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Abstract

In this paper, first we convert the non-linear matrix Lyapunov system into a Kronecker product matrix
system with the help of Kronecker product of matrices. Then, we obtain sufficient conditions for W-
asymptotic stability and W-uniform stability of the trivial solutions of the corresponding Kronecker product
system.(©2012 NGA. All rights reserved.
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1. Introduction

The importance of Matrix Lyapunov systems, which arise in a number of areas of control engineering
problems, dynamical systems, and feedback systems are well known. In this paper we focus our attention
to the first order non-linear matrix Lyapunov systems of the form

X'(t)=A@t)X(t) + X(t)B(t) + F(t, X (1)), (1.1)

where A(t), B(t) are square matrices of order n, whose elements a;j, b;;, are real valued continuous functions
of ¢t on the interval Ry = [0,00), and F(t,X(¢)) is a continuous square matrix of order n defined on
(R4 x R™™™) such that F'(t,0) = O, where R"*" denote the space of all n x n real valued matrices.
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Akinyele [1] introduced the notion of W-stability, and this concept was extended to solutions of ordinary
differential equations by Constantin [2]. Later Morchalo [6] introduced the concepts of ¥-(uniform) stability,
W-asymptotic stability of trivial solutions of linear and non-linear systems of differential equations. Further,
these concepts are extended to non-linear volterra integro-differential equations by Diamandescu [[3], [4]].
Recently, Murty and Suresh Kumar [[7], [8]] extended the concepts of ¥-boundedness, ¥-stability and W-
instability to matrix Lyapunov systems.

The purpose of our paper is to provide sufficient conditions for W-asymptotic and W-uniform stability of
trivial solutions of the Kronecker product system associated with the non-linear matrix Lyapunov system
(1.1). Here, we extend the concept of W-stability in [7] to W-asymptotic stability for matrix Lyapunov
systems.

The paper is well organized as follows. In section [2| we present some basic definitions and notations
relating to W-(uniform) stability, ¥-asymptotic stability and Kronecker products. First, we convert the non-
linear matrix Lyapunov system into an equivalent Kronecker product system and obtain its general
solution. In section we obtain sufficient conditions for W- asymptotic stability of trivial solutions of
the corresponding linear Kronecker product system. In section [ we study W-asymptotic stability and
W-uniform stability of trivial solutions of non-linear Kronecker product system. The main results of this
paper are illustrated with suitable examples.

This paper extends some of the results of W-asymptotic stability of trivial solutions of linear equations
(Theorem 1 and Theorem 2)in Diamandescu [4] to matrix Lyapunov systems.

2. Preliminaries

In this section we present some basic definitions and results which are useful for later discussion.
Let R™ be the Euclidean n-dimensional space. Elements in this space are column vectors, denoted by
u = (ug,ua,...uy)" (T denotes transpose) and their norm defined by

[ull = max{[uil, [uz], ... [un|}.
For a n x n real matrix, we define the norm

Al = sup [|Az|.
<1

Let Uy : Ry — (0,00), k=1,2,...n, ...n% be continuous functions, and let
U= diag[‘lll, \112, ce \I/n2]
Then the matrix ¥(¢) is an invertible square matrix of order n? for each t > 0.

Definition 2.1. [5] Let A € R™*" and B € RP*? then the Kronecker product of A and B written A ® B
is defined to be the partitioned matrix

a11B algB e alnB
A ® B = ang CLQQB e agnB
(LmlB CLmQB e (lmnB

is an mp X ng matrix and is in R™P*"4,
Definition 2.2. [5] Let A = [a;;] € R™*", we denote

Aq aij
. As azj
A=VecA=| . | ,whereA;=| . | (1< j< n).

Ay Amyj
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Regarding properties and rules for Kronecker product of matrices we refer to Graham [5].
Now by applying the Vec operator to the non-linear matrix Lyapunov system (|1.1)) and using the above
properties, we have

X'(t) = H(t)X (t) + G(t, X (1)), (2.1)

where H(t) = (BT @ I,,) + (I, ® A) is a n? x n? matrix and G(t, X (t)) = VecF(t, X (t)) is a column matrix
of order n?.
The corresponding linear homogeneous system of (2.1)) is

X'(t)=Ht)X(). (2.2)

Definition 2.3. The trivial solution of (| is said to be W-stable on R+ if for every € > 0 and every
to in Ry, there exists § = d(e,tg) > 0 such that any solution X ) of ( which satisfies the inequality
| (t0) X (t0)|| < 6, also satisfies the inequality || (¢)X (¢)|| < € for all t> to

Definition 2.4. The trivial solution of (2.1)) is said to be ¥-uniformly stable on Ry, if §(e,tp) in Defini-
tion [2.3] can be chosen independent of tg.

Definition 2.5. The trivial solution of ( is said to be W¥-asymptotically stable on R, if it is WU-stable
on R, and in addition, for any tg € R+, there exists a 09 = dg(tp) > 0 such that any solution X ) of -
which satisfies the inequality || ¥ (o)X (to)| < do, satisfies the condition hm U(t)X(t) = 0.

The following example illustrates the difference between the W-stability and W-asymptotic stability.

Example 2.1. Consider the non-linear matrix Lyapunov system (1.1]) with

ao=[ =0 ] =] 5 0] wd

21
F(t,X(t) = Ht(;:igm) —e'ry — 5 + 2
EXW) = | by .. |
@7 — 2txz —x3 xyseclt —mwytant — 2txy — e'xs
Then the solution of (2.1) is
1
(t+1)VE2—1
X(t) = ;
e
—cost
t
Consider
t+1 0 0 0
0 et 0 0
w(t) = 0 0 et 0
0 0 0 ¢
for all £ > 0, we have
1
21
vOXW=|
—cost

It is easily seen from the Definitions and the trivial solution of the system (2.1]) is W-stable on R,
but, it is not W-asymptotically stable on R,.
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Lemma 2.1. Let Y (t) and Z(t) be the fundamental matrices for the systems
X'(t) = A()X (1), (23
and
[XT(@) =BT ()X (1) (2.4)

respectively. Then the matriz Z(t) @ Y (t) is a fundamental matriz of (2.2) and every solution of (2.2)) is of
the form X (t) = (Z(t) @ Y (t))c, where c is a n?-column vector.

Proof. For proof, we refer to Lemma 1 of [7]. O

Theorem 2.1. Let Y (t) and Z(t) be the Jundamental matrices for the systems ( and ., then any
solution of (2.1] ., satisfying the initial condition X(to) Xo, s given by

X(t) = (Z() @ Y (£))(Z ' (to) ® Y} (t0)) Xo
t

+ /(Z(t) QY (t)(Z s)® Y_l(s))G(s,X(s))ds. (2.5)

to

Proof First, we show that any solution of (2.1)) is of the form
X(t) = (Z(t) @Y (t))e+ X (t), where X (¢ ) is a partlcular solution of (2.1)) and is given by

X () = /(Z(t) RY(1)(Z7(s) @ Y L(s))G(s, X (5))ds.

~

Y(tg))e = Xo, ¢ = (Z71(to) ® Y"1 (t0))Xo. Let u(t) be

Here we observe that, X(to) = (Z(to)
= u(t) — X(t), then w satisfies (2.2), hence w = (Z(t) @ Y (t))c,

any other solution of ., write w(t)
ult) = (Z(t) 9 Y (D)e+ X (1),

Next, we consider the Vector X(t) = (Z(t)®Y(t))v(t), where v(t) is an arbitrary vector to be determined,
so as to satisfy equation (2.1). Consider

X'(t) = (Z(t)® ())’v(t)+(Z(t)®Y(t))v’(t)

= H(t)X(t) + G(t, X () = H{)(Z(t) @ Y (1)o(t) + (Z(1) ® Y(£))v'(t)
= (Z(t) @ Y (1))v'(t ) G(t, X (1))
=o'(t) = (Z () @Y ()Gt X (1))

=(t) = / (Z71(s) @ Y~1(5))G(s, X (5))ds.

to

Hence the desired expression follows immediately. O

3. ¥-asymptotic stability of linear systems
In this section we study the W-asymptotic stability of trivial solutions of linear system ([2.2)).

Theorem 3.1. Let Y (t) and Z(t) be the fundamental matrices of (2.3) and (2.4)). Then the trivial solution
of (2.2) is U-asymptotically stable on R if and only if tlim U(t)(Z(t)®Y(t) =0.
—00
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Proof. The solution of (2.2) with the initial point at tg > 0 is
Xt)=(Z(t) ® Y(t))(Z_l(to) @ Y Ntg)) X (to), for ¢ > 0.

First, we suppose that the trivial solution of ( is U-asymptotically stable on R;. Then, the trivial
solumon of (2.2) is U-stable on R and for any to € R+, there exists a dp = §(tp) > 0 such that any solution
t) of . Wthh satisfies the inequality || ¥ (t0)X (t0)|| < do, and satisfies the condition hm U)X (t) = 0.

The}"efore, for any € > 0 and tg > 0, there exists a §g > 0 such that
|1 (t0) X (t0)|| < do and also satisfies

W) Z(t) @Y (E))(Z Hto) @ Y L(to)) U™ to)W(to) X (to)|| < e for all t > ty,.

Let v € R be such that ||v]| < 1. For X (t) = %O\Il_l(tg)v, we have
|W(to) X (to)|| < o and hence,
(@) (Z () @ Y ())(Z7 (to) ® Y_l(to)%o‘l’_l(to)vll <e
= [[WE(Z() @Y (0)(Z7 (to) ® Y ™ (t0) ¥ (to) || < ?S
2e
(Z=H(to) @ Y= (t0)) U~ (to) |

= [¥@O(Z(H) @YD) < 5
0

for ¢t > tc4,. Therfore, 1tlim U(t)(Z(t)®Y(t) =0.
— 00
Conversely, suppose that lim U (t)(Z(t) @ Y(t)) = 0. Then, there exists M > 0 such that |¥(¢)(Z(t) ®

Y (t))] < M for t > 0. From () of Theorem 3 [7], it follows that the trivial solution of ([2.2]) is W-stable on
R.. For any X(t;) € R”, we have

Jim (X (1) = lim W(0)(Z(1) @ Y ()2 (to) @ Y (10)) X (t0) = 0.
Thus, the trivial solution of (2.2]) is W-asymptotically stable on R . O

The above Theorem [3.1] is illustrated by the following example.
Example 3.1. Consider the linear homogeneous matrix Lyapunov system corresponding to (|1.1)) with

1 -
- 0 1 0
a0 O] so=]5 5]
0 = | 0 -2
Then the fundamental matrices of (2.3)), (2.4) are
t+1 0 | et 0
v - | ]ozo={g ]
0 m ] O e 2t
Now the fundamental matrix of (2.2)) is
(t+1) 0 0 0
0 e 0 0
— 1
20 ¥l 0 0 (t+1e 0
—2t
0 0 0 e
Consider o
w00 o0
0 £ 0 0
\I/(t) = il 2t
0 0 (til)2 (z)t
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for all £ > 0, we have

et 0 0 0
0 1 0 0
(t+1)2
)zt oY) =| 0 A 0
0 0 0 L

(ST

(t+1)
It is easily seen from Theorem , the system ([2.2) is W-asymptotically stable on R .

Remark 3.1. P-asymptotic stability need not imply classical asymptotic stability.
The Remark [3.1] is illustrated by the following example.

Example 3.2. Consider the linear homogeneous matrix Lyapunov system corresponding to (|1.1]) with

A(t)_“ _11], B(t)_[_ol _01]

Then the fundamental matrices of (2.3)), (2.4) are

etsint elcost et 0
Yt) = [ —eltcost elsint ] , 2(t) = [ 0 et |

Now the fundamental matrix of (2.2)) is

sint cost 0 0

—cost sint 0 0
2t @Y(t) = 0 0 sint cost
0 0 —cost sint

Clearly the system (12.2)) is stable, but it is not asymptotically stable on R, . Consider

1
1o 0 00
0 0 0
0 0 t+1 (1)
0 0 0 t+1
for all £ > 0, we have
sint cost 0 0
t+1 t+1
_coslt ?7nlt 0 0
VO(ZHeY®)=| o ) st cost
Vi+1 Vi+1
0 0 ___cost sint
Vit+1 Vit+1

Thus, from Theorem the system (2.2)) is U-asymptotically stable on R.

Theorem 3.2. Let Y (t),Z(t) be the fundamental matrices of (2.2)), (2.4)). If there exists a continuous
o0

function ¢ : Ry — (0,00) such that | ¢(s)ds = oo, and a positive constant N satisfying
0

/Ot o)) Z() @Y () (Z 7 (s) @Y 1(s)) T (s)|ds < N, forall t>0

then, the linear system (2.2) is W-asymptotically stable on R .
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Proof. Let b(t) = |U(t)(Z(t) ® Y(t))|~! for t > 0. From the identity

(/Ot @(s)b(s) ds) U()(Z(t) @Y (1))

= /0 S(s)P()(Z(H) @Y (1)) (Z7H(s) @Y ()W (s)U(s)(Z(s) @ Y (5))b(s) ds,

it follows that

/¢ $)ds ) [T(D)(Z(1) @ Y (1))

< /0 S(s)U()(Z() @Y (1))(Z7H(s) @Y ()T (s)[[¥(s)(Z(s) ® Y (5))b(s) ds
Thus, the scalar function a(t fo s)ds satisfies the inequality
a(t)b_l(t) <N, for t>0.
We have a/(t) = ¢(t)b(t) > N~1¢(t)a(t) for t > 0. It follows that

— t
a(t) > a(ty)e Tt for >4 >0

and hence e
T()(Z(1) @Y (1) =b7' () < Na ' (t)e ™ Ta?O® fort >4, > 0.

Since |¥(t)(Z(t) ® Y (t))| is a continuous function on the compact interval [0,¢;], there exibts a positive
constant M such that |¥(¢)(Z(t) @ Y (t))| < M for ¢t > 0. Therefore, the trivial solution of ([2.2)) is W-stable
on R4, and also from

/(Z) )ds = oo, it follws that tli)m V() (Z(t)®Y(t)) =0.
(o]
0

Hence by using Theorem system ([2.2)) is W-asymptotically stable. O

4. ¥-asymptotic stability of non-linear systems

In this section we obtain sufficient conditions for W-asymptotic stability and W-uniform stability of trivial
solutions of non-linear system (2.1J).

Theorem 4.1. Suppose that
(i) The fundamental matrices Y (t) and Z(t) of ([2-3), (2.4) are satisfying the condition

/Ot H(S) U Z(E) @Y () Z1(s) @Y L(s)) W (s)|ds < N, forallt>0

where N is a positive constant and ¢ is a continuous positive function on Ry such that fooo ¢(s)ds = oco.
(ii) The function G satisfies the condition

G X ()] < alt)[E )X (@)

. . g} 2 . . .
for every vector valued continuous function X : Ry — R™, where a is a continuous non-negative
function on Ry such that

a(t)

1
g=sup —= < —.
>0 ¢(t) N
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Then, the trivial solution of equation (2.1|) is V-asymptotically stable on R .

Proof. From the first assumption of the theorem, Theorems [3.1] and we have

lim [W(t)(Z(t) @ Y(t))| =0,

t—00

hence there exists a positive constant M such that
[U(t)(Z(t)@Y(t)| < M, forall t>0.

From the second assumption of the theorem, we have

For a given ¢ > 0 and typ > 0, we choose § = min{e, M‘(Z_l(to)(é;q_]\lfzfo))q/_l(to)‘}' Let X, € R™ such that

1% (t0) Xo)|| < 6.
For 7 > tg and t € [to, 7]. Consider

Ie@OX @) < [1E)(Z(H) @Y ([E)(Z (to) @Y (t)) T (o) ¥(t0) X (to)

+ [0 8 YO)Z7 6 Y ) WE6E )
< W20 © Y ()2 ko) © Y (10) ¥ (1) || W (t0) o]
+ [ e@lroEn s YO 2 @ ey e HI5)

< MU(Z7H(to) ® Y ™ (t0)) ™" (t0) |6 + Ng sup 1) X ()]

1% ()X (s) | ds

Therefore,

Jsup WX < (1~ No) T MIZ7 (1) @Y 1) ¥ (t)}3 < e

It follows that the trivial solution of equation (2.1 is W-stable on Ry. To prove, the trivial solution of

(2.1) is W-asymptotically stable, we must show further that 1tlim ()X ()] = 0.
—00

A~

Suppose that tlim sup [|¥(¢) X (¢))] = A > 0. Let 6 be such that gN < 6 < 1, then there exists t; > tg
—00
such that || ¥ (¢) X (t)|| < % for all t > t1. Thus for ¢t > t1, we have

@)X @) < [w(O(Z(1) @ YO))I(Z7(to) ® Y (to) ¥ (t0)l1¥ (t0) X (o)

t

+ [ OEZO @Y E)(Z () @Y )T (s)][[W(s)G(s, X (5))|ds

to

<[ Z(t) @Y ()(Z7 (to) ® Y (to)) ¥ (t0)[6

+/ O @Y ()27 () © Y ()8 ($)]a()[ ()X (s)]|ds

to

t a(s)

)/ SO ZH) @Y O)NZHs) @Y ()T (s)|— [T ()X (s) || ds

P(s)
<[ (Z(t) @Y ()I(Z (to) Y~ (t0)) ¥ (t0)[6
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+/ O @ YOIZ (5) @ Y1 ()8 (5) o)W ()X (5)ds

to
t q/\

B(s)TO(Z(E) @Y (1))(Z27(s) @Y (s) W™ (s)] - ds

<[T@)(Z) @Y () {I(Z7 (to) @ Y (t0)) ¥ (t0)0

" 1 -1 -1 % Mg
+/t (Z7(s) @Y™ (s)) 7 (s)|a(s) 1 (s) X (s)llds} + —=.
0
From tlim W (t)(Z(t) @Y (t))| =0, it follows that there exists T > 0, sufficiently large, such that
—00
_ Mqx
W) (Z(t) @Y (1)] < # for all t> T,

where
Q= [(Z" (to) @ Y1 (t0)) W™ (t0)|0

t1 ~
+/t (Z7H(s) @ Y1) ()] au(s) | W (5) X (5)||ds.
0

Thus, for t > T we have

A—Max prga

@)X @) <

It follows from the definition of

which is a contradiction. Therefore
lim [|[W(t)X ()] = 0.
t—o0

Thus, the trivial solution of (2.1)) is W-asymptotically stable on R. O

Example 4.1. Consider the non-linear matrix Lyapunov system (|L.1]) with

1 10 o iy
an=| % 5| so=] ] aa rexe) = | 0 S0
t+1 2(t+1)  6(t+1)

The fundamental matrices of (2.3)), (2.4) are

=[5 8] 0-[4 2]

et+1) 0 0 0

0 & 0 0

2(E) @Y (t) = 0 o (t+1)et 0
t
0 0 0 =
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Consider ,
(iu)? Ot 0 0
0 e~ 0 0
U(t) = _
®) 0 0 25 0

for all ¢ > 0, then we have

V(O)(ZH)@Y))(Z ()@Y H(s)) ¥ (s) = <i jrr D o

[e.e]

Taking ¢(t) = 154%1’ for all ¢ > 0. Clearly ¢(t) is continuous on Ry and [ ¢(s)ds = oo. Also
0

/t AU ZE) @Y ()N Z 7 (s) @Y L)) T (s)|ds = tL <1, forall t> 0.
0 +1

Further, the matrix G satisfies condition (ii), with a(t) =

a(t) is a continuous non-negative function

20t+1)°
on R, and satisfies
11
TTR0e 2T N

Thus, from Theorem the trivial solution of non-linear system (2.1 is
W-asymptotically stable on R .

Theorem 4.2. Let Y (t), Z(t) be the fundamental matrices of , respectively satisfying the condition
W2 @ Y ()2 (s) @ Y ()T (s) < L,

for all 0 < s <t < oo, where L is a positive number. Assume that the function G satisfies
@G X D) < a@®)[¥@X D), 0<t< o0

and for every X € R, where a(t) is a continuous non-negative function such that = fooo a(s)ds < oo.
Then, the trivial solution of (2.1)) is W-uniformly stable on R .

Proof. Let € > 0 and 0(¢) = 57e 7. For t) > 0 and Xo € R™ be such that || ¥(ty)Xo| < 8(¢), we have

e @OX @) < 1E)(Z() @Y ($)(Z 7 (to) @Y (t0)) P~ (o) ¥(t0) X (to)|

+ [ 1eOZO) @Y () (ZH(s) @Y H(s)) U (s)U(s)G(s, X (5))llds

to

< [WE(Z(1) ® Y (£)(Z (t) @ Y (1)) ¥~ (t0) ¥ (t0) Xo) |

+ [ EOEZH @Y )2 s) @Y s) T (s)[[W(s)G(s, X (5))|ds

< L)W (to) %o + L / ()| W ()X (5) | ds.

By Gronwall’s inequality

[e@)X@)| < LH‘P(to)XgHeLftto a(s)ds
< Lé(e)e™” <,

for all ¢t > to. This proves that the trivial solution of ({2.1]) is W-uniformly stable on R. O
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Example 4.2. In Example taking

1 sin(x3)
F(t,Xx(t) = | §F05 @0

t+D)2  (+1)2

Then the conditions of Theorem are satisfied with L = 1 and a(t) = —t+. Clearly, a(t) is continuous

(t+1)2
oo

non-negative function and [ a(s)ds = 1. Therefore, from Theorem the trivial solution of (2.1 is W-

0

uniformly stable on R .
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