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Abstract

In this paper, we consider a new system of implicit nonconvex variational inequality problems in setting of
prox-regular subsets of two different Hilbert spaces. Using projection method, we establish the equivalence
between the system of implicit nonconvex variational inequality problems and a system of relations. Using
this equivalence formulation, we suggest some iterative algorithms for finding the approximate solution of
the system of implicit nonconvex variational inequality problems and its special case. Further, we establish
some theorems for the existence and iterative approximation of the solutions of the system of implicit
nonconvex variational inequality problems and its special case. The results presented in this paper are new
and different form the previously known results for nonconvex variational inequality problems. These results
also generalize, unify and improve the previously known results of this area.
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1. Introduction

In 1985, Pang [25] showed that a variety of equilibrium models, for example, the traffic equilibrium
problem, the spatial equilibrium problem, the Nash equilibrium problem and the general equilibrium pro-
gramming problem can be uniformly modelled as a variational inequality defined on the product sets. He
decomposed the original variational inequality into a system of variational inequalities and discuss the
convergence of method of decomposition for system of variational inequalities. Later, it was noticed that
variational inequality over product sets and the system of variational inequalities both are equivalent, see
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for applications [3], 11l 21l 25]. Since then many authors, see for example [2 10} [T, 13} 18] 21] studied the
existence theory of various classes of system of variational inequalities by exploiting fixed-point theorems
and minimax theorems. Recently, a number of iterative algorithms based on projection method and its
variant forms have been developed for solving various systems of variational inequalities, see for instance
[, 12, [15] 16l 19, 27].

It is well known that the projection method and its variant forms based on projection operator over
convex set are important tools for the study of existence and iterative approximation of solutions of various
classes (systems) of variational inequality problems in the convexity settings, but these may not be applicable
in general, when the sets are nonconvex. To overcome the difficulties that rise from the nonconvexity of
underlying sets, the properties of projection operators over uniformly prox-regular sets are used.

In recent years, Bounkhel et al. [6], Moudafi [20], Wen [28], Kazmi et al. [17], Noor [[23, 24, 22] and
the relevant references cited therein], Alimohammady et al. [1], Balooee et al. [4] suggested and analyzed
iterative algorithms for solving some classes (systems) of nonconvex variational inequality problems in the
setting of uniformly prox-regular sets.

On the other hand, to the best of our knowledge, the study of iterative algorithms for solving the systems
of variational inequality problems considered in [7, 27] in nonconvex setting has not been done so far.

Motivated and inspired by research going on in this area, we introduce a system of implicit nonconvex
variational inequality problems (in short, SINVIP) defined on the uniformly prox-regular sets in different
two Hilbert spaces. SINVIP is different from those considered in [II, 4] 6] 16}, 20] 22} 23], 24], 28] and includes
the new and known systems of nonconvex (convex) variational inequality problems as special cases. Using
the properties of projection operator over uniformly prox-regular sets, we suggest some iterative algorithms
for finding the approximate solution of SINVIP and its an important special case. Further, we establish
some theorems for the existence and iterative approximation of the solutions of the SINVIP and its special
case. The results presented in this paper are different form the previously known results for nonconvex
variational inequality problems. These results also generalize, unify and improve the previously known
results of this area. The methods presented in this paper extend, unify and improve the methods presented
in [1I, 4} (6, [16, 14, 20, 22, 23], 24] 2§].

2. Preliminaries

Let H be a real Hilbert space whose norm and inner product are denoted by || - || and (-, -), respectively.
Let K be a nonempty closed set in H, not necessarily convex.

First, we recall the following well-known concepts from nonlinear convex analysis and nonsmooth anal-
ysis, see [5l, 8 O, 26].

Definition 2.1. The prozimal normal cone of K at u € H is given by
NP(K;u):={¢ € H:u € Pg(u+ af)},
where a > 0 is a constant and Py is projection operator of H onto K, that is,
P (u) = {u” € K : dg(u) = |lu—u"[|},
where dg (u) is the usual distance function to the subset K, that is,

dc(u) = inf [lv —ull.

The proximal normal cone N¥(K;u) has the following characterization.
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Lemma 2.2. Let K be a nonempty closed subset of H. Then & € NY(K;u) if and only if there erists a
constant o > 0 such that
€ v—u) <alv—ul? WweK.

Definition 2.3. The Clarke normal cone, denoted by N¢(K;u), is defined as
NE(K;u) = co[ NV (K; )],

where coA means the closure of the convex hull of A.

Poliquin et al. [26] and Clarke et al. [§] have introduced and studied a class of nonconvex sets, which
are called uniformly prox-regular sets. This class of uniformly prox-regular sets has played an important
role in many nonconvex applications such as optimization, dynamic systems and differential inclusions. In
particular, we have

Definition 2.4. For a given r € (0, 00|, a subset K of H is said to be normalized uniformly r-proz-regular
if and only if every nonzero proximal normal to K can be realized by any r-ball, that is, Vu € K and
0# ¢ € Np(K;u) with [[£]| = 1, one has

1
€ v-w < o Jo—ul’, WweEK

It is clear that the class of normalized uniformly prox-regular sets is sufficiently large to include the class
of convex sets, p-convex sets, C'"! submanifolds (possibly with boundary) of H, the images under a C:!
diffeomorphism of convex sets and many other nonconvex sets, see [8, 9].

It is note that if » = oo, then uniformly r-prox-regularity of K reduces to its convexity.

It is known that if K is a uniformly r-prox-regular set, the proximal normal cone Np(K;u) is closed as
a set-valued mapping. Thus, we have No(K;u) = Np(K;u).

Now, let us state the following proposition which summarizes some important consequences of the uni-
formly prox-regularities:

Proposition 2.5. Let r > 0 and let K, be a nonempty closed and uniformly r-prox-regular subset of H.
Set U, ={zr € H:d(z,K,) <r}.

(i) For all z € U, Pk, (z)#0;

(it) For allr' € (0,7), Pk, is Lipschitz continuous with constant

r conUy ={recH:dx K)<r'}.

3. System of implicit nonconvex variational inequality problems

Throughout the paper unless otherwise stated, we assume that for each i € {1,2}, K, ,, is a prox-regular
subset of H;. Let N; : Hy x Hy — H;, g; : H; — H; be nonlinear mappings. For any constant p; > 0, we
consider the problem of finding (z1,z2) € Hy x Hp such that (g1(x1), g2(x2)) € K1, x Ka,, and

1
(pilNi(x1, 22), yi — gi(x:))i + 27,”.%’ — gi(z)|I7 > 0,Vy; € Kip,. (3.1)
(A

We call the problem (3.1)), a system of implicit nonconvex variational inequality problems (SINVIP).
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Some special cases of SINVIP (3.1)):

(1) If g; = I;, the identity operator on H;, then SINVIP (3.1)) reduces to the system of nonconvex variational
inequality problems (in short, SNVIP) of finding (x1,z2) € Kj,, X K3, such that

1
(PiNi(x1,T2), Yi — Ti)s + 27,”3/2‘ —zi|? >0, Yy € Ky, (3.2)
3

which appears to be new.

(2) If r; = 400, that is, K;,, = Kj, the convex subset of H;, and g; = I;, then SINVIP (3.1]) reduces the
system of variational inequality problems of finding (x1,z2) € Ki,, X K2, such that

(Ni(z1,22),y; — xi); > 0, Vy; € Ki, (3.3)

which has been considered and studied in [2], 27] using different approaches.

The following definitions are needed in the proof of main result.

Definition 3.1. A nonlinear mapping ¢, : Hy — H; is said to be ki-strongly monotone if there exists a
constant ki1 > 0 such that

(g1(z1) — g1(1), 1 — 1)1 > kallwr —walli, Vaou, 01 € Hy.

Definition 3.2. Let Ny : Hy x Ho — H;p be a nonlinear mapping. Then N; is said to be

(i) d1-strongly monotone in the first argument if there exists a constant ; > 0 such that

(N1(21,2) = Ni(y1, @2), 21 — y1)1 > Giller — wallf,
Vai,y1 € Hi, x9 € Ho;
(iil) (L(ny,1)5 L, 2))-mized Lipschitz continuous if there exist constants Ly, 1), L(n,,2) > 0 such that
[N1(21,22) — Ni(y1,y2) 1 < Livyyllen — walls + Ly 2) |22 — v2l2,
Vaei,y1 € Hi, 22,y2 € Ha.

Similarly to Definition (i), we can define the strongly monotonicity of No : Hi X Hy — Hs in the
second argument.

First we prove the following technical Lemmas.

Lemma 3.3. SINVIP 1s equivalent to the following system of implicit nonconvex variational inclusions
of finding (z1,x2) € H1 x Ha such that (g1(x1), g2(z2)) € K1, X Koy, and

0; € piNi(w1,2) + N, (i), (3-4)

for p; > 0,i=1,2, where N}'}i r (u) denotes the prozimal normal cone of K; ,, atu in the sense of nonconvex
analysis and 0; is the zero vector in H;.

Proof. Let (z1,z2) € Hy x Hy with (g1(x1),92(22)) € K1y, X Ka,, be a solution of SINVIP (3.1). If
N;(z1,22) = 0;, evidently the inclusion (3.4)) follows for each i = 1,2. If N;(z1,z2) # 0;, from (3.1)) and
Lemma we get the inclusion (3.4)) for each i = 1, 2. Converse part directly follows from Deﬁnition O
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Lemma 3.4. (z1,22) € Hi X Hy with (g1(x1), g2(x2)) € K1, X Koy, is a solution of SINVIP if and
only if it satisfies the system of relations

9i(z:) = Pk, r, [Qz‘(ﬂfz‘) — pilNi(z1,22) |, (3.5)

for p; > 0,i = 1,2, where Pk, ,, is the projection operator of H; onto the proz-regular set K; ..

Proof. The proof is directly followed from Lemma and from the fact that Py, ,, = (I; + N ﬁi ri)_l. O

The alternative formulation (3.5) of SINVIP (3.1) enable us to suggest and analyze the following
iterative algorithm for solving SINVIP (3.1)).

Iterative algorithm 3.5. For each i = 1,2, given 20 € H;, compute the iterative sequences {zI'}, {1}
defined by the iterative schemes:

gi(zi') = KivTi(Z”?)’ (3.6)
A = gilal) — piNi(at, 2%), (3.7)
for allmn=0,1,2,....., and p; > 0.
Remark 3.6. We observe that {g;(z}")}5>, C K;,, for each i =1,2.

Taking g; = I; in Iterative algorithm we have the following iterative algorithm for solving SNVIP
E2).

Iterative algorithm 3.7. For each i = 1,2, given 20 € H;, compute the iterative sequences {27}, {7}
defined by the iterative schemes:

:L‘? = PKiﬂ"z'(zn)7

i

n+l _
z; =

xy — piNi (], x3),

for alln=0,1,2, ..., and p; > 0.

Now, we prove some theorems concerning the existence and iterative approximation of solutions of

SINVIP (3.1) and SNVIP (3.2).

Theorem 3.8. For each i € {1,2}, let K;,, be closed and uniformly proz-regular subsets of real Hilbert

space H;; let N; : Hy x Hy — H; be 6;-strongly monotone in it" argument and (L(Ni,l),L(Nivg))—mixed

Lipschitz continuous and let g; : H; — H; be k;-strongly monotone and continuous. For each i € {1,2} and

J € {1,2}\{¢}, if the constant p; > 0 satisfies the following condition:

/ /
1

i r }
L+ [Ni(@t, 28)ll7 14 (| Ni (2T a5 )4

M, — A; < p; < min{Mi + A, 5, (38)

where

\/(bikz‘ —aie;)? = b7 (1 —e)(1 —a?)

Ai =

=)
bik‘i — ;€4 1
M :— C = — — it b= bipi Lo
i bZQ(l — elg) ; Qg 1L ¢Za ¢Z iPj (N;,2)»
1 1 ;
¢j < = ik

,U/z'biL(Nj,i)’ V2k; + 3’ Hi == ri — 7‘27
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€; = \/1 —20; + L%Ni i); bik; > a;e; + bz\/(l — 612)(1 — a?)
pi — 2piki
2k; + 3

Then the sequences {x}'} and {z]'} generated by Iterative algorithm converge strongly to x;,z; € H;,
respectively, where (x1,x2) € Hy x Hy with g;i(z;) € K;r, is a solution of SINVIP .

Proof. From (3.6), we have

€ [_170)7 T'; S (O7Ti); r; € (0,00]

12772 = 27 i = Nga(af ™) = gilal) — pa(Niai ™, 25 — Ni(a, ) la
< lgi(i™) = gila}) = pilaf™ =2l
+pil Ny ap ™) = Ni(a, 2%) — (277 — 2. (3.9)

Since N; is 6;-strongly monotone in "

have the following estimates:

argument and (L(y;, 1), L(n,,2))-mixed Lipschitz continuous, we

IV (27 * ! 25t = Ni(af, 28) — (@77 = af)lh

< [INa (@)™ 25 = Ni(af, 25 ™) — (27 = af)lh

+HN1(5517333+1) Ni(27, 23)[1

<\/1—2<51+L2 et =2+ Liv, oy 257 = a5 s (3.10)

I(Na (27, 25 ™) = Na(af, %) — (257" — a3)]l2
< N2y ™ a3 ™) = Na(af ™ af) — (257 — )2

HI(N2(27 ™, 25) — Na(af, 23)]l2

< \/1 =20 + L2y, o @5t = 28ll2 + L,y 27 = 27 (3.11)

Next it follows from the conditions 1D on p; that z]' € K, for all n = 1,2, ... . Hence using the
ki-strongly monotonicity of g;, Proposition [2.5| and ( - we have the following estlmates

a4 — a2 < llgi () = al? - 2gi () = galal) + 2T — o),

1%

= llgi(@7 ™) = gi(a?)F — 2927 ™) — ga(af), 27 — 2
=2zt — g gty

<l = 2R E = 2k 2) [l - 2T

or
11
it =il < Zm==g 1= = 2l (3.12)
(2
where p; = ”’ET;.
lgi(@7 ™) — gi(af) — pilay ™ — )|

< llga(a} ™) = gi(2})II?
—2pi(gi(27 ™) — gilal), 27— af) + pP i — 2l

< gl = 2P+ (0F = 2pik) 7T = 2T (3.13)
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From and (| -, we have

2p:k
ot )= =2l < oy |14 2 2 o,

(3.14)
Now, from (3.9)-(3.11]) and (3.14)), we have
2
02 — 2pik;
22 = s < gy 1+ L2 et
Fit(Nirj) | n1 n
e[ (T D) = s L ) s
ol e R o EAREA (3.15)

for each i € {1,2} and j € {1,2}\{i}.

2
Define norm || - ||« on Hy x Hs by |[[(z1,22)|[« = > ||zil|; for all (z1,22) € Hy x Ha. We note that
i=1

(Hy X Ho, | - ||+) is a Banach space.
It follows from (3.15)) that

1142, 257%) = (77, 257 *—lezn“ 2 s

<Ol (1, 251 = (21, 2|l (3.16)
where 0 := max{61,62}; 0; := pilp; + bi(piei + pjd;)];

— |1 ,0?—2,01']{71‘ % — ]1 - 98 + L2 .

1
b := ——; d;:= L(y. ;.
T Vki+s T TN
From condition (3.8)), we have 0 < 6 < 1. Hence it follows from (3.16|) that {(27,z%)} is a Cauchy
sequence in Hy x Hy. Assume that (27, 25) — (21, 22) in Hy X Hy as n — oo, that is, for each i = 1,2, 2 = 2
in H; as n — oo. Hence, we observe from (3.12)) that {z'} is also a Cauchy sequence and hence assume
that x} — x; in H; as n — oo for each i = 1,2. Further the continuity of N;, g; and Pk, ,, and Iterative
algorithm imply that
9i(zi) = Pk, r, [gz'(:cz') — pilN;i(z1, 1‘2)} -

Now it follows from Lemma that (z1,22) € Hy x Hy with g;(x;) € K;,, is a solution of SINVIP
(3.1). This completes the proof. O]

Theorem 3.9. For each i € {1,2} and j € {1,2}\{i}, let Ki,,, N; and g; be same as in Theorem[3.8, and
let the constant p; > 0 satisfy the condition:

/ /

T T
i—Ai <pi i s 21+|’N($17$2>Hz L | Ni(a a0 10

where

\/62 L2Nz,z z) 1
ZN Poai= (24 ¢i);  ¢i := piLn,i;
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51' 1 2
M; = ;i< ———; 6> Ly, agy/(1—a?); a; <1
CT L mbyd T O
1 _ T

by = ——; = ;1€ (0,7); € (0,00].
T ks T (0,ra)s i € (0,00]

Then the sequences {x'} and {z'} generated by Iterative algorithm converge strongly to x;,z; € H;,
respectively, where (x1,x2) € Hy X Hy with gi(x;) € K;, is a solution of SINVIP (3.1)).

Proof. From (3.6]), we have
12772 = 27 i < Nlgaaf ™) — gilal) — (2 — 2l

+ @7 * = a8) = pi(Ni(af ™, 25 ™) = Ny(a?, 23)) i (3.18)

Using the same arguments used in proof of Theorem we have the following estimates:

(25! = af) = pr(Na(a7 ™, 25 ™) = Ni(af, 23))

< \/1 = 20161 + p2Ly, ) 127 = 2T 1 + prLiw, gyl ™ — 2. (3.19)

(257" = a3) = pa(Na(a] !, a5 ™) = Na(af, )2

< 1= 20000+ p2L3y a5~ Bls + paLi, 3 — 2T (3.20)
27— 2l < pabsl| 2P = 25, (3.21)
where
A by i— 1
ul_ri_,r_7/;7 (AN ,72]{;14—3
and
lgi (@) = gi(a}) — (@7 — 2 ls < 2uabill 27T = 27 i (3.22)
Now, from (3.17))-(3.22)), we have
12772 = 2 | < 2pbil 2] = 27l + pabiea| 2] = 27l + panibi Lo, pllzf T = 27115 (3.23)

where e; 1= \/1 —2pi6; + pZZL%Ni 9 for each ¢ € {1,2} and j € {1,2}\{i}.
It follows from ([3.23]) that.
12172, 2572) = (1 2 )l S Ol 257 = (T 28) s, (3.24)

where 0 := max{61,62} and 6; := b;j;[2 + e; + p;d;)]; d; == LN, i)

From condition (3.17), we have 0 < 6 < 1. Hence it follows from (3.24]) that {(z},2%)} is a Cauchy
sequence in Hy x Hs. The rest of the proof is same as the proof of Theorem This is completes the
proof. O

In the following theorem, we have relaxed the condition of strongly monotonicity from V;.
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Theorem 3.10. For each i € {1,2}, let K;,, be closed and uniformly proz-reqular subsets of real Hilbert
space Hj; let Ni be (L(n, 1y, L(n, 2))-mived Lipschitz continuous and let g; be k;-strongly monotone and
continuous. For each i € {1,2} and j € {1,2}\{i}, if the constant p; > 0 satisfies the condition:

Tl r
{ UL N, 2B 1+ [Ny s }
where
A ! [1 (1+¢)}>0 b — 1 b Ly
i= - i o ; = Pit(Nyi
LN,y Libi pbi L) TN
1 T

b; = hs M € (0,73); 1 € (0,00].

Then the sequences {x'} and {z'} generated by Iterative algorithm converge strongly to x;,z; € Hj,
respectively, where (x1,x2) € Hy x Hy with g;i(z;) € K;r, is a solution of SINVIP .

Proof. Since N; is (L, 1y, L, 2))-mixed Lipschitz continuous, we have
1272 = 27 < Nlgaai ™) = gila) i + pil Nizy ™, a5 ™) = Ny, 23) i

< Nlga(a? ™) = gl + pi (Lovon et =t + Lov,plleg = a32).
Hence it follows from (3.21]) that

12072 = 2 ls < pabil| 2P = 2Pl + piLn, nypabillZFT = 201 + piLn 2ppabellZ8 T — 282, (3.26)

where
L b, — 1
'ul_n'—rg’ v 2k; +3

which gives
T2, 25) = G, e < O, ) — G B (3.27)

where 6 := max{6, 02} and 0; := bjp;(1 + p;L(n, 3) + ij(N].’j)).

From condition (3.25)), we have 0 < # < 1. and hence (3.27) implies {(z], 25)} is a Cauchy sequence in
Hq x Hy. The rest of the proof is same as the proof of Theorem This is completes the proof. O

Finally we prove the following theorem for the existence and iterative approximation of solutions of
SNVIP (3.2).

Theorem 3.11. For each i € {1,2} and j € {1,2}\{i}, let K;,, be closed and uniformly prox-regular subset
of real Hilbert space Hy; let N; be 6;-strongly monotone in it" argument and (L(Ni,l)a L(Ni,z))-mixed Lipschitz
continuous. If p; > 0 satisfies the following condition:

/ /

d; 0; T T;
— A; < p; < min + A, i, ! (3.28)
Lvg {L&m “Y T NG D 1+ [N Mﬂm}

where

\/62 L2 M) — ) 2 2 1 2
;0 > L(Ni,i) (1—af); aj:=——¢i aj <l

(N“Z) i !
1 T

N < = ;1 €(0,73); 1 € (0,00].
0 Vi wLiv) i p— ri e (0,73); 7 € (0,00]

¢i = piL(n

I

Then the sequences {x'} and {z'} generated by Iterative algorithm converge strongly to x;,z; € Hj,
respectively, where (x1,x2) € Ki ., X Ko, is a solution of SNVIP .
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Proof. We easily observe that the condition 1) on p; assures that z' € K; ./ foralln=1,2,....
From Iterative algorithm and Proposition we have

7 =2l < pall 2 = 2, (3.29)

where p; = rﬁﬂ and
1

12772 = 27 s = [l2f = o — (Va2 25" = Ni(at, )l (3.30)

Since N; is 6;-strongly monotone in it

(3.19)),(3.20),(3.29) and (3.30]), we have

argument and (L, 1), L(n;,2))-mixed Lipschitz continuous, from

12772 = 27l < paesl| 2 = 2l + ping Lo, pll2f ™ = 275, (3.31)

where e; := \/1 2p;6; + p? L?

(Nui) for each i € {1,2} and j € {1,2}\{i}.

It follows from ([3.31)) that
(=142, 2542) = (04 2D = D 12 = 2

<O 25t = (21, 2) (3.32)
where 0 := max{01,02}; 0;:= pi(e; + p;jd;);  dj = L(n;, -

From condition (3.28]), we have 0 < 6 < 1. Hence it follows from (3.32) that {(27,25)} is a Cauchy
sequence in Hy X Hy. The rest of the proof is same as the proof of Theorem [3.8] This is completes the
proof. O

Remark 3.12. (i) The methods presented in this paper extend and unify the methods considered in [14]
15l 16l 17, 18, 20, 2], 23, 24] to the systems of nonconvex variational inequality problems defined on
the product of two different Hilbert spaces.

(ii) The methods presented in this paper improve the methods considered in [211, 23], 24] in the sense that
the continuity of ¢ is required instead of the Lipschitz continuity.

(iii) One needs further research effort to extend the methods presented for solving the systems of nonconvex
variational inequality problems involving set-valued mappings.
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