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Abstract

In this paper a general fixed point theorem in G—metric spaces for weakly compatible mappings is proved,
theorem which generalize the results from Abbas et. al. [M. Abbas and B. E. Rhoades, Appl. Math.
and Computation 215 (2009), 262 - 269] and [M. Abbas, T. Nazir and S. Radanovi¢, Appl. Math. and
Computation 217 (2010), 4094 - 4099]. In the last part of this paper it is proved that the fixed point problem
for these mappings is well posed.(©)2012 NGA. All rights reserved.
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1. Introduction

Let (X, d) be a metric space and S, T': (X,d) — (X, d) be two mappings. In 1994, Pant [22] introduced
the notion of pointwise R - weakly commuting mappings. It is proved in [23] that the notion of pointwise R
- weakly commutativity is equivalent to commutativity in coincidence points. Jungck [I1] defined S and T
to be weakly compatible if Sz = Tx implies STx = T'Sxz. Thus, S and T are weakly compatible if and only
if § and T are pointwise R - weakly commuting.

In [9] and [10], Dhage introduced a new class of generalized metric spaces, named D - metric space.
Mustafa and Sims [I4], [I5] proved that most of the claims concerning the fundamental topological structures
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on D - metric spaces are incorrect and introduced appropriate notion of generalized metric space, named G
- metric space. In fact, Mustafa, Sims and other authors studied many fixed point results for self mappings
in G - metric spaces under certain conditions [6], [16] - [2I], [33] and other papers.

In [25] and [26], Popa initiated the study of fixed points for mappings satisfying implicit relations.

The notion of well posedness of a fixed point problem has generated much interest to several mathemati-
cians, for example [8], [12], [24], [29], [30], [31]. Recently, Popa [27], [33] and Akkouchi and Popa [3], [4], [5]
studied well posedness problem for mappings satisfying implicit relations in metric spaces.

The purpose of this paper is to prove a general fixed point theorem in G - metric spaces for weakly
compatible pairs of mappings satisfying an implicit relation which generalize the results from [1] and [13].
In the last part of this paper we define the notion of a fixed point problem in G - metric spaces for two
mappings and we prove that in G - metric space with a G - symmetric, the fixed point problem is well posed.

2. Preliminaries

Definition 2.1 ([15]). Let X be a nonempty set and G : X3 — R be a function satisfying the following
properties:

(G1):G(z,y,2) =0ifx =y =2,

(G2) : 0 < G(z,z,y) for all z,y € X with x # v,

(G3) : G(z,x,y) < G(z,y,z) for all z,y,z € X with z # y,

(G4) : G(z,y,2) = G(z, z,y) = G(y, z,x) = ... (symmetry in all three variables),

(Gs) : G(z,y,2) < G(x,a,a) + G(a,y, 2) for all z,y,z,a € X.

Then the function G is called a G - metric on X and the pair (X, G) is called a G - metric space.

Note that G(z,y,z) =0, then x =y = 2.
Definition 2.2 ([15]). Let (X, G) be a metric space. A sequence (z,,) in X is said to be

a) G - convergent if for £ > 0, there is an € X and k € N such that for all m,n > k, G(x, zy,, zn) < €.

b) G - Cauchy if for each € > 0, there exists k € N such that for all n,m,p > k, G(2y, m, zp) < €, that
is G(zn, Tm,xp) — 0 as m,n,n — oo.

¢) A G - metric space is said to be G - complete if every G - Cauchy sequence is G - convergent.
Lemma 2.3 ([15]). Let (X,G) be a G - metric space. Then, the following properties are equivalent:

1) (zy,) is G - convergent to x;

2) G(xy, Tn,x) = 0 as n — 0o;

3) G(xp,z,z) = 0 as n — oo;

4) G(Xpmy Ty, x) — 0 as myn — 0.
Lemma 2.4 ([15]). If (X,G) is a G - metric space, the following are equivalent:

1) (zy) is G - Cauchy.

2) For every e > 0, there is k € N such that G(Xp, Tm, Tm) < € for all n,m > k.
Definition 2.5 ([14]). Let (X, G) and (X', G’) be two G - metric spaces. A function f: (X,G) = (X', G")
is said to be G - continuous at a point x € X if for € > 0, there exists 6 > 0 such that for all z,y € X and
G(a,z,y) <6, then G'(f(a), f(z), f(y)) < e.

A function f is G - continuous if f is G - continuous at each z € X.

Lemma 2.6 ([15]). Let (X,G) and (X',G") be G - metric spaces. Then, a function f: (X,G) — (X',G")
is G - continuous at a point x € X if and only if it is G - sequentially continuous, that is, whenever () is
G - convergent to x, we have that f(xy) is G - convergent to f(x).

Lemma 2.7 ([15]). Let (X,G) be a G - metric space, then the function G(z,y,z) is jointly continuous in
all three of its variables.

Definition 2.8 ([15]). A G - metric space (X,G) is called symmetric if G(z,y,y) = G(y,z,x, for all
T,y € X.

Remark 2.9. There exists G - metric space which is not symmetric (Example 1 [15]).
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3. Implicit relations

Definition 3.1. Let g be the set of all continuous functions F'(t1, ..., tg) : Rﬁ — R such that
(F1) : F is nonincreasing in variable ts,
(Fy) : There exists hy € [0,1) such that for all u,v > 0, F(u,v,v,u,u+ v,0) <0 implies u < hjv.
(F3) : There exists hy € [0,1) such that for all ¢,¢ > 0, F(¢,t,0,0,¢,t") < 0 implies ¢ < hot'.

Example 3.2. F(t1,...,tg) = t1 —aty—btz —cty—dts —etg, where a,b,c,d,e > 0and 0 < a+b+c+2d+e < 1.
(F1) : Obviously.
(Fy) : Let u,v > 0 be and F(u,v,v,u,u~+v,0) =u—av—bv—cu—d(u+v) <0. Then, u < hyv, where

a+b+d
0<h=——<1.
ST T v a) <
(F3) : Let t,¢' > 0 and F(t,t,0,0,t,t') = t —at — dt —et’ < 0. Then t < hot/, where 0 < hy =
e
—— < 1.
1 (@+d)

1

Example 3.3. F(tl, ceey t6) =1 — kmax{tg, t3,t4,t5, t6}, where k € [0, 2> .

(F1) : Obviously.

(Fy) : Let u,v > 0 be and F(u,v,v,u,u+ v,0) = u — kmax{u,v,u +v} < 0. Hence, u < hjv, where

k

(F3) : Let t,t' > 0 and F(t,t,0,0,¢,¢') =t —kmax{t,t'} <0. If t > ¢/, then t(1 —k) < 0, a contradiction.
Hence, t < ¢/ which implies t < hot’, where 0 < ho = k < 1.
ts + tg

Example 3.4. F(tl, ...,tﬁ) = tl — kmax {tg,tg, t4, 5

(F1) : Obviously.

(Fy) : Let u,v > 0 be and F(u,v,v,u,u+v,0) = u—kmax  u, v,

) }, where k € [0, 1).

u-+v

<0. Ifu > v, thenu(l—k) <0,
a contradiction. Hence, u < v which implies v < hyv, where 0 < h; =k < 1.

t+t
(F3) : Let t,¢' > 0 and F(t,t,0,0,t,t') =t — kmax{t, + } < 0. Ift > ¢, then t(1 — k) <0, a

contradiction. Hence, ¢t < ¢’ which implies ¢t < hot’, where 0 < ho = k < 1.

Example 3.5. F(t1,....tg) = t2 —t1(atg +bts +cty) — dtstg < 0, where a,b,¢,d > 0and 0 < a+b+c+d < 1.
(Fy) : Obviously.
(Fy) : Let u,v > 0 be and F(u,v,v,u, u+v,0) = u?—u(av+bv+cu) < 0. Ifu > 0, then u—av—bv—cu < 0

b
which implies u < hjv, where 0 < hy = Clti < 1. If w=0 then v < hyv.
—c

t3 +1ts4 t5 + 16
2 72

Example 3.6. F(ty,...,t5) = t1 — kmax{
(F1) : Obviously.
(Fy) : Let w,v > 0 be such that F(u,v,v,u,u + v,0) = u — kmax {v,

}, where k € [0, 1).

U+ v

< 0. If w > v, then
u(1 — k) <0, a contradiction. Hence, u < v which implies u < hqv, where 0 < hy = k < 1.
t+t
(F3) : F(t,4,0,0,¢,) = t — kmax {t, *

t < t' which implies t < hot’, where 0 < ho = k < 1.

< 0.If t >t then t(1 — k) < 0, a contradiction. Hence

1312 + t2t2

Example 3.7. F(t1,..., tg) = t3 — c— 34 5%
P (b ste) =t = e =5 T,

(F1) : Obviously.

, where ¢ € [0,1).
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2,2

F5) : Let u,v > 0 be and F(u,v,v,u,u+wv,0 :uS—cL <0. Ifu>0,thelr1u§cvL <
(
14+2v+u 14+2v+u

cv. Hence, u < hiv, where 0 < hy =c < 1. If u =0, then u < hyv.

t2 12
(F3) : Let t,¢’ > 0 be such that F(t,t,0,0,t,t') = t3 — 1 1

Hence ¢t < haot’, where 0 < hy = y/c < 1. If w = 0 then u < hyv.

tst
%, where a,b > 0and 0 <a+b < 1.
1+1t5+13

t
< 0, which implies t? — c——t"? < ct’?.
141

Example 3.8. F(ty,....t5) =t2 —at3 —b

(F1) : Obviously.
(F) : Let u,v > 0 be and F(u,v,v,u,u+v,0) = u? —av? < 0. Hence, u < hyv, where 0 < hy = y/a < 1.
(F3) : Let t,¢' > 0 be and F(t,t,0,0,t,t') = t? — at?> — btt’ < 0, which implies ¢ < hot’, where 0 < hy =

1.
1—a <
Example 3.9. F(ty,...,t¢) = t1 — ate — bty — cmax{2t4,t5 + ts}, where a,b,c >0 and 0 < a+ b+ 2c < 1.
(F1) : Obviously.
(Fy) : Let u,v > 0 be and F(u,v,v,u,u + v,0) = u — av — cmax{2u,u + v} < 0. If u > v, then

b
u(l—(a+b+2c)) <0, a contradiction. Hence, u < v which implies u < hjv, where 0 < h; = % < 1.
(F3) : Let t,¢/ > 0 be and F(t,¢,0,0,t,t') = t —at — ¢(t +t') < 0, which implies t < hgt/, where
c
0<hy=——-—<1.
=T I (a+o)

Example 3.10. F(ty,...,tg) = t1 — aty — btg — cmax{ty + t5, 2ts}, where a,b,c > 0 and 0 < a+b+ 3c < 1.
(F1) : Obviously.
(Fy) : Let u,v > 0 be and F(u,v,v,u,u + v,0) = u — av — bv — ¢(2u + v) < 0, which implies v < hjv,
b
WhereO§h1:%<l.
—2c
(F3) : Let t,t' > 0 be and F(t,t,0,0,t,t') =t — at — cmax{¢t,2¢'}. If t > 2¢' then t(1 —a —¢) <0, a

9
€ <1

contradiction. Hence ¢t < 2t' which implies ¢t < hot’, where 0 < hy = .

Example 3.11. F(ty,...,tg) = t1 — cmax{ta, t3, \/tats, /I5ts}, where ¢ € [0,1).

(F1) : Obviously.

(F») : Let u,v > 0 be such that F(u,v,v,u,u + v,0) = u — cv < 0, which implies u < hjv, where
0<hi=c<l.

(F3) : Let t,#' > 0 be and F(t,£,0,0,t,t') = t — cmax{t,vtt/} < 0. If t > t then t(1 —¢) < 0, a
contradiction. Hence ¢ < ¢/ which implies ¢t < hot’, where 0 < ho = ¢ < 1.

24 +te 2t4+1t3 ts5+ts
3 3 7 3

Example 3.12. F(t1,...,t) = t1 — kmax {tg,t3,t4,

(F1) : Obviously.
(F») : Let u,v > 0 be such that

}, where k € [0, 1).

2u 2u—|—v7u+v <o
3 3 3 -

F(u,v,v,u,u +v,0) =u— k‘max{u,v,,

If u > v, then u(1 — k) < 0, a contradiction. Hence u < v which implies u < hqv, where 0 < h; = k < 1.
ottt

+}. If t > ¢ then t(1 — k) < 0, a

(F3) : Let t,t' > 0 be and F(t,t,0,0,t,t') =t — kmax{t,S, 3
contradiction. Hence ¢ < ¢/ which implies ¢t < hot’, where 0 < ho = k < 1.
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4. General fixed point theorem

Definition 4.1. Let f and g be self maps of a nonempty set X. If w = fx = gz for some x € X, then z is
called a coincidence point of f and g and w is called a point of coincidence of f and g.

Lemma 4.2 ([1]). Let f and g be weakly compatible self mappings of nonempty set X. If f and g have a
unique point of coincidence w = fx = gx, then w is the unique common fixed point of f and g.

Lemma 4.3. Let (X,G) be a G - metric space and f,g: (X,G) — (X,G) two functions such that

F(G(fx, fy, fy),G(g9z, 9y, 9y),G(gz, fz, fx), G(gy, [y, fy), (41)
G(gz, fy, fy), G(gy, fr, fz)) <0 '

for all x,y € X and F satisfying property (F3). Then, f and g have at most a point of coincidence.

Proof. Suppose that u = fp = gp and v = fq = gq. Then by (4.1) we have

F(G(fq, fp, fp), G(9q, 9p, 9p), G(94, fq, fa), G(gp, fp, fp),
G(gq, fp, fp),G(gp, fa, fq)) <0,

F(G(gq, 9, 9p), G(94, 9p, 9P), 0,0, G (94, 9p, 9p), G(94, gp, gp)) < 0
which implies by (F3) that
G(99, 9p, 9p) < haG(gp, 94, 99)-
Similarly, we obtain that
G(9p, 99, 99) < h2G(94, gp, gp)
which implies that G(gq, gp, gp)(1 — h3) < 0. Hence G(gq,gp,gp) = 0, i.e. gq = gp. Therefore u = fp =
gp=9q9=fqg=v. O

Theorem 4.4. Let (X,G) be a G - metric space and f,g: (X,G) — (X, G) satisfying inequality (4.1) for
all z,y € X, where F € §g. If f(X) C g(X) and g(X) is a G - complete metric subspace of (X,G), then f
and g have a unique point of coincidence. Moreover, if f and g are weakly compatible, then f and g have a
unique common fized point.

Proof. Let x¢ be an arbitrary point of X and xz; € X such that fxg = gx;. This can be done since
f(X) C ¢g(X). Continuing this process, having chosen x,, in X, we obtain x,11 such that fz, = gx,i1.
Then, by (4.1) we have successively

F(G(f-%nfb fxna fajn)a G(gxnfla gTn, gl‘n), G(gl'nfla fxnfla fxnfl)a
G(gxny fxnv fxn)v G(gmn—lv fxna f:l:n)7 G(gmn, fg:n—lv fxn—l)) < 07

F(G(gxrm 9Tn+1, 933n+1), G(gxn—lv 9T, gxn)’ G(gxn—lv 9Zn, gxn)7
G(gxnygl‘n+1)gxn+l); G(g$n7179$n+179$n+1),0) S O
By (F1) and (G5) we obtain

F(G(92n, 9Tn+1, 9%nt1), G(gTn—1, 9Tn, 9%n), G(gTn—1, 9Tn, §Tn),
G(gxn, 9Tn+1, gmn+1)7 G(gxn—la gZTn, gxn) + G(gwmgwn—i-l:gxn-l-l)a 0) <0.

By (F3) we obtain
G(.qungTH-lagxn"‘l) S hlG(gJ}n_l,g.Tfn,gl'n) (42)

Continuing the above process we obtain

G(9n, 9Tnt1, 9Tn+1) < WY G(gxo, 921, g21). (4.3)
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Then for m > n

G(gﬂim 9Tm, gxm) < G(gxnv 9Tn+1, gmn-&-l) + G(gxn-i-l)gxn-i-%gxn-i-?) +
+...+ G(gxm—h 9Tm, gmm)
(R + h’f“ + .+ hT_l)G(gxg, gx1,9x1)

1
1—h
which implies that G(gxn, 9Tm, gTm) — 0 as n,m — oo.

Hence, (gz,) is a G - Cauchy sequence. Since g(X) is G - complete, there exists a point ¢ in g(X) such
that gx, — q as n — oo. Consequently, we can find a point p € X such that gp = q. We prove that fp = gp.

By (4.1) we have successively

IN

< G(gxo, g1, 921)

F(G(f.’lfn_l,gp, gp)7 G(gfrn—hgp; gp)7 G(gxn—la f‘rn—la fxn—l)a
G(gp7 fp7 fp)a G(gl'nfla fp7 fp)7 G(gpa fxnfla f:Enfl)) < 07

F(G(9xn, fp, [P), G(9Zn—1, 9D, 9P), G(9Zn—1, 9Zn, gTn),
G(gp, fp, fp), G(92n—1, [, D), G(9p, 9Zn, g2n)) < 0.

Letting n tend to infinity, we obtain

F(G(gp, fp, fp),0,0,G(gp, fp, fp), G(gp, P, fP),0) <O0.

By (Fy) it follows that G(gp, fp, fp) = 0 which implies gp = fp. Hence w = fp = gp is a point of
coincidence of f and g. By Lemma 4.3, w is the unique point of coincidence. Moreover, if f and g are
weakly compatible, by Lemma 4.2, w is the unique common fixed point of f and g. O

Remark 4.5. 1) By Example with d = e = 0 and Theorem we obtain a partial result from
Theorem 2.3 [1].

2) By Example |3.2| for b = ¢ = d = e = 0 we obtain Theorem 2.1 [13].

3) By Example for b = ¢ = 2 and Theorem |4.4] we obtain a partial result from Theorem 2.6 [1].

1
4) By Example for h € [O, 2) we obtain a partial result of Theorems 2.4, 2.5 [I] which is a form

of Ciric result [7] in G - metric space.
5) By Examples - we obtain new results.

5. Well posedness problem of fixed point for two mappings in G - metric spaces

Definition 5.1. Let (X,G) be a metric space and f : (X,d) — (X,d) be a mapping. The fixed point
problem f is said to be well posed [§] if

1) f has a unique fixed point zg € X,

2) for any sequence (z,) € X with lim,,_,~ d(xy, fx,) = 0 we have

nh_)ngo d(xy, z9) = 0.

Definition 5.2. A function F : Rg — R have property (F}) if for u,v,w > 0 and F(u,v,0,w,u,v) <0,
there exists p € (0,1) such that u < pmax{v, w}.

Example 5.3. F(ty,...,ts) = t1 — ate — btz — ct4 — dt5 — etg, as in Example
Let u,v,w > 0 be and F(u,v,0,w,u,v) = u — av — cw — du — ev < 0 which implies u < pmax{v,w},

where0<p:al+7€;€<1.
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1
Example 5.4. F(ti,...,tg) = t; — kmax{ty,...,ts}, where k € [0, 2).
Let u,v,w > 0 be and F(u,v,0,w,u,v) =u — kmax{v,w} < 0. If u > max{v, w}, then u(1 — k) <0, a

contradiction. Hence u < max{v,w} which implies u < pmax{v,w}, where 0 < p =k < 1.

ts + tg

Example 5.5. F(ty,...,t5) = t1 — kmax {tg,tg,t4, , where k € [0,1).

1
Let u,v,w > 0 be and F(u,v,0,w,u,v) = u—k max {fu,w,Q(u—i—v)}. If u > max{v, w}, then u > u—2|—v7

which implies u(1 — k) < 0, a contradiction, hence v < max{v,w} which implies v < pmax{v,w}, where
O<p=k<1.

Example 5.6. F(t,...,ts) = t2 — t3 (ata + btz + cty) — dtstg, where a,b,c,d >0and 0 < a+b+c+d < 1.
Let u,v,w > 0 be and F(u,v,0,w,u,v) = u? — u(av + cw) — duv < 0. If u > 0, then u < pmax{v,w},
where 0 <p=a+c+d<1. If u=0, then u < pmax{v, w}.

t3+1t4 t5 + 16
2 72

Example 5.7. F(ty,...,t¢) = t1 — kmax {tg, }, where k € [0, 1).

Let u,v,w > 0 be and F(u,v,0,w,u,v) = u—k max {U, %, Y ; U} which implies u—k max {v,

IN

w u+v
27 2 }
0. If v > max{v,w}, then u(l — k) < 0, a contradiction. Hence u < max{v,w} which implies u <
pmax{v,w}, where 0 < p=Fk < 1.

t3t3 + t2t2
1+to+t3+1y

2,2
uv
Let u,v,w > 0 be and F(u,v,0,w,u,v) = u’ —

Example 5.8. F(ty,....t5) =t —c , where ¢ € [0,1).

07§O.Ifu>0,thenu§cviv <cv <
1+v+w 1+v+w
pmax{v,w}, where 0 < p=c < 1. If u =0, then v < pmax{v,w}.

t5t
Example 5.9. F(ty,....t5) =t? —at? —c 526 5, where a > 0 and a + ¢ < 1.
1+ 624143
Let u,v,w > 0 be and F(u,v,0,w,u,v) = u?—c Y <0 which implies u? — av? — cuv < 0. Let v > 0,

14+0v2 —
then f(t) = t> —ct —a , where t = Y. Then f(0) < 0 and f(1) > 0 and hence there exists p € (0,1) such
v
that f(t) <0 for t < p. Hence u < pv < pmax{v,w}. If v =0, then v =0 and v < pmax{v,w}.

Example 5.10. F(ty,...,tg) = t1 — ato — cmax {2t4,t5 + tg}, where 0 < a + 2¢ < 1.
Let u,v,w > 0 be and F'(u,v,0,w,u,v) = u—av—cmax{2w,u+v}. If u > max{v, w} then u(l—a—2c) <0,
a contradiction. Hence v < max{v,w} which implies v < pmax{v,w}, where 0 < p=a+2c < 1.

Example 5.11. F(ty,...,t5) = t1 —aty — bts — cmax {t4 + t5,2tg} < 0, where 0 < p = a+ 3¢ < 1. The proof
is similar to the proof of Example 5.8.

Example 5.12. F(ty,...,tg) = t; — cmax {2, t3, \/Tals, V/I5t6 }, where ¢ € [0, 1).

Let u,v,w > 0 be and F(u,v,0,w,u,v) = u — cmax{v, yow,Juv} < 0. If u > max{v,w} then
u(1 —¢) <0, a contradiction. Hence v < max{v, w} which implies v < pmax{v,w}, where 0 < p=rc < 1.
2t tg 2t ts 1 t

it 6 at 5 5t % , where k € [0,1).

3 3 3
2w4v 2w u+v

3 737 3
then u(l — k) < 0, a contradiction. Hence u < max{v,w} which implies u < pmax{v,w}, where 0
<p=k<1l

Example 5.13. F(tl, ...,tﬁ) =1 — k max {tz,tg,t4,

Let u,v,w > 0 be and F(u,v,0,w,u,v) :u—kmax{v,w, } < 0. If u > max{v, w}
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Definition 5.14. Let (X, G) be a G - metric space and f,g: (X,G) — (X,G). The common fixed problem
of f and g is said to be well posed if:

1) f and g have a unique common fixed point,

2) for any sequence (x,) in X with

lim G(zp, frn, fxn) =0
n—oo

and
lim G(zy,9Tn, gxs) =0,
n—oo

then

lim G(z,xn,z,) = 0.
n—oo

Theorem 5.15. Let (X, G) be a symmetric G - metric space. For mappings f,g: (X,G) — (X, G) satisfying
Theoremn 4.4 and F' having property (Fy), the fized point problem of f and g is well posed.

Proof. By Theorem |4.4] f and g have a unique common fixed point x. Let (x,) be a sequence in (X, G) such
that limy, e G(Zn, f2n, fon) = 0 and lim,, oo G(2n, gZn, gzn) = 0. By (4.1) we have successively

F(G(f.%', fmna fwn)y G(gxmg-rn?g-:vn)v G(ng f.’IJ, fi(f),
G(gﬂfm fﬂjna f$n)7 G(gx7 fﬂ?n, fxn)7 G(giUn, fx7 f.’lj)) S 07

F(G(l’, fmm fmn)a G(ﬂ:,gxn,gmn), 0, G(gxna fl'na fxn)7
G(z, fzn, fr,), G(g2n, z,2)) < 0.

Since G is a symmetric G - metric, G(gz,, z,x) = G(z, gTp, gr,) and

F(G(i{}, fxn7 fx’n)v G(-’L’,gxn,gl'n), 07 G(gxﬂm fxny fxn)a
G(I‘, fxn7 fxn)u G(ﬂf, gx’fm gSUn)) S O

By (F)) we have

Gz, frn, frn) < pmax{G(z,gTn,gTn), G(9Zn, fTn, frn)}
< p(G(z,9%n, g2n) + G(gTn, fTn, fTn)).

Then by (G5) and the fact that (X, G) is a symmetric G - metric space we have
Gz, zn,xn) < Gz, frn, fr,) + G(frn, Tn, Tn)
< p(G(x,9Tn, 97n) + G(gTn, [Tn, fTn)) + G(fTn, Tn, Tn)
< p(G(z, 2, ) + G(Tn, gTn, gn) + G(9Tn, Ty ) +
+G(Tn, fan, frn)) + G(frn, Tn, Tn)
= p(G(x,xn,xn) + 2G(xn, g0, gx,) +
+G(xn, fan, fr,)) + G(fxn, Tn, Tn)-
Hence G(x, zp, xpn) < ];j (Tny fXn,y f2n)+ 127pG(a:n, 9Tn, gTy). Letting n tend to infinity we obtain
lim,, 00 G(x, Ty, zp) = 0. Herllpce the common fixed poli)nt problem of f and g is well posed. O

Remark 5.16. By Theorem [4.4] and Examples [5.3] - we obtain new results.
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