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Abstract

In this paper, fixed point and variational inequality problems are investigated based on a viscosity
approximation method. Strong convergence theorems are established in the framework of Hilbert spaces.
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1. Introduction and Preliminaries

Monotone variational inequality theory, which was introduced in sixties, has emerged as an interesting
and fascinating branch of applicable mathematics with a wide range of applications in finance, economics,
optimization, engineering and medicine see, for example, [1], [8], [9]-[11], [I7], [25], [26] and the references
therein. This field is dynamic and is experiencing an explosive growth in both theory and applications; as
a consequence, research techniques and problems are drawn from various fields. The ideas and techniques
of monotone variational inequalities are being applied in a variety of diverse areas of sciences and prove to
be productive and innovative. It has been shown that this theory provides the most natural, direct, simple,
unified and efficient framework for a general treatment of a wide class of unrelated linear and nonlinear
problems, see, for example, [2], [5]-[7], [18]-[21], [23], [24], [29] and the references therein. Recently, fixed-
point methods have been extensively investigated for solving monotone variational inequalities. Among the
fixed-point algorithms, Mann-like iterative algorithms are efficient for solving several nonlinear problems.
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However, Mann-like iterative algorithms are only weakly convergent even in Hilbert spaces; see [12] for more
details and the references therein. In many disciplines, including economics [I7], quantum physics [10], image
recovery [8] and control theory [11], problems arises in infinite dimension spaces. In such problems, norm
convergence (strong convergence) is often much more desirable than weak convergence, for it translates the
physically tangible property that the energy ||z, — z|| of the error between the iterate z;,, and the solution z
eventually becomes arbitrarily small. Halpern-like iterative algorithms, which are strongly convergent, have
been extensively investigated. Recently, Moudafi [22] introduced a viscosity method for solving fixed points
of nonlinear operators in the framework of Hilbert spaces. He showed that the convergence point is not only
a fixed point of nonlinear operators but an unique solution to some monotone variational inequality; see
[22] for more details and the references therein. In this paper, we consider a Moudafi’s viscosity iterative
method for solving common solutions of monotone variational inequality and fixed point problems. Strong
convergence theorems of common solutions are established in the framework of Hilbert spaces. The results
presented in this paper mainly improve the corresponding results in [13], [15], [16], [30]-[33].

Let H be a real Hilbert space with inner product (z,y) and induced norm ||z|| = /(z,z) for z,y € H.
Let C be a nonempty closed and convex subset of H. Let A: C' — H be a mapping. Recall that A is said
to be monotone iff

(Az — Ay,z —y) >0 Va,yecC.

A is said to be inverse-strongly monotone iff there exists a positive constant L > 0 such that
(Az — Ay,x —y) > L|| Az — Ay|]* Va,y e C.

From the definition, we see that every inverse-strongly monotone mapping is also monotone and Lipschitz
continuous.
Recall that the classical variational inequality is to find an x € C such that

(Az,y —z) >0 VyeC.

The solution set of the variational inequality is denoted by VI(C, A) in this paper. One of classical methods
of solving the variational inequality, is the gradient algorithm Po(I —r,A)zy,, n=0,1,--- , where r, > 0.
Let S: C' — C be a mapping. Recall that S is said to be nonexpansive iff

Sz — Syl < [lz —y| Va,yeC.
S is said to be a-contractive iff there exists a constant 0 < « < 1 such that
Sz — Syl < allz —yl| Va,yeC.

In this paper, we use F(S) to stand for the set of fixed points of S. For the class of nonexpansive mappings,
we know that F(S) is nonempty if C' is a weakly compact subset of reflexive Banach spaces; see [3] and the
references therein.

Lemma 1.1 ([4]). Let C be a closed convex subset of a Hilbert space H. Let {T;}I_,, where r is some
positive integer, be a sequence of nonexpansive mappings on C. Suppose N[_, F(1;) is nonempty. Let {y;}
be a sequence of positive numbers with >, _, = 1. Then a mapping S on C defined by Sz = _._, wTx for
x € C is well defined, nonezpansive and F(S) = N/_, F(T;) holds.

Lemma 1.2 ([28]). Assume that {a,} is a sequence of nonnegative real numbers such that
Qpt1 < (1 - ’Yn)an + On,
where {7y} is a sequence in (0,1) and {0,} is a sequence such that

(i) Zzozl Yo = 00 and limy, o0 Y = 0;
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(i) D02y |0n| < 0o orlimsup,, . 0n/m < 0.
Then limy, o0 ayy = 0.

Lemma 1.3 ([27]). Let {z,} and {y,} be bounded sequences in a Banach space E and let {B,} be a sequence
in (0,1) with
0< lirginfﬁn < limsup 8, < 1.

n—oo

Suppose xp1 = (1 — Bn)Yn + Bnxyn for all integers n > 0 and

limsup(llyn = yns1ll = l#n = 2npa) <0

n—oo
Then limy, o0 |20 — yn|| = 0.

Lemma 1.4 ([3]). Let H be a real Hilbert space, C' be a nonempty closed convexr subset of H and S : C' — C
be a nonexpansive mapping. Then I — S is demiclosed at zero, that is, {x,} converges weakly to some point
x and {x, — Tx,} converges in norm to 0. Then x = T'x.

2. Main results

Theorem 2.1. Let H be a real Hilbert space and let C' be a nonempty closed convex subset of H. Let
A; : C — H be a p;-inverse-strongly monotone mapping for each 1 <1i < r, where r is some positive integer.
Let S : C — C be a nonexpansive mapping with a fized point and let f : C — C be a fixred a-contractive
mapping. Assume that F := NI_,VI(C,A;) N F(S) # 0. Let {\;} be real numbers in (0,2u;). Let {a,},
{Bn} and {y,} be real sequences in (0,1). Let {xy} be a sequence defined by the following manner:

xr1 € C,
yn,i ~ Pc(l‘n — )\114@.%‘”), (2.1)
Tn+1 = anf($n) + Bnxn + S 22:1 NiYni, N = 1,

where the criterion for the approximate computation of yp ;i in C is ||yn; — Po(zn — NiAixy)|| < en,i, where
limy, 00 [l€ni|| = 0 for each 1 < i < r. Assume that the above control sequences satisfies the following
conditions:

(@) an+ B+ =2 mi=1Yn>1;
(b) 1> limsup,,_,., fBn > liminf,,_, By > 0;
(¢) limyyoo otp = 0,307 | ot = 00.

Then sequence {x,} converges in norm to a common solution p, which is also the unique solution to the
following variational inequality:

(flp) —p,p—q) >0Vq € F.

Proof. First, we show sequences {z,} is bounded. For any z,y € C, we see
I = AeAi)a = (7= Myl = [z — yl* — 20i( A — Az — 9) + X A — Ay
<l = yll* = (205 — Xo)[| Aiz — Agyl|”.
Using restriction A\; € (0,2p;), we find that I — A\; A; is nonexpansive. Fixing x* € F, we have from Lemma

[l that

,
|zn+1 = 2|l < nllf () = 2| + Bullwn — 2| +3llS D miyn,i — 27|l
i=1
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< anl[f(@n) = f(@)| + anll f(2z") — 27| + Bullen — 27|
+9m > nillyn — Pola® — Nidiz™)|
=1

< anal|lzn — 27| + anl[f(27) = 27| + Ballwn — 27|

T T
+ 30 S tillendll + vn S mill Poln — NiAiwn) — a7
i=1 =1
.
su—aal—wwmrwﬂmeumﬂ—fH+%§jmwmu

< (1= au(1 = @) lle — "] + (1 — IO +Zmuemu

< max{lz, — 2], 112" }+Zm||emr|
By mathematical induction, we have
Ll < o ||f(
[#n1 — 2" < max{|[zn — 27, }+Zm Z lenill) <

This shows that sequence {x,} is bounded. Note that

|Yn+1i = Ynill < yn+1i — Po(@nir — Nidizn) || + | Po(Tnsr — MiAiwng1) — Po(zn — XAz, ||

+[[Po(rn — Midizn) — yml”

< Mlentrill + l[2nt1 — znll + llenll-
Putting yn, = > _;_; MiYn,i, we have
T
Hyn-‘rl - yn” < ZniHyn-‘rLi - ynﬂ”
i=1

< D milllensrll + llenill) + llenst — @l
i=1

Put &, = % for all n > 1. That is, zp11 = (1 — Bn)kn + Buxy Vn > 1. Note that
e — 41 f (Tnt1) + Yn415Yn+1 _ anf(Tn) + ¥ SYn
n+1 n 1_ ,Bn—i-l 1_ Bn
Ap41 1-—- /Bn+1 — Op41 (079 1- 677, — Qp
=—"" f(x + Syp+1 — —— f(zy) — ———=8

__Oni1 - O (g B
=1 g, @ne1) = Synia) =5 (Syn = [(2n) + Syni1 = Sy,

It follows that

«
lknr1 — il <~ f(@ns1) = Synstll + =15y — F(@a)ll + 1SYns1 — Syl
1- /BTL+1 1 ﬁn
Qp41
< e Hf(xn—l-l) - Syn—&-lH + = Hsyn - f(xn)H + Hyn—H - ynH
1-— /Bn—f—l 1 /Bn

This implies
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Q41 (6
kns1 = fnll = |Zns1 = nll € ———1f (@n11) = Synsall + ——21Syn — f(@n)l|
1- Bn+1 1- Bn
r

+ > millentrll + llenl)-

=1

Therefore, we have

lim sup(||kns1 — Knll = [|Znr1 — Zng1l]) <O.
n—oo

Using Lemma one has lim,_, ||n — zn|| = 0. It follows that

nh_{lgo |Zn+1 — 2nll = 0.

On the other hand, since Py is firmly nonexpansive, one has

| Po(I — NAi)zy — 2*]|? < (I — NAyxn — (I — NA))z™, Po(I — NjAy)x, — x*)

ST = iAo — (7= MAJ >+ | Pe(l — N — |
I = XAz — (= Az — (Po(l = Az, — 7))
< 5 (lon = "I+ I1Pe(l = Aoz — o P
—||zn — Po(I — NjAj)xyn — Ni(Aixy — Azx*)Hz)
= (o — 2 24 NPT = My — 2 = = Pell = NAga
+ 20\ (A, — Ajx™, xy — Po(I — NAj)x,) — )\%HAi:L“n — Ai$*|]2).
It follows that

1Pe(I = Nidi)on — 2| < llzn — 2| = [lzn — Po(I = Xidg)za|® + Mill Aizn — As™]),

(2.2)

(2.3)
where M; is an appropriate constant such that
M; = max{2\;||x, — Pc(I — \iAi)zy]|| : Vn > 1},
From the nonexpansivity of S, one has
[Znt1 = 2*|1* < anll f(2n) — ¥ + Bullzn — 2> + 0l Syn — ™12
r
< anllf(@n) = 2|7+ Ballzn — 2 + 7all D mitni — 2|1
" .
< an|lf(@n) = 2P + Bollwn — &> + 90 D millensll +m D mill Polwn — Ndizy) — |
ijl ijl
< g f@n) = 2P + Ballzn — 1> + 90 D millenill +1m Y milllen — 2|

i=1 i=1
— 2\ (A, — Ajx™, xy — 27) + )\?HAixn - A,-x*|]2)

T T
< anllf(zn) = 21 + llzn =21 4+ 70 ) millenill = v D midi(2ui — Ni) | Agen — A%,

i=1 i=1
It follows that

Yo Y N (200 = M)l Aiwn — Aix* | < anl| f(@n) = |7 + |z — 2*)® = Nzaer — 2P + 70 Y millenl
=1

=1



Y. Zhang, Q. Yuan, J. Nonlinear Sci. Appl. 9 (2016), 1882-1890 1887

< anllf(@n) — 2| + (lzn — 2*|| + [2n41 — 2|20 — 2ot |
T
+9m Y nillenll-
=1

From one obtains lim,,_, |4z, — A;z*|| = 0 V1 < i < r. Note that

T T T
lyn = @all Y 0y — D mPe(l = NAdzall + | Y- mPo(l = Xidi)a, —
i=1 i=1 =1

T T
< millenill + D millPo(I = XiAi)a, — .
i=1 i=1
It follows from 2.3] that
' T '
D il Po(I = NA)zn — 2*(1* < an — 21> = lyn — all + D millensll + D niMil|Aizy — Aiz™|).
i=1 i=1 i=1
Hence, we have

T
[2n1 = 2*(1” < anll f(2n) = 21 + Buallzn — 2*[1* + 7l Zniymi —a*|?

i=1

T T
< anll f(@n) = ¥ + Bullen — 1P + 10 D millenill +m Y il Polen — Aidizn) — 2|
i=1 i=1

T T
< anllf(zn) = 217 + llzn = 2P + 70 D millenill = vallyn = zall + 70 Y millenll
i=1 i=1

”
+ Tn Z 0 M| Ay, — Az$*||
i=1

This implies

Yallyn = zall® < anllf(@n) — 2 + llan — 2*|* = l|lzps1 — 2™

' T
M| Ay — A 4 2 millen
=1 =1

< anllf(2n) = 21 + (l2n — 2™ + lznss = 2" Dllwn — 20l

' T
M| Ay — A 4 23 millens
i=1 =1

Hence, we have

lim ||y, — x| = 0.
n—oo
Since
o, 1
1SYn — 2p|l £ — || f(2n) — zull + —lTnt1 — zall,
Tn Tn
we find
nh_)n;o | Syn — x|l = 0.
From

180 — anl| < llzn — Synll + [|Syn — S|
< lzn = Synll + llyn — @all;
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we have

lim ||Szy, — x,|| = 0.
n—oo

Since Prf is a-contractive, we have it has an unique fixed point. Let use p to denote the unique fixed point,
that is, p = Prf(p).
Next, we show

lim sup(f(p) — p, zn —p) < 0.

n—oo
To show it, we can choose a sequence {x,,} of {z,} such that

limsup(f(p) — p,zn —p) = lim (f(p) — p,xn, — p).

n—00 1—00

Since {zy,,} is bounded, there exists a subsequence {:L‘m]} of {zy,} which converges weakly to z. Without
loss of generality, we can assume that x,,, — Z. Define a mapping W : C' — C by

T
Wax = ZmPC(I — NA)x VreC.

=1

Using Lemma [1.1] we see that W is nonexpansive with
FW)=ni_F(Pc(I —X\A4;)) =nNi_,VI(C, A;).

Since limy o0 ||2n, — Wxy|| = 0, we can obtain that z € F(W). Using Lemma we see that = € F(S).
This proves that
Te FIW)NF(S)=n_,VI(C,A;)NF(S).
It follows that
limsup(f(p) — p,n — ) < 0.

n—oo
Since
,
lyn =2l < millenll + lzn — pll,
i=1

one has

|Zn+1 —pH2 < an(f(wn) = P, Tnt1 — ) + Bullzn — lll[Tns1 — pll + 7l SYn — Pl 201 — Dl
< an(f(p) =, Tn+1 — p) + anallzn — plll|zntr — pll + Bullzn — pllllzn+1 — pll
+ Yallyn = pllllzns1 = pll
1—a,(l—a)

5 (lzn = pl1? + lznts — pl*)

< an<f(p) — Dy Tn41 — p> +

)
+ l|znsr = oIl D> millen,
i=1

It follows that

T
21 = pl* < (1= an(l — ) llzn = pl* +2(an(f(p) =2, Znr1 = p) + lzns =2l D nillenl])-
i=1

Using Lemma one has lim,_, ||z, — p|| = 0. This completes the proof. O

If S is the identity operator, one has the following result.
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Corollary 2.2. Let H be a real Hilbert space and let C' be a nonempty closed convex subset of H. Let
A; : C — H be a pi-inverse-strongly monotone mapping for each 1 < i < r, where r is some positive integer.
Let f: C — C be a fized a-contractive mapping. Assume that F = N;_VI(C, A;) # 0. Let {\;} be real
numbers in (0,2u;). Let {an}, {Bn} and {yn} be real sequences in (0,1). Let {z,} be a sequence defined by
the following manner:

xr € C,
Yni ~ Pc(xn — )\iAiZL‘n),
Tn4+1 = O‘nf(xn) + ﬁnxn + Yn 22:1 NiYnyi, N > 1a

where the criterion for the approzimate computation of yn; in C is ||yni — Po(zn — MiAixy)|| < ey, where
limy, o0 [|enil| = 0 for each 1 < i < r. Assume that the above control sequences satisfies the following
conditions:

(@) an+Bn+ym =2 mi=1Yn>1;
(b) 1> limsup,,_,, By > liminf,, o B, > 0;
(¢) limy_yoo otp =0, 07 1 oty = 00.

Then sequence {x,} converges in norm to a common solution p, which is also the unique solution to the
following variational inequality: (f(p) —p,p —q) >0 Vq € F.
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