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Abstract
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1. Introduction

In this paper we investigate the existence of positive solutions for the g-fractional boundary value prob-
lems with p-Laplacian

D (ep(Dgult))) = F(t.u(t). t € (0.1),

1 (1.1)
u(0) =0, u(l) = /0 h(t)u(t)dgt, Dgu(0) =0, Dgu(l) =bDgu(n),

where Dy, D;? are the fractional g-derivative of the Riemann-Liouville type with 1 < o, 5 <2, 0 < b < 1,
0 <n <1, pps) = |s]P~2s, 4,0;1 = pt+rt=1p>1r>1 and f € C([0,1] x RY,RF),h €
C([0,1],RT)(RT := [0, +0c0)).

Fractional differential equations can describe many phenomena in various fields of science and engineering
such as physics, mechanics, chemistry, control, engineering, etc. In recent years there are a large number
of papers dealing with the existence of solutions (or positive solutions) of nonlinear fractional differential
equations by virtue of techniques of nonlinear analysis, for example, see [2], B, 4, [5, [7, 8, 10, 1T} 12}, 13] and
the references therein.
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In [2], R. Almeida and N. Martins discussed the fractional g-difference equation

CD?[x](t) =g(t,z(t),0 <t <1,
2(0) = 70, Dy[z](0) = 1, (1.2)
( —72f0 d S,

and presented some sufficient conditions regarding the existence and uniqueness of solutions for . Their
arguments are based on fixed point theorems: Banach fixed point theorem, Krasnoselskii fixed point theorem
and Leray-Schauder alternative.

As known to all, the upper and lower solutions method is an effective tool to deal with the existence of
solutions for nonlinear differential equations, see [5] [7, 10} 11} T2]. However, to the best of our knowledge, few
results exist in the literatures devoted to investigate integral boundary conditions by applying the method.
Motivated by the above works, in this paper we apply the upper and lower solutions method as well as the
Schauder fixed point theorem to establish a new existence result of at least one positive solution for .

2. Preliminaries

Let ¢ € (0,1) and define

1—gq

lalg = — acR.
The g-analogue of the power function (a — b)™ with Ny is
n—1
(a—b=1, (a—Db)"= l_I(a—bqk)7 neN, a,beR.
k=0

More generally, if @ € R, then

(a—b)@ =g~ H a = bq"

a — bqa—i-n ’

Note that, if b = 0 then a(® = a®. The g-gamma function is defined by

_(—g®Y
Fq(l') = W, l’GR\{O,—l,—Q,},
and satisfies I'j(z + 1) = [z]I'y(x). The g-derivative of a function f is here defined by
D)) = LD (1) 0) = im0, )0,

and g-derivatives of higher order by

(DYf)(@) = f(x) and (D} f)(x) = Dy(D}~'f)(a), neN.

The g-integral of a function f defined in the interval [0, b] is given by

= /: ft)dgt =x(1 —q) Z Flg™)g, € [0,b].
n=0

If a € [0,0] and f is defined in the interval [0, b], its integral from a to b is defined by

/abf(t)dqt = /Obf(t)dqt - /0 F(t)dyt
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Similarly as done for derivatives, an operator Ij can be defined, i.e.,

(10f)(@) = fa) and (7)) = LU f)a), neN.

The fundamental theorem of calculus applies to these operators I, and Dy, i.e.,

(Dylyf)(x) = f(2),

and if f is continuous at x = 0, then

(LgDgf)(x) = f(x) — f(0).

Basic properties of the two operators can be found in the book [6]. We now point out three formulas that
will be used later (;D, denotes the derivative with respect to variable 7)

at — )] = a (¢ ),
tD (t =)' = [a]y(t —5) Y, (2.1)
/fxtdt / Dy f(x,t)dgt + f(qz, x).

We note that if @ > 0 and a < b < t, then (t — a)® > (t — b)(® (see [3]). The following definition was
considered first in [IJ.

Definition 2.1. Let a > 0 and f be a function defined on [0, 1]. The fractional g-integral of the Riemann-
Liouville type is (19 f)(z) = f(z) and
1 x
I0)@) = o | =)@Vt 0> 0,2 € 0.1
Ly(a) Jo

Definition 2.2. (see [9]) The fractional g-derivative of the Riemann-Liouville type of order a > 0 is defined
by (DOf)(x) = f(x) and
(Dg f)(x) = (D" f)(x), a>0,

where m is the smallest integer greater than or equal to «.

Next, we list some properties that are already known in the literature. Its proof can be found in [I}, [9].

Lemma 2.3. Let a, 3 > 0 and f be a function defined on [0,1]. Then the next formulas hold:
(i) (I I3 f)(x) = (137 f) (@),
(ii) (DgIg f)(@) = f(x).

Lemma 2.4. (see [3]) Let « > 0 and p be a positive integer. Then the following equality holds:

p—1 a—p+k

(D40 @) = (DY@ =X f i o=y s)

(DE£)(0).

Throughout this paper we always assume that the following condition holds:
(H1) 5 :=1— [ h(£)t* 'dyt > 0.

Lemma 2.5. Suppose that (H1) holds. Lety € C[0,1] and 1 < a < 2. Then

Du(t) + y(t) = 0,¢ € (0,1),

1 2.2
w(0) = 0, u(1) = /O h(E)u(t)d,t, (22)
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s equivalent to
1
u(t) :/0 G(t,qs)y(s)dys,

where
a—1

G(t,s) =g(t,s) + -

/ h(t)g(t,5)dgt,
0

g(t, S) _ {Et(l — s))(a—l) _ (t _ S)(a—1)7 0<s<t<l,

Ly(a) | (t(1 = s))e D), 0<t<s<l.

Proof. By Lemma [2.4] we have
u(t) = —I7y(t) + ct®t 4 ept® 2 c1,c0 €R.
From u(0) = 0 we obtain ¢o = 0. Consequently,

t t* (a—l)
u(t) = —Igy(t) + et = —/0 (Fq‘z)a)y(s)dqs + et L
q

Hence u(1) = fol h(t)u(t)d,t implies that

B 1 1 (1 _ qs)(a—l)
c1 —/0 h(t)u(t)dqt—i—/o Wy(s)dqs,

and

_ [ft—g)eY ot (M= gD e [
u(t)——/o Wy(s)dqs+t 1/0 Wy(s)dqs—}—t 1/0 h(t)u(t)dyt

| . (2.3)
— [ attasiy(e)d,s -2 [ bty
0 0
Multiplying h(t) on both sides of (2.3) and integrating over [0, 1], we find
1 1 1 1 1
/ h(t)u(t)dst = / h(t)/ g(t,gs)y(s)dgsdqt —I—/ h(t)ta_ldqt/ h(t)u(t)dgt.
0 0 0 0 0
By (H1) we have
1 1 1
| ottt = [ n) [t aouedasdt.
0 K Jo 0
Combining this with (2.3]) we obtain
1 a—1 1 1
u(t) = /0 g(t,qs)y(s)dgs + - /0 h(t)/o g(t,qs)y(s)dgsdgyt
1
= /0 G(t,qs)y(s)dys.
This completes the proof. O
Lemma 2.6. Suppose that (H1) holds. Lety € C[0,1], 1 <a,<2,0<b<1,0<n<1. Then
D (gp(Dgu(t)) = y(t), t € (0,1),
(2.4)

1
u(0) =0, u(l) = /0 h(t)u(t)dst, Dgu(0) =0, Dyu(l) = bDgu(n),
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s equivalent to

u(t):/ (t,4s)s (/quT )d

pp= 1Pt
Wm(n’ s),

where
H(t,s) =m(t,s) +

<1,
<1.

t
m(t,s) =
s

<
<

Le(B) | (1 = )71,

1 {(tu—s))(ﬁl)—(t—s)(ﬁl), 0<s

Proof. By Lemma [2.4] we have
op(Dgu(t)) = Iqﬁy(t) + e3tP ™t egtP 2, 3,4 €R.
From Dgu(0) = 0 we obtain ¢4 = 0. Consequently,

Lt —gs)P7Y

ep(Dgu(t)) = Iqﬁy(t) +estP Tl = / y(s)dys + cat? 1.
0

e
By we obtain
L1 —gs)B-D
euDgu(n) = [ Iy + e
M (p— gs)B—1D
euDgutn) = [ Oy
and

11— gs)B-D) — gs)B-D
/0 (Sl L) ket qu)ﬁ) y(s)dgs +c3 = b /077 —gs)7 qu;) y(s)dys + cabP Iy
q q

Hence
— gs)(B-1) 1 (1—gs)B-D
= [ e [ T e
As a result,
. B t(t — gs)B-D) 1 (1 —gs)B=1
oDyl = [ S uades =7 [ e
n— qs)B=1
4 A1l / 1—bp T (/B)y(s)dqs
_ [T QS)(ﬁ Y (t(1 — gs))P~V (1 —gs)) Y
= [} v [ O o+ [T
b (1 —gs)) (n—q5)°)
-} a g + 70 [ e
1 pp—146-1
= —/0 m(t,qs)y(s)dgs — l—bp T 1/ m(n,qs)y
1
= —/0 H(t,qs)y(s)dgs.
Consequently,

1
Dou(t) + o, ( [ qs)y(s)dqs) _o,
1
u(0) = 0,u(1) :/0 h(t)u(t)dqt.
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Combining this with Lemma [2.5, we have

u(t) = /O Gt as)on ( /0 1 H(s,qT)y(T)qu> dys.

This completes the proof. O

Lemma 2.7. G(t,s) and H(t,s) defined above have the following properties:
(i) G, H are continuous on [0, 1] x [0,1] and G(t,qs) >0, H(t,qs) > 0 for all t,s € [0, 1],
(ii) for any t,s € [0,1],

o1(gs)1o! < G(t,gs) < oa(gs)to Y,

where
(1—gs)@b

1 1
o1(gs) = 1/0 h(t)g(t,qs)dqt, o2(qs) = ’1€/0 h(t)g(t, gs)dqt + T,(a)

KR

Lemma 2.8. (see [11, Lemma 2.8]) Let u € C[0,1] satisfy u(0) =0, u(1) = ¢,(b)u(n) and Dgu(t) >0 for
allt € (0,1). Then u(t) <0 fort € [0,1].

Let B := {ulu, pp(Dgu) € C?[0,1]}. Now we introduce the following definitions about the upper and
lower solutions for (|1.1)).

Definition 2.9. A function ¢ is called a lower solution for (L.1)), if ¢ € E satisfies
DE{p(DEO(0) < F(1,6(), t € (0,1),
o0 <0, 9(1) < [ Mo, DO0) 0. Do(1) = D50
Definition 2.10. A function ¢ is called an upper solution for (L.1)), if ¢ € E satisfies
D p(DE (1)) > F(t,6(1)), 1 € (0,1),
6020, () > [ B, D) < 0, DU < DGV,

Define A: FE —- F

(Au)(t) = /01 G(t,qs)er (/01 H(S&T)f(T:U(T))%T) dqs.

Then, by Lemma we obtain that the existence of solutions for (|1.1)) is equivalent to the existence of fixed
points for the operator A. Furthermore, the continuity G, H and f enables us to prove A is a completely
continuous operator.

3. Main results

Theorem 3.1. Suppose that (H1) and the following conditions hold:
(H2) f € C(]0,1] x [0,400), (0,400)) and f(t,u) is increasing in u,
(H3) there exists ¢ € (0,1) such that
F(t, pu) > pe®P=D f(t, ), Y€ [0,1], t € [0,1], where p > 1.

Then (1.1)) has at least one positive solution.
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Proof. We divide four steps.
Step 1. If u is a positive solution for ((1.1)), then there exist mj, mg > 0 such that

mp(t) < u(t) < map(t), (3.1)

p(t) = /01 G(t,qs)pr </01 H(s,qT)dq7-> dgs.

Indeed, u € C[0,1] implies that there exists M > 0 such that

where

lu(t)| < M, vt € 0,1].
By (H2) we can choose

my = min PN f(u(t) >0, mg = max PR/ f(Eu(t)) > 0.

= 0] uelo,M]  te[0,1],uel0,M]
Then . )
mip(t) < u(t) = (Au)(t) = / G(t,qs)er </ H(s,qT)f(T,u(T))dq7'> dgs < map(t).
0 0

Step 2. The existence of upper and lower solutions for (1.1).
Let

1 1
€(t) = /0 G(t,qs)er ( /0 Hs, ) f(r, p(T))qu> dys.
Then by Lemma [2.6] we obtain £ is a positive solution for the problem
D (ep(Dgu(t))) = f(t,p(t)), t € (0,1),

| (3.2)
w(0) = 0, u(1) = /0 h(t)u(t)dyt, Deu(0) =0, Deu(l) = bD%u(n).

Furthermore, .
§(0) =0, £(1) :/0 h()§(t)dgt, DGE0) =0, DFE(1) = bDgE(n). (3-3)
By Step 1 we obtain there exist k1 > 0, ko > 0 such that
r1p(t) < §(t) < rap(2).

Let £1(t) = 61€(t), &2(t) = 626(t), where

) 1 e 1 £
0<d < mln{,/ﬁl_c}, 0o > max{,/fg‘c}.
K2 K1

Then
B B @ @ c(p—1)
sie.ca) = 16060 = £ (2050500 ) = (5 590)™ gt ot
> (0101) PV f (8, p(8)) = VU E(E p(1),
and

Dy (p(Dg1(t))) = Dy (0p(Dg61£(8))) = 07 D (0p(DGE(1)) = 67 f(t, p(t)) < F(t, Ea(1))

Moreover, from (3.3) we have

1
§1(0) =0, &(1) = /0 h(t)§1(t)dqt, Dgé1(0) =0, Dy&i(1) = bDg&i(n).
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Therefore, by Definition we obtain & is a lower solution for ([1.1)).
On the other hand,

c(p—1)
7 ap) =057 (1 20 ew) = 8877 (1 Aikew) 2 887 (L) )
c(p—1)
2 () S0&0) 2 875V 60) = fe.a0),

and

Dy (0p(D36x(t))) = D (0p(Dg826())) = 85 Dy (0p(DGE(1)) = 65~ F(t, p(t)) > F(t, Ea(1))

Moreover, from (3.3) we have

1
£(0) =0, &(1) = /0 h(t)ea(t)dgt, DEE(0) = 0, D36x(1) = bD%Ex(1).

Therefore, by Definition we obtain & is an upper solution for (1.1).
Step 3. We prove that the following problem has at least one positive solution:

D (pp(D2u(t))) = g(t, u(t)), t € (0,1),

1 (3.4)
u(0) =0, u(l) = /0 h(t)u(t)dqt, Dgu(0) =0, Dgu(l) = bDgu(n),

where

f6(@)),  ult) <&(t),
g(t,u(t)) = f(tu(®), &) <u(t) < &(),
F(t,6(1)), ult) > &(1).
To see this, we consider the operator B : C[0,1] — C[0, 1]

(Bu)(t) = /0 Gt a5 ( /0 " H(s gl u(T))qu> dys.

By [11], Page 10 and 11}, we obtain B is a compact operator, by using the Schauder fixed point theorem,
the operator B has at least a fixed point, i.e., has at least one positive solution.

Step 4. We prove has at least one positive solution. Suppose that u* is a positive solution for
, according to Step 3 we only need to prove

&1(t) < u'(t) < &(t) for t € [0,1].

The method is similar for the two inequalities. We only prove u*(t) < & (t) for t € [0,1]. Suppose by
contradiction that u*(t) > &(t). From (3.4) we have

Dy (pp(Dgu*(1)) = g(t,u* (1)) = f(t,&(t))-
On the other hand, since & is an upper solution for (L.1)), we have
D (¢p(Dg&a(1)) = f(t,&(1))-
Let 2(t) = ¢p(D3&(t)) — @p(DSu*(t)). Then

Dy=(t) = Dj (pp(Dgéa(1)) — Dy (wp(Dgu* (1)) = f(t,(1) — f(t, &(t) =0,
2(0) =0, 2(1) = @p(b)z(n).
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Thus by Lemma we have z(t) <0, t € [0, 1], which implies that

wp(Dg&a(t)) < pp(Dgu™(t)), t € [0,1].

Since (), is monotone increasing, we obtain Dg'éa(t) < Dgu*(t), i.e., Dg(§2 —u*)(t) < 0. Combining Lemma
we have (&2 — u*)(t) > 0. Therefore, &(t) > u*(t),t € [0,1], a contradiction to the assumption that
u*(t) > &(t).

Consequently, & (t) < u*(t) < & (t) for t € [0,1], i.e., u* is a positive solution for ([1.1)). This completes
the proof. m

Remark 3.2. In [7], the authors had the following condition:
(Hy) f(t,u) € C([0,1] x [0,400),(0,400)) is nondecreasing relative to u and there exists a positive
constant ¢ < 1 such that

pef(tu) < Ft pu), VO < p < 1.

Moreover, their example is f(t,u) = t+u¢ 0 < ¢ < 1. This is a sublinear function. We note that if p > 2, this
example also satisfies our condition (H3). However, if f(¢,u) = e! +u?, where o > 1,u € [0, +00),t € [0, 1],
then (Hy) doesn’t hold for all u € [0,+00), but (H3) still holds with p > ¢ + 1. In a word, for some
appropriate values of p, our nonlinear term f is allowed to grow superlinearly or sublinearly.
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