S,T)) =0 and nh_>Holo dg, (¢an+2,CF(S,T)) = 0. (5.4)
Similarly, for any ¢* € CF(S,T),
1S¢ = o™ (e <ll¢ —¢*(c)lp and [T —¢*(c)llp < ll¢ —¢"(0)lle (5.5)

for all ¢ € Ey. We prove the theorem in two parts.
Necessary Part: Suppose that ¢, — ¢* for some ¢* € CF(S,T). Then,

i d (60, CF(5,T)) = A ¢e01}1(fs,T) lon =l | < N flgn — %[5, = 0.

Sufficient Part: Assume that li_}m dg, (qf)n,C]:(S, T)) = 0. Then for € > 0, there exists an ng € N
such that .
dg, (¢n,CF(S,T)) < 2 (5.6)

for all n > ng. We claim that {¢,} is a Cauchy sequence in Ey. Now, for any m > n > ng one has

Ifm = Pullzy < 6m — dllE, + 116 — dnll 5 (5.7)
for all ¢ € CF(S,T). Consider the following estimate:

[ d2mt1 — @llEy = lP2m+1(c) — d(c)||E
= ||Sd2m — ¢(c)| &
< [[¢2m(c) — ¢(c)||e
= |Th2m—1 — ¢(c)llE

< || p2m-1 — @l B,

< [|éno — @l -
Again,
H”¢2m+2 - ¢HE0 < ||¢no - ¢HE0‘

Since m is arbitrary, one has
llem = @l < llPny — ¢l 5- (5-8)

Similarly,
lllén = Pllzy < lléng — blle,- (5.9)
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for all ¢ € CF(S,T). Hence, from (5.7)), (5.8)) and (5.9)) it follows
llém = énlley < 2[lén, — ¢l £,-
for all ¢ € CF(S,T). Taking infimum over CF(S,T), we obtain

HH¢m - ¢nHEo < 2¢>€Ci;'l(fS,T) H¢no - QSHEO - 2dEo (d)no:C*’r(S? T)) <€

Hence, {¢,} is a Cauchy sequence in Ey. Since Ej is complete, {¢,} and every subsequence of it
converges to a unique limit point, say ¢* € Ey. Now it can be proved as in the proof of Theorem that
S¢* = ¢*(c) = T¢*. Thus ¢* € CF(S,T) and the proof of the theorem is complete. O

If S=Tin (5.1), we obtain

Definition 5.3. An operator T : Eg — E is said to be generalized nonexpansive if

17~ 7€l < ma {16~ €l 3 16(c) ~ Tl + 1e(e) ~ Tels],
S116(0) — Tells + lig(e) ~ Tollel} - (5.10)

for all ¢, & € Ej.
As s special case of Theorem [5.1] we obtain the following corollary.

Corollary 5.4. Suppose that T : Ey — E is generalized nonexpansive and that F(T) # 0. Suppose that
Razumikhin class R. of functions in Ey is topologically and algebraically closed w.r.t the difference, and
{bn} is a sequence of iterates of T defined as in (2.4]) satisfying for some c € I,

lfn = ¢llze = llén(c) — ¢(0)llm (5.11)

for all ¢ € F(T), where F(T) is a set of all PPF dependent fized points of T in Ey. Then {¢,} converges
to a PPF dependent fixed point of T if and only if

i dg, (¢n, F(T)) = 0. (5.12)

Remark 5.5. We remark that Corollary includes an approximating fixed point result of Bernfeld et
al. [1I] for quasi-nonexpansive operators in Banach spaces as a special case. Note that every generalized
nonexpansive mapping is quasi-nonexpansive, however the converse may not be true.

6. Conclusion

Finally, we conclude this paper with the remark that common fixed point theorems with PPF dependence
proved here are very fundamental in the fixed point theory involving geometric hypothesis of distance
between the images and objects in question. However, using the principle that has been formulated in
Theorems [d.4]and[5.2] several other common fixed point theorems with PPF dependence for the operators
with different domain and range spaces can be proved. The existence results of this paper may be extended
to three or four operators in Banach spaces with appropriate medications. In a forthcoming paper, we plan
to prove some PPF dependent random fixed point theorems for the pairs of operators satisfying generalized
contractive conditions in separable Banach spaces on the lines of Dhage [5] via constructive method.
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