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Abstract

This paper establishes some sufficient conditions for controllability of impulsive functional differential equa-
tions with finite delay in a Banach space. The results are obtained by using the measures of noncompactness
and Monch fixed point theorem. Particularly, we do not assume the compactness of the evolution system.
Finally, an example is provided to illustrate the theory.(©2012 NGA. All rights reserved.
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1. Introduction

Impulsive differential equations have become more important in recent years in some mathematical
models of real processes and phenomena studied in control, physics, chemistry, population dynamics, aero-
nautics and engineering. There has been a significant development in impulsive theory in recent years,
especially in the area of impulsive differential equations with fixed moments, see the monographs of Bainov
and Simeonov [3], Lakshmikantham et al. [I4] and Samoilenko and Perestyuk [20] and the papers of
[, 2, B, 7 8, O 10, 12, 23]. On the other hand, differential equations with delay was initiated about
existence and stability by Travis and Webb [21] and Webb [22]. Since such equations are often more re-
alistic to describe natural phenomena than those without delay, they have been investigated in variant
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aspects by many authors [2, [I5]. The concept of controllability plays an important role in many areas of
applied mathematics. In recent years, significant progress has been made in the controllability of linear and
nonlinear deterministic systems [6], 11}, 17, 19]. In [II], the author studied the controllability of impulsive
functional differential systems of the form

2 (t) = A(t)z(t) + f(t,z(t)) + (Bu)(t), a.e. on [0,b],
Axli=t, = Li(x(t;)), 1 =1,2,...,s,
z(0) + M(z) = xo,

where A(t) is a family of linear operators which generates an evolution operator U : A = {(t, s) € [0,b]x[0, ] :
0<s<t<b} - L(X), here X is a Banach space, L(X) is the space of all bounded linear operators in
X; 0,0 x X - X;0<t) < - <tsg<tsp1=0;1;: X - X, i=1,2,...,s, are impulsive functions;
M : PC([0,b],X) — X; B is a bounded linear operator from a Banach space V to X and the control
function u(-) is given in L?([0,b],V). The results are obtained by using the measures of noncompactness
and Monch fixed point theorem.

Motivated by the above mentioned works [7, 1], 15l 23], the main purpose of this paper is to establish
the sufficient conditions for the controllability of impulsive differential system with finite delay of the form

#() = A)a(t) + F(t, 1) + (Bu)(®), (1.1)
teJ=[0,b], t£t;, i=12,...,s,

A$|t=t¢ :Ii($ti), 1= 1,2,...,8, (12)

z(t) = (1), t € [-r,0], (1.3)

where A(t) is a family of linear operators which generates an evolution system {U(¢,s) : 0 < s <t < b}.
The state variable z(-) takes the values in the real Banach space X with norm || - ||. The control function
u(+) is given in L?(.J,V) a Banach space of admissible control functions with V as a Banach space. B is a
bounded linear operator from V into X. f:J x D — X is given function, where D = {¢) : [-r,0] — X :
¥(t) is continuous everywhere except for a finite number of points #; at which ¢ () and 1(t;) exist and
Y(t;) =)} L - D — X; i =1,2,...,s, are impulsive functions, 0 < t; < top < --- <ty < tgy1 = b,
A&(t;) is the jump of a function ¢ at ¢;, which is defined by A&(t;) = () — ().

For any function x € PC and any t € J, x; denotes the function in D defined by

x4 (0) =xz(t+0), 6¢€[-r0l.

where PC is defined in Preliminaries. Here x4(-) represents the history of the state from the time t — r
upto the present time ¢t. Our approach here is based on semigroup theory, measures of noncompactness and
Monch fixed point theorem.

2. Preliminaries

In this section, we recall some basic definitions and lemmas which will be used to prove our main results
of this paper.

Let L'([0,b], X) the space of X-valued Bochner integrable functions on [0,b] with the norm ||f||;1 =
fob || f(t)||dt. In order to define the solution of the problem (1.1)-(1.3), we consider the following space:

PC([—r,b], X) = {x : [-r,b] — X such that x(-) is continuous except for a finite number of points ¢; at
which z(t]") and z(¢;) exist and z(t;) = m(t;)}
It is easy to verify that PC([—r,b], X) is a Banach space with the norm
[z]lpe = sup{[|lz(?)]| : ¢t € [-r,b]}.

For our convenience let PC = PC([—r,b], X) and Jy = [0, t1]; J; = (titit1], 1 =1,2,...,s.
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Definition 2.1. Let E* be the positive cone of an order Banach space (E,<). A function ® defined on the set

of all bounded subsets of the Banach space X with values in E™ is called a measure of noncompactness(MNC)

on X if ®(cof) = ®(Q) for all bounded subsets Q2 C X, where ¢of) stands for the closed conver hull of Q.
The MNC ® is said:

(1) Monotone if for all bounded subsets 1, Qo of X we have: (1 C Qo) = (P(N1) < D(Qa));
(2) Nonsingular if ®({a} U Q) = ®(Q) for every a € X, Q C X;
(3) Regular if () = 0 if and only if Q0 is relatively compact in X.
One of the most examples of MNC'is the noncompactness measure of Hausdorff B defined on each bounded
subset Q of X by

B(Q) = inf{e > 0; Q can be covered by a finite number of balls of radii smaller than €}

It is well known that MNC' 8 enjoys the above properties and other properties see [4), [13]: For all bounded
subsets 2, Q1,09 of X,

(4) ﬂ(Ql + Qg) < 5(91) —i—,B(QQ), where Q1 + Qg = {(L‘+ Yy:xr e Ql,y S QQ};
(5) B(Q21U Q) <max{B(),B(22)};
(6) BAQ) < [A[B(2) for any A € R;

(7) If the map Q : D(Q) C X — Z is Lipschitz continuous with constant k, then Bz(QQ) < kB(Q) for
any bounded subset Q@ C D(Q), where Z is a Banach space.

Definition 2.2. A two parameter family of bounded linear operators U(t,s), 0 < s <t <b on X is called
an evolution system if the following two conditions are satisfied:

(i) U(s,s) =1, U(t,r)U(r,s) =Ul(t,s) for0<s<r <t<b;
(ii) (t,s) = Ul(t,s) is strongly continuous for 0 < s <t <b.

Since the evolution system U (¢, s) is strongly continuous on the compact operator set J x .J, then there
exists M; > 0 such that |U(t, s)|| < M; for any (¢,s) € J x J. More details about evolution system can be
found in Pazy [18].

Definition 2.3. A function x(-) € PC is said to be a mild solution of the system (1.1) — (1.3) if, z(t) = ¢(t)
n [=r,0]; Azli=, = Li(xy,), i = 1,2...,s; the restriction of x(-) to the interval J;i(i = 1,2,...,s) is
continuous and the following integral equation is satisfied.

2(t) = U(t,0)¢(0) + /0 U(t, s) [Bu(s)+ f(s,xs)}dw 3" Ut t)Ii(ay,), t€ T,

o<t;<t

Definition 2.4. The system (1.1) — (1.3) is said to be controllable on the interval J if, for every initial
function p € D and x1 € X, there exists a controlu € L*(J, V') such that the mild solution x(-) of (1.1)—(1.3)
satisfies x(b) = x1.

Definition 2.5. A countable set {f,}°°; C L*([0,b], X) is said to be semicompact if the sequence {f,}°,
is relatively compact in X for almost all t € [0,b] and if there is a function u € L'([0,b],RT) satisfying
Sup|[ fa ()l < u(t) for a.c. t € [0,].

Lemma 2.1. ([{J) If W C C([a,b],X) is bounded and equicontinuous, then B(W(t)) is continuous for
t € [a,b] and

BW) =sup{B(W(t)),t € [a,b]}, where W(t)={x(t):x e W} CX.



S. Selvi, M. Mallika Arjunan, J. Nonlinear Sci. Appl. 5 (2012), 206-219 209

Lemma 2.2. ([253]) If W C PC([a,b], X) is bounded and piecewise equicontinuous on |a,b] then B(W(t)) is
piecewise continuous for t € [a,b] and
BW) = sup{B(W(t)),t € [a, b]}.
Lemma 2.3. ([17]) Let {f,}5°, be a sequence of functions in L'([0,b],RT). Assume that there exist
pom € LY([0, 8], RY) satisfying S| fu ()l < u(t) and B({fa()}nr) < 0t) a.e. t € (0,0,
then for all t € [0,b], we have

t

5({ /Ot U(t,s)fu(s)ds :n = 1}) < 2M1/0 n(s)ds.

Lemma 2.4. ([17]) Let (Gf)(t fo (t,s)f(s)ds, If {fn}; C L1([0,b], X) is semicompact, then the set
{Gfn}o2, is relatively compact in C([0,b], X) and moreover if f, — fo, then for all t € [0, ],

(Gfn)(t) — (Gfo)(t), as n — cc.

The following fixed-point theorem, a nonlinear alternative of Monch type, plays a key role in our proof
of controllability of the system (1.1) — (1.3).

Lemma 2.5. ([16, Theorem 2.2]) Let D be a closed convex subset of a Banach space X and 0 € D. Assume
that F' : D — X is a continuous map which satisfies Monch’s condition, that is (M C D is countable,
M Ceo({0} U F(M)) = M is compact ). Then F has a fized point in D.

3. Controllability Results

In this section, we present and prove the controllability results for the problem (1.1) —(1.3). In order to
prove the main theorem of this section, we list the following hypotheses:

(H1) A(t) is a family of linear operators, A(t) : D(A) — X, D(A) not depending on t and dense subset of X,
generating an equicontinuous evolution system {U(t,s) : 0 < s <t < b}, i.e., (t,s) = {U(t, )z : z €
B} is equicontinuous for ¢ > 0 and for all bounded subsets B and M; = sup{||U(¢, s)|| : (t,s) € J x J}.
(H2) The function f: J x D — X satisfies:

(i) For a.e. t € J, the function f(¢t,-) : D — X is continuous and for all ¢ € D, the function
f(, ) : J = X is strongly measurable.

(ii) For every positive integer r, there exists a, € L'([0,b]; RT) such that

sup || f(t, )| < a,(t) for a.e. t € J,

llellp<r
and
b
o (t
lim inf r()dt:a<oo.
r—00 0 T

(iii) There exists integrable function 7 : [0,b] — [0, 00) such that

B(f(t,D)) <n(t) sup B(D(#)) fora.e. te Jand D CD,
—r<0<0

where D(6) = {v(0) : v € D}.
(H3) The linear operator W : L?(J, V) — X is defined by

b
Wu:/ U(t,s)Bu(s)ds such that
0
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(i) W has an invertible operator W~! which take values in
L?(J,V)\kerW, and there exist positive constants My and M3 such that

IBIl < Ma, W™ < Ms.
(ii) There is Ky € L'(J,RT) such that, for every bounded set @ C X,
BWIQ)(t) < Kw(H)B(Q).

(H4) I, : D — X, i =1,2...,s, be a continuous operator such that:

(i) There are nondecreasing functions L; : Rt — R™ such that
()| < Li(zllp) i=1,2...,s, zeD,
and

lim inf
pP—00

Li(p)
p

=\ <oo, 1=1,2...,s.
(ii) There exist constants K; > 0 such that,

B(L;(S)) < K; sup p(S(0)), i=1,2...,s,
—r<6<0

for every bounded subset .S of D.
(H5) The following estimation holds true:

S
N = (M +2M7My||[Kw|11) Y Ki + (2My + AMF Mo Ky || ) l[nll i | < 1.
i=1

Theorem 3.1. Assume that the hypotheses (H1)— (H5) are satisfied. Then the impulsive differential system
(1.1) — (1.3) is controllable on J provided that,

Mi(1+ MiMaMsb2) (o + Y i) < L. (3.1)
i=1

Proof. Using the hypothesis (H3)(i), for every = € PC([—r,b], X), define the control
b
ufﬂ(t) = W_l |:.T1 - U(b7 0)()0<0) - / U(ba s)f(s,:cs)ds - Z U(b7 tz>IZ(xtz) (t)
0 0<t;<b

We shall now show that when using this control the operator defined by

@(t), te [_Ta (1]7
(Fz)(t) = U(taO)w(OH/ U(t, s)[f(s,zs) + (Bug)(s)]ds

0
+ Z U(t,ti)lz‘(.ﬁti)? t e J,
0<t;<t

has a fixed point. This fixed point is then a solution of (1.1) — (1.3). Clearly z(b) = (Fz)(b) = x1, which
implies the system (1.1) — (1.3) is controllable. We rewrite the problem (1.1) — (1.3) as follows:
For ¢ € D, we define ¢ € PC by

- [U0)p0), ted,
Sp(t){go(t), te[-r0].
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Then ¢ € PC. Let xz(t) = y(t) + ¢(t), t € [—r,b]. It is easy to see that y satisfies yp = 0 and

y(t) = /0 U(t,s)[f(s,ys + ¢s) + Buy(s)lds + > Ult,t:i) Ly, + é1,),
o<t; <t

where
b
w(s) = W o1 = U0.009(0) = [ V(b f s+ 21)ds
= > UG, + 1) (9),
=1
if and only if x satisfies

t
$(t)=U(t70)¢(0)+/0 U(t,8)[f (s,5) + Bug(s)lds + Y Ut ti)li(zz,),

0<t;<t

and z(t) = (t), t € [-r,0]. Define PCy = {y € PC : yo = 0}. Let G : PCy — PCy be an operator defined
by

O’ te [_Tv 0]7
(Gy)(t) = /0 U(t, s)[f(s,ys + $s) + Buy(s)|ds (32)
+ ) Ut Ly, + @v,), tE .
0<t;<t

Obviously the operator F' has a fixed point is equivalent to G has one. So it turns out to prove G has a

fixed point.
Let G = G1 + Go,
where
(Giy)(t) = > Ut ti) Ly, + ¢,), (3.3)
0<t; <t
t
(Gay)(t) = /0 U(t, $)[f (5 s + Bs) + Buy(s)]ds. (3.4)

Step 1: There exists a positive number ¢ > 1 such that G(B,) C By, where By = {y € PCy : |ly|lrc < ¢}
Suppose the contrary. Then for each positive integer ¢, there exists a function y4(-) € B, but G(y?) ¢ B,.
ie., ||G(y?)(t)|| > q for some t € J.
We have from (H1) — (H4),

q < [(Gy") @)l

b S
<M / 1£(5, 58 + @) + Buya(s)[lds + My 3 Li(llyf. + G, )
0

=1
b b S
< Ml/ aq/(s)ds—i—Ml/ | Buya(s)lds + My 3 Li(g)
0 0 i=1
b 1 S
< M / g (5)ds + My Mob2 fuya |2 + My 3 Li(e), (3.5)
0

=1
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where

b s
luyall 2 < M3 [Hle + My||¢llp + My / ag(s)ds + M Z Li(q/)] . (3.6)
0 i=1
Hence by (3.5),

b b
1
q < Ml/ aq/(s)ds + M7 Msb2 M3 |:H.CL‘1H + MIHQDH'D + Ml/ Oéq/(S)dS
0 0

+ M, Z Li(q/)} + My Z Li(q)
i=1 1 ’L=; \
< (1 M [y (ds+ Y L) + 01

where M = M1M2M3b%(||:n1\| + Mi||¢||p) is independent of ¢ and ¢’ = ¢ + ||&]|pc-
Dividing both sides by ¢ and noting that ¢’ = ¢ + ||@||pc — 00 as ¢ = oo. We obtain

b
/(s)d s)d
lim inf (foaq(s)S) = lim inf (fo A (3)ds q ) g,
q—-+00 q q——+00 q q

lim inf (Zfqu"(q')) = lim inf(z" 1 Lilg ) Z)\

q—+00 q—+00 q

Thus we have

1< Mi(1+ MiMaMsb2)(o+ A
=1

This contradicts (3.1). Hence for some positive number ¢, G(B,) C By.
Step 2: G : PCy — PCy is continuous.
Let {y™(t)}22, C PCy with y(™ — 4 in PCy. Then there is a number ¢ > 0 such that ||y (t)| < ¢ for all

n and a.e. t € J so y™ € B, and y € B,. By (H2)(3), f(t, ygn) + &t) = f(t,ye + ¢r) for each t € J. By

(Ha)(id), [ £, 0" +@0) — F(t, g+ o) || < 2aq(t) and by (Ha), Ly +@r,) = Lilye, +@r)s i = 1,2, s
Then we have

|G1y'™ — Gryllpe < My Z (™ + @) — Ti(ye, + @0). (3.7)
=1
and
||G23/(”) — Gayllpe
b b
< M, /0 (5,55 + @s) — F(s,ys + @s)||ds + M1 Mo /O [ty ) (5) — 1y (5)||ds
b
N N 1 n
< M /0 1f (5,58 + @s) — f(5,ys + @s)l|ds + My Mb2 [ul? — uy|| 12, (3.8)
where

b
o — 2 < M 34y / 17 (5,5 + 33) — F(5,5s + s ds

My Z VGl + 1) = i, + 1)l (3.9)
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Observing (3.7) — (3.9) and by dominated convergence theorem we have that,
IGy™ — Gyllpe < |G1y™ — Gyllpe + | Goy™ — Gayllpe = 0, as n — 4o

That is G is continuous.

Step 3: G(B,) is equicontinuous on every J;, i = 1,2,...,s. That is G(B,) is piecewise equicontinuous on
J.

Indeed for t1,t2 € J;, t1 <tz and y € By, we deduce that

1(Gy)(t2) — (Gy)(t1) ]

s/"ww%> U1, )1 (5,95 + @5) + Buy(s)|ds
0

to
+/‘Wﬂhﬁmﬂ&w+@9+3%@W%

t1
t1

. /0t1 1U s, 5) — U(t1, s) g (s)ds _|_/0 U (to,s) — Ul(t1,s)||MaMs [Hxl”

b
+M1||90(0)H+M1/ apds + M0 S Lig }dH/ 1U (k. )l (5)ds
0 =1
b

to S
b [NV | + M)+ 21 [ agids + 21 Y Lila)]ds. (3.10)
0

t1 i=1

By the equicontinuity of U(-,s) and the absolute continuity of the Lebesgue integral, we can see that the
right hand side of (3.10) tends to zero and independent of y as to — t;. Hence G(By) is equicontinuous on
Ji(i=1,2,...,s).
Step 4: The Monch’s condition holds.

Suppose W C By is countable and W C ¢o({0} U G(W)). We shall show that 5(WW) = 0, where § is the
Hausdorff MNC.

Without loss of generality, we may assume that W = {y(”)};’ozl. Since G maps B, into an equicontinuous
family, G(W) is equicontinuous on J;. Hence W C 6({0} U G(W)) is also equicontinuous on every .J;.

By (Hy)(7i), we have

BUGIY™ (1)}2y)
_ 5({ > U(t,ti)fi(ygl) +¢ti)}:i1>

0<t; <t

<M126 Ly + ) ¥on)

=1
<M12K sup  B({y™ (t: +0) + G(t: + 0)}o21)
i=1 —r<6<0
<MZK£EMM@M%> (3.11)

=1
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By Lemma 2.3 and from (H2)(iii), (H3)(i7) and (H4)(it), we have that

B (o (5)1320) < Ko () [8({ / (538 + 9ds} )
<{z +w>>}2;)}

b
< K (s)[20n /O ”)_sup B s +0) + Bls +0)))ds

+M12K1 sup B({y"(ti +0) + @t +0)}p2y)
i—1 —r<6<0

b
< K201 [ n(s) s A" (0)}0)ds

0<7<s

+M12K i, Sup BHy™ () }2) |- (3.12)

i=1

This implies that
BHEG™ (1) }52)
<5({ /0 Uts)f (s, +@)ds ) )+ 8({ / U(t,5)Buyo (s)ds| )

b
< oM, / n(s) sup BUH™(s +0) + G5+ 0)}22,)ds

—r<6<0

b
+ 2M, M, /0 By ({uym (s)}nZ1)ds

<oy [ n(s) s SN + auian( [ Kiveas)

0<7r<s

([ ts) s 8100 as)

0<7<s

b S
+2M2M, / Kw(s)ds( 3 Ki sup Ay (m)) ). (3.13)
0 i=1 0<r;<t;

for each ¢ € J. From (3.11) and (3.13) we obtain that

BHGY ™ (D)})
< ﬁ({Gly(” ()}o21) + BUG2y™ (8)}p20)

b
<M12K sup B({y™" (Tl)}?LO:l)—F(QMl-I-ZlMleg/O KW(s)ds>

i—1 0<r,;<t;

b
x /O n(s) sup B({y™(r)}2)ds

0<7<s
b s
22, [ (ds(Y K swp Bl (7)), (3.14)
0 i=1 0<7;<t;

for each t € J.
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Since W and G(W) are equicontinuous on every J;, according to Lemma 2.2, the inequality (3.14) implies
that,

BHGY ™M )

< [M0Y K+ @00 + AN K [0l | B Vo)
i=1

+ [2MP M| Kw || Y KBy 12y)
i=1

= [0+ 2005 Koy ) S K+ (203 + AMEMG|| Kow o) 2| By Yo2)
=1

= NB({y" 2y

That is B(GW) < NB(W), where N is defined in (H5). Thus from the Monch’s condition, we get that

pW) < Blea({0} UG(W)) = BIGIW)) < NB(W),

since N < 1, which implies that (W) = 0. So we have that W is relatively compact in PCy. In the view of
Lemma 2.5, i.e., Monch’s fixed point theorem, we conclude that G has a fixed point y in W. Then x = y+ ¢
is a fixed point of F' in PC and thus the system (1.1) — (1.3) is controllable on [0, b]. O

Remark 3.1. Note that if f is compact or Lipschitz continuous, then (H2)(iii) is automatically satisfied.
In the following, by using another MNC, we will prove the result of the Theorem 3.1 in the case there is
no equicontinuity of the evolution system U(t,s) and hypothesis (H5). Here we assume that the impulsive
operators I; are compact. So, instead of (H4), we give the hypothesis (H4)':

(HY) I, : D — X, i = 1,2...,s, be a continuous compact operator such that, there are nondecreasing
functions L; : RT — RT satisfying

[5i(@)]| < Li(lzllp) i=1,2...,s, z€D,

and

lim inf
pP—>00

L.
) N <o im12. s
P
Theorem 3.2. Let {A(t)}te[o,b] be a family of linear operators that generates a strongly continuous evolution
system {U(t,s) : (t,s) € J x J}. Assume that the hypothesis (H2),(H3) and (H4') are satisfied. Then the
impulsive differential system (1.1) — (1.3) is controllable on J.

Proof. In the view of Theorem 3.1, we should only prove that the function G : PCy — PCq given by the
formula (3.2) satisfies the Monch’s condition.
For this purpose, let W C B, be countable and W C ¢o({0} U G(W)). We shall prove that W is relatively
compact.

We will denote by ® the following MNC in PCy defined by (see[13]),

o(Q) = ErenAaé)(a(E),modc(E)). (3.15)

for all bounded subsets of Q of PCy, where A(2) is the set of countable subsets of 2, « is the real MNC
defined by,

a(E) = sup e MB(E(1)),
t€(0,0]
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(t) : x € E}, L is a constant that we shall choose appropriately.

with E(t) = {x
mod ((FE) is the modulus of equicontinuity of the function set E given by the formula

mod = lim sup max ax 2(t1) — z(t)]l.
c( ) 5*0162 0<i<s t1 t2€Jz,Ht1 t2H<6H ( 1) (2)”

It was proved in [I3] that ® is well defined. (i.e., there is Ey € A(€2) which achieves the maximum in (3.15))
and is a monotone, nonsingular and regular MNC.
Let us choose a constant L > 0, such that

t
= (2My + AMZM,|| Ky || 1) sup / n(s)e Ht=9)ds < 1, (3.16)
te[0,b] J0

where M; = sup{||U(t,s)| : (t,s) € J x J} and n is the integrable function in the hypothesis (H2).
Let Gy = Giy + Gay as defined in theorem (3.1). From the regularity of @, it is enough to prove that
®(W) = (0,0). Since ®(G(W)) is a maximum, let {z(M}> C G(W) be the denumerable set which
achieves its maximum. Then there exists a set {y(™}5 | C W such that

2 () = (Gy™) (1) = (Gry™) () + (Gay™)(t), for all n > 1, ¢ € [0,b]. (3.17)
Now we give an estimation for a/({z(™}% ). Since I;(-) is compact, we get
BHGY™)(1)}p2,) =0, for t € [0,]. (3.18)
From (3.12), (3.13), noticing that K; = 0, as I; is compact, we have that
BH(G2y™) () }o2)
<21 [ n(s) swp S({ (0 s

0<7<s

t
+ MM | K| / n(s) sup By™(1)}1)ds
0

0<7<s

t
< (2M; + AMZMy | Koy | 11) /0 () st B (7))

t
< (@M + AM2 My | K| ) / )™ sup (M A0}
0 telo,

t
— (2M + AM2My | Koy | 1 )o({y™ 122 ) / n(s)elsds, for t € [0,1]. (3.19)
0
From (3.18) and (3.19), it follows that

a({2}32)) = swp B ({(Gy™)(0) + (Gay™) (D)} )

t€[0,b]

t
< Sl[lp]e_Lt(QMl+4M12M2IIKWHLl)Oé({y(")}Zozl)/ n(s)e’ds
te[0,b 0

t
= al{y™ V) @My +AMEML| Ko 1) sup [ e

tel0,b
= a({y™}2)p.
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Therefore, we have that
a({y™102) < a(W) < a(e({0} UGW))) = a({=1L)) < al{y™L))p.
From (3.16), we obtain that
a({y™}2,) = a(W) = a({z7}2,) = 0.
From the definition of «;, we have

B({y™(0)1021) = B (1)}pLy) = 0, for every ¢ € [0,b]. (3.20)

From (3.12) and (3.20), noticing that K; = 0 in (3.12), we get that

BUL (™ + @1) + (Buyon ) (1)}152)
<nt) sup Byt +0)+ gt +0)1)

b
My My K (s) /0 n(s) sup B{y™(r)},)ds

0<7<s

<n(t) sup BHy™ () }2y)

b
+2M MK () [ 1) sup B{un(D) s =0
0 0<7r<s
That is, {f(t, yﬁ") + @) + Bu,m) (t)}>2, is relatively compact for almost all ¢ € [0,b] in X. Moreover, from
the fact that {y(™}>° | C B,, by (H2)(ii) and (3.6), it is easy to see that {f(t,yén) + @) + Buym) (1)},
is uniformly integrable for a.e. t € [0,b]. So {f(-,y™ + @) + Bu,m }52 is semicompact according to the

Definition 2.5. By applying Lemma 2.4, we have that Ga({y(™}22,) is relatively compact in PCo.

On the other hand, by the strong continuity of U(¢,s) and the compactness of I;, we can easily verify
that Gy ({y™ o° 1) is relatively compact. Then by (3.17), {z(”)};’f:l is also relatively compact in PCq. Since
® is a monotone, nonsingular, regular MNC, from Monch’s condition, we have that

(W) < @(@0({0} U GW))) = 2({zn},21) = (0,0).

Therefore, W is relatively compact in PCy. This completes the the proof. O

4. Example

In this section, we give an example to illustrate our results above.
Example 4.1. Consider the impulsive partial system of the form

S = (69 +m(Out ) + Flt.5(— 1.6),
for £ € (0,7, t€[0,b], t #t;, i=1,2,...,s, (4.1)
2(t5,6) — 2(t7,6) = Li(2(t7,€)), £€(0,7], i=1,2,...,s, (4.2)
z(t,0) = z(t,m) =0, t € [0,0], (4.3)
2(t,€) = ¢(t,€), t € [-r,0], £ €[0,7], (4.4)
wherer >0, I; >0,i=1,2,...,5, ¢ € D={¢: [-r,b] x[0,7] — R; v is continuous everywhere except for

a countable number of points at which (s7), ¥(sT) exists with ¥(s7) = (s)}, 0=ty <t; <tg < -+ <
ts41 = b, z(t:_) = lim(h’oﬁ(oﬂg) Z(ti—i-h,{), Z(tl_) = lim(hyg)ﬁ(oig) z(ti—i—h,f), F [O, b} xR—R, B: X - X.
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Let

b, £ €10,7],

, e, i=14,2,...,s,
P ( v )v 96[_7”70}7 ‘56 [077TL
), 0 €[=r0], £€[0,7],

(€), £€[0,m].

Take X = L?[0,7] and define A(t) = A: D(A) C X — X by Aw = w' with domain D(A) = {w € X : w' €
X, w(§) = w(0) = 0}. It is well known that A is an infinitesimal generator of a semigroup T'(¢) defined by
T(t)w(s) = w(t+ s) for each w € X. T(t) is not a compact semigroup on X and B(T(t)D) < (D), where
B is the Hausdorff MNC.

Then, the system (4.1) — (4.4) is the abstract formulation of the system (1.1) — (1.3). We can conclude
that the system (4.1) — (4.4) is controllable on [0,b].

€), telo,
= Liz(t7,€)
t,w)(S) F(t,0(0,€)
p(0)(&) = w(9§

m(§)u
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