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ABSTRACT. The purpose of the present paper is to study some results in-
volving coefficient conditions, extreme points, distortion bounds, convolution
conditions and convex combination for a new class of harmonic multivalent
functions in the open unit disc. Relevant connections of the results presented
here with various known results are briefly indicated.

1. INTRODUCTION

A continuous complex-valued function f = u+iv defined in a simply connected
domain D is said to be harmonic in D if both u and v are real harmonic in D. In
any simply connected domain we can write f = h+¢, where h and ¢ are analytic
in D. We call h the analytic part and ¢ the co-analytic part of f.

A necessary and sufficient condition for f to be locally univalent and sense-
preserving in D is that |h/(2)| > |¢/(2)], z € D. See Clunie and Shiel-Small [7],
(see also Ahuja [1] and Duren [11].)

Let H denotes the class of functions f = h 4+ g which are harmonic univalent
and sense-preserving in the open unit disk U = {z: |z| < 1} for which f(0) =
f.(0) =1 =0. Then for f = h+7g € Sy we may express the analytic functions
h and g as

hz) =2+ arz g(z) = b, o] < 1. (1.1)
k=2 k=1
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Recently, Ahuja and Jahangiri [3] defined the class
H,(k), (p,ke N=1{1,2,3....})

consisting of all p-valent harmonic functions f = h+g which are sense-preserving
in U and h and g are of the form

hz)=2"+ ) app2"77g(2) =) b2 ) < L (1.2)
k=2 k=1

Note that H and H, (k) reduce to the class S and S,(k) of analytic univalent
and multivalent functions, respectively, if the co-analytic part of its members are
zero. For these classes f (z) may be expressed as

f(2) :z+2akzk, (1.3)
k=2
and
f(z) =2+ Zak+p_1zk+p_1. (1.4)
k=2

The following definitions of fractional integrals and fractional derivatives are
due to Owa [17] and Srivastava and Owa [23].

Definition 1.1. The fractional integral of order A is defined for a function f (2)
by

- L= [
DA f(z) = —/ de, (1.5)
' 0 (Z — g)l_)\

where A > 0, f(z) is an analytic function in a simply connected region of the

z-plane containing the origin and the multiplicity of (z —¢)*™" is removed by
requiring log (z — <) to be real when (z —¢) > 0.

Definition 1.2. The fractional derivative of order A\ is defined for a function

f(z) by
A d :
@WbﬂﬁjaAi%ﬁ, (L6)

where 0 < A < 1, f(2) is an analytic function in a simply connected region of

the z-plane containing the origin and the multiplicity of (z —¢) ™ is removed as
in Definition 1.1 above.

Definition 1.3. Under the hypothesis of Definition 1.2 the fractional derivative
of order n + X is defined for a function f (2) by

DI () = 4 DAf(2), (1.7

where 0 < A < 1and n € Ny ={0,1,2.....}.
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Motivated with the definition of Salagean operator, we introduced an interest-
ing operator (DM)" f(z) for function f(z) of the form (1.4)

F(p—A+1)

(25 = A A
A1 Z_f F(P_Ale)ZA M (s /
(D2 f1) = = (FE AR 20 )

(D7) f(2) = (D) (D)7 f(2))-

Thus we have

k+p—1F(p—)\+1)F(k‘—|—p) " ket
DAp Y E B +p—1

= 2P + Z (b, p, M) apypr 25771 (1.8)

where and throughout thls paper
El'(p— A+ 1)I'(k +
olh,p,3) = =AY DHELD
Fp+DI'(k+p—A)
Now, we define (D))" f(z) for function of the form (1.2) as follows

(D2P)"f(2) = (DIP)"R(2) + (=1)"(D27)"g(2). (1.10)
We note that the study of the above operator (D))" is of special interest
because it includes a variety of well-known operator. For example
1. If we put n =0, p =1 then it reduces to Owa-Srivastava Operator.
2. If we put A = 0, then it reduces to well-known and widely used Salagean
Operator [19].
Now for

meNneNym>n, 0<y<1, >0,0<)A<1,0<t<1l, a€eR

and z € U, suppose that H,(m,n; 3;v;t; \) denote the family of harmonic func-
tions f of the form (1.2) such that

(k,p € N). (1.9)

iy (D A”)mf(z) ia
Re {( + Pe )( o) — Pe }_’y, (1.11)
where (DM)™ f(2) is defined by (1.10) and f,(z) = (1 — t)z + t(h(z) + g(2)).

Further, let the subclass H,(m,n; 3;7;t;A) consisting of harmonic functions
fm =h+ G in Hy,(m,n; 5;7;t; ) so that h and g, are of the form

o0
z) :ZP_Z‘aker—ﬂZk L gm(z) = )" 1Z|bk+p 1|Z , byl < 1.
k=2

(1.12)
By specializing the parameters in subclass H,(m,n; 3;7;t; A), we obtain the
following known subclasses studied earlier by various authors.
(1) Hy(m,n;0;7;1;0) = Hy(m,n;vy) and H,(m,n;0;7v;1;0) = H,(m,n;v)
studied by Sker and Eker [20].
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(2) Hy(n + 1,n;1;9;1;0) = Hy(n,v) and Hy(n + 1,n;1;7;1;0) = Hy(n,7)
studied by Dixit et al. [9].
(3) Hy(1,0;0;7;1;0) = Hy(vy) and H,(1,0;0;v;1;0) = H,(y) studied by
Ahuja and Jahangiri [3].
(4) Hi(n+q,n,p,7,1,0) = Ry(n,,p,q) studied by Dixit et al. [8].
(5) Hy(n+1,n,1,7,1,0) = RSy (n,v) and Hy(n+1,n,1,7v,1,0) = RSk (n,v)
studied by Yalcin et al. [25].
(6) Hy(1,0,1,7,1,0) = Gg(y) and H(1,0,1,7,1,0) = Gg(y) studied by
Rosy et al. [18].
(7) H1(27 17 67 s 17 O) = HCV(ﬂ, PY) and E(27 17 ﬁ? s 17 0) = HCV(ﬁ? P)/) stud-
ied by Kim et al. [15].
(8) Hl(L 0, ﬁv 7,1, O) = GH(ﬁv v t) and E(lv 0, ﬁa 7, t, 0) = G_H(ﬂ7 s t) stud-
ied by Ahuja et al. [2].
(9) Hy(m,n;0;7;1;0) = Sy(m,n;~y) and Hy(m,n;0;7;1;0) = Sg(m,n;v)
studied by Yalcin [24].
(10) Hi(n + 1,n;0;7;1;0) = H(n,v) and Hi(n + 1,n;0;7;1;0) = H(n,7v)
studied by Jahangiri et al. [13].
(11) Hy(1,0;0;7:85A) = Sy (7, ¢, A) and Hy(1,0;0; ;5 A) = S3 (7, ¢, A) studied
by Kumar et al. [16].
(12) Hy(1,0;0;79;1;0) = Sk (v, A) and Hi(1,0;0;7;1;A) = TSk (7, A) studied
by Dixit and Porwal [10].
(13) H1(2,1;0;v;1;0) = HK(v) and H(1,0;0;7;1;0) = Sj(~) studied by
Jahangiri [12].
(14) Hq1(2,1;0;0;1;0) = HK(0) and H(2,1;0;0;1;0) = S},(0) studied by Avci
and Zlotkiewicz [6], Silverman [21] and Silverman and Silvia [22].
(15) Hy(1,0,0,7,0,0) = Ng(v) studied by Ahuja and Jahangiri [4].
(16) S,(1,0,%,0,1,0) = k — ST studied by Aouf [5], see also Kanas and Sri-

vastava [14].

In the present paper, results involving the coefficient condition, extreme points,
distortion bounds, convolution and convex combinations for the above classes
H,(m,n, 3,7,t\) and H,(m,n, 3,7,t,A) of harmonic multivalent functions have
been investigated.

2. MAIN RESULTS

In our first theorem, we introduce a sufficient condition for functions in H,(m, n, 8, v,t, ).

Theorem 2.1. Let f = h+g be such that h and g are given by (1.2). Furthermore,
let

Z{w<m7 n, ﬁ? Y, t? )‘)‘aker*l‘ + @(m7 n, 67 s t’ )\)’karp*l’} < 27 (21)

k=1
where

(p(k,p, )™ (1 + B) — (B +7)(p(k, p, )"
-y

¢<m7n7 67’}/7157 )\) =

Y



174 S. PORWAL, P. DIXIT, V. KUMAR

and
(p(k,p, )" (L + B) = (=)™ "(B + ) (p(k, p. A)"
-y

ap,=1, me NneNy, m>n, 0<y<1 >0, 0<A<land0<t<1,
then f is sense-preserving in U and f € Hy(m,n,3,7,t, ).

®<m7 n76777t7 A) -

Y

Proof. Using the fact that Re w > v if and only if [1 — v+ w| > |1 +v —w|, it
suffices to show that

(1= )(D2)" fel(z) + (1 + Be') (D)™ f(2) — Be'™(D27)" fi(2))]
=1+ D) fulz) = (14 Be')(D2P)™ f(2) + B (DI7)" f(=)]. (2.2)
Substituting for (D)™ f(z) and (D)™ f;(2) in L.H.S. of (2.2), we have

(2 =)z + ) (1 =7 = B ) (p(k, p. N)"t + (1 + 5 ) ok, p, N))™] gy 277

NE

HE DI =7 = Be ) (b p, W) (—1)™ (1 + B ok, p, A) T 247

ol
—_

NE

— 72"+ D[4y + B ) (@, p, )"t = (14 Be'™) (o, p, A)™] Grgp-12™ 7

2

M2 =

+(=1)" [(1+7+56“‘)( (kyp, )"t = (=1)" 7" (1 + Be") (o (k, p, A)) g pr 2577

W
._\

o0

2(1— |z|p—2Z (b, p, )™ (1 + B) — (v + B)t(o(k, p, A) " |agspi |2/

[e.9]

- Z (L =)k, p, M)t + (=1)" (L + Be') (p(k, p, A)™ = Be™ (p(k, p, X)) ]| [bispn || 277

[e.9]

= DL Bk D)™ = (1424 5l ) g 217

2(1 -~ |2'|p—22 L+ 8)((k, p, )™ = (v + B)t((k, p, A)"lakspa |27

_22 1 + ﬁ k ) P, )) + (’V + ﬁ) (¢(kapa )‘))n]|bk+p—l||zlk+p_la if m—nis odd

2(1 =~ \zlp—2z L+ 8) ek, p, )™ = (v + B)t(e(k, p, A)"lakspa |27

_22 1 + 5 k Py )) - (fy + 5) (So(kvpa )\))n]’bk+p—l|’2|k+p_l7 if m —n is odd
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— (1 -~ |Z|p{ i p(k,p,A) (1+6i:(77+ﬁ)t(w(/ﬁp,A))”|ak+p_1“2|k_1
i"; P ) - <1_>j "+ B)te <k,p,A>>”|bk+p_l||Z|k_1}

> 2 {1 f: ok, ) 1+5i_(77+ﬁ)t(¢(k,p,k))”|ak+p_l|
’i( llap A1+ )~ S _): "(v+ D)ty <k,p,A>>”|bk+p_l|}_

The last expression is non negative by (2.1), and so the proof is complete. [

In the following theorem, it is proved that the condition (2.1) is also necessary
for functions f,,, = h + G, where h and g, are of the form (1.12).

Theorem 2.2. Let f,, = h+g,, be given by (1.12). Then f,, € H,(m,n,3,7,t,\),
if and only if

Z {¢ (mu n, ﬁa v, t? /\) |ak+p—1| + © (mv n, 57 e t? )‘) |bk+P—1|} S 2. (23)
k=1

Proof. Since H, (m,n; 3;7;t;A\) C H, (m,n; 3;;t; \), we only need to prove the
“only if” part of the theorem.
To this end, for functions f,, of the form (1.12), we notice that condition

(D)™ 4
wefe iy 2000
(DZ’p) fi(2)
is equivalent to
4 00 \
P [k, p, A)™ (1 + Be) = (B + ) (p(k, p, N)"t]
k=2
. | + (-1
S ok p, V)™ (L + Be®) — (~1)™ (86 +7)(plk, p, )"
k=1
b k+p—1
Re = ety |2 > 0.
2= (o (k,p, )" tlagpa| 22270 4 (1)
k=2

00
Z k p7 "t |bk+p—1| Z]H_p_l
k=1

(2.4)



176 S. PORWAL, P. DIXIT, V. KUMAR

The above required condition (2.4) must hold for all values of z in U. Upon
choosing the values of z on the positive real axis where 0 < z = r < 1, we must
have

(

Z k p7 - 7t (()0 (k7p7 )‘))n] ’ak+p*1| Tkil
—

= [ (B, p, )™ = (=)™ " 4t (0 (k, p, )] bty | 7

[\

k=1
Re = =
1 _Z<<p (k7p7 )‘))nt|ak+p—1|rk_1 - m nz k p7 t|bk+p—1|rk_1
k=2 k=1
.
Zﬁ (k, p, )™ =t (¢ (k, p, )™ lanpa | 7571
- Zﬁ (B, p, A)™ = (=) "t (0 (k, p, N)") [bgegpa | 757
_ela = Z O
1 - Z ((70 (kvpa )‘))n t |a'k+p—1| Tk_l - (_1)m_n
k=2
Z (ks s A))" t by | 777
k=1 J
Since Re (—e'®) > — |e"*| = —1, the above inequality reduces to

) = > L (b, )™ (14 8) = (B +7) (o (k,p, M) 1] [anspa] 7

k=

[ (k,p, )™ (1+8) — (=)™ " (B4 7) (¢ (k,p, A)" t] bppr| 7"

[\

Mg

B

l
| \Y
o

(SO (k:7p7 )‘)>nt|ak+p—1|rk_1 - m HZ k pa t|b/€+p 1|T

=2 k=1

WE

1—

ol

(2.5)

If the condition (2.3) does not hold, then the numerator in (2.5) is negative
for r sufficiently close to 1. Hence there exists a zy = r¢ in (0,1) for which
the quotient in (2.5) is negative. This contradicts the required condition for
fm € H, (m,n; B3;v;t; \) and so the proof is complete. O

We employ the techniques of Dixit et al. [9] in the proofs of Theorems 2.3, 2.4,
2.6 and 2.7.
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Theorem 2.3. Let f,, be given by (1.12). Then f,, € H, (m,n;B;7;t;\), if and
only if

fm(2) = Z (xk-l-p—lhk-i-p—l (2) + Yk+p—19myyp_1 (Z)) , where hy, (2) = 2P,
k=1
1 - .
M1 (2) = 2 = gy (BT 28 ) gy (2) = 2 (1)

1
@(m7n75777ta)‘)

Zk+p717 (k’ = 1, 273) 7xk+p71 2 07

Yktp—1 = 0, Z ($k+p71 + ykerfl) =1.
k=1

In particular, the extreme points of H,(m,n; 8;v;t; ) are {hgyp_1} and {9mipi )

Theorem 2.4. Let f,, € H,(m,n;3;7v;t;\). Then for |z| =r < 1 we have
1

(p((zfjifl))n
11—« @+ = (=)t (v 4+ B)
GERs) 48 -tr+8)  (GEES) (48 -ty +8)

and

[fm(2)] < (1 [bp)r? +

‘bp’ Pt

meﬂz(vw%nﬂ—zzﬁij

p(p—A+1)

1-y IR IR T

12\ Nz \mn

GEES) Ta+a-ta+8) (GEE;) +8) -t +8)

The following covering result follows from the left hand inequality in Theorem
2.4.
Corollary 2.5. Let f,, of the form (1.12) be so that f,, € H,(m,n;3;7;t; ).
Then
{ , (e (P, )" (L+8) = (e, A)" (v +8)t =1+~

w:|wl < " 5

(e A)" (L4 8) = (¢ (p,A)" (v +0) ¢

()" =1 +8) —t(r+8) (e (p,A)" = (=)™ ")
(A" (1+8) = (e (0, A)" (v + 0) t 1Bo] C fon <U)}’

_ ] _t+1)?
where ¢(p, \) = {p(p7>\+1)}'
For our next theorem, we need to define the convolution of two harmonic func-
tions. For harmonic functions of the form

o0

oo
Jm(2) = 2" = Z |agipor]| 2P (=)™ Z |bpap| 277
k=2 ot
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and

Fu(2) =2 =3 [Appa| 277+ (=1)" 71 By | 207
k=2 k=1
we define the convolution of two harmonic functions f,, and F,, as

=2 =N farrpr Argpot| P (DT (2.6)
k=2

> brsp-1Brspor| 2P

k=1

Using this definition, we show that the class Fp(m, n; B;7v;t; A) is closed under
convolution.

Theorem 2.6. For 0 < v, < v < 1 let f,, € H,(m,n;B;7;t;A) and F,, €
Hy (m,n; B;72:65X). Then fo % Fry € Hy (m,n; 859236 X) C Hy, (m,n; Bimi ).

Next, we show that ﬁp(m, n, 3,7,t, \) is closed under convexr combinations of
its members.

Theorem 2.7. The class Fp (m, n; B;7y;t; \) is closed under convex combination.
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