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ABSTRACT. The main aim of this paper is to give a complete proof to the open
inequality with power-exponential functions

a® + beb > aeb + bea’
which holds for all positive real numbers a and b. Notice that this inequality
1 1
was proved in [1] for only a > b > — and — > a > b. In addition, other two

e e
open inequalities with power-exponential functions are proved, and three new
conjectures are presented.

1. INTRODUCTION

We conjectured in [1] and [3] that e is the greatest possible value of a positive
real number r such that the following inequality holds for all positive real numbers
a and b:

a’™® 4 brb Z arb 4 pre. (11)

In addition, we proved in [1] the following results related to this inequality.
Theorem A. If (1.1) holds for r = 1o > 0, then it holds for all 0 < r < rg.
Theorem B. If max{a,b} > 1, then (1.1) holds for any r > 0.

Theorem C. If r > e, then (1.1) does not hold for all positive real numbers a
and b.
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1
Theorem D. If a and b are positive real numbers such that either a > b > — or
r

1
—>a >0, then (1.1) holds for all0 <r <e.
”

2. MAIN RESULT

In order to give a complete answer to our problem, we only need to prove the
following theorem.

Q|+~

Theorem 2.1. Ifa and b are positive real numbers such that 0 < b <
then

<a<l,

a“ + b > a® + b,
The proof of Theorem 2.1 relies on the following four lemmas.
Lemma 2.1. If z > 0, then
7" — 1> (z—1)e"
Lemma 2.2. If0 <y <1, then
1—Iny>elv.
Lemma 2.3. If x > 1, then
Inz > (z—1)e' ™.
Lemma 2.4. Ifz > 1 and 0 <y <1, then
2L > g
Notice that Lemma 2.1 is a particular case of Theorem 2.1, namely the case

where a = z and b = —.

e e

On the other hand, from Theorem B and its proof in [1], it follows that a,b €
(0, 1] is the main case of the inequality (1.1). However, we conjecture that the
following sharper inequality still holds in the same conditions:

Conjecture 2.1. Ifa,b € (0,1] and r € (0, €], then
2V arebrt > " 4 pre.

In the particular case r = 2, we get the elegant inequality

2a°b" > a® + b**, (2.1)
which is also an open problem. A similar inequality is
2a°" > (ab)® + (ab)®, (2.2)

where a,b € (0, 1]. Notice that a proof of (2.2) is given in [2]. It seems that this
inequality can be extended to three variables, as follows.

Conjecture 2.2. Ifa,b,c € (0,1], then
3a°b’c® > (abc)® + (abe)’ + (abe)®.



132 V. CIRTOAJE

3. PROOF OF LEMMAS
Proof of Lemma 2.1. Write the desired inequality as f(x) > 0, where
f(x)=2lnz —In[l + (z — 1)e* !
has the derivatives

mem—l

flx)y=1+Inx— 1T (2 = 1o

and
f”(l') _ .T(ZU — 1)6x_1(6x_1 B 1) + (ex—l B 1)2 )
z[l 4 (z — 1)e*1)?

Since (z — 1)(e*! — 1) > 0, we have f”(z) > 0, and hence f'(x) is strictly
increasing for x > 0. Since f’(1) = 0, it follows that f'(z) < 0 for 0 < z < 1, and
f'(x) > 0 for > 1. Therefore, f(x) is strictly decreasing on (0, 1] and strictly
increasing on [1,00), and then f(z) > f(1) = 0. O
Proof of Lemma 2.2. We need to show that f(y) > 0 for 0 < y < 1, where

f(y)=1—Iny—e'v.

Write the derivative in the form

Fy) = e Yg(y)

)

Y
where
gly) =y — e’ .
Since ¢'(y) = 1—e¥! > 0for 0 <y < 1, g(y) is strictly increasing, g(y) < g(1) =
0, f(y) <0 for 0 <y <1, f(y) is strictly decreasing, and hence f(y) > f(1) =
0 Ol

Proof of Lemma 2.3. Since

e L1 1
Cer T 4 (z—1)

it suffices to show that f(z) > 0 for z > 1, where

1
f(z) :lnx+5—1.

r—1
This is true because f'(z) = —5— > 0, f(x) is strictly increasing, and hence
x

f(z) > f(1)=0. O
Proof of Lemma 2.4. Consider the nontrivial case when 0 < y < 1. For fixed
y € (0,1), we write the desired inequality as f(z) > 0 for x > 1, where

flx)=(y—1)Inz—(z—1)Iny.

We have

—1
fﬁﬁZyx —lny>y—1-Iny.
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1
Let us denote g(y) = y — 1 — Iny. Since ¢'(y) = 1 — — < 0, g(y) is strictly
decreasing on (0,1), and then g(y) > ¢g(1) = 0. Therefore, f'(x) > 0, f(z) is

strictly increasing for > 1, and hence f(x) > f(1) = 0.

4. PROOF OF THEOREM 2.1
Making the substitutions © = ea and y = eb, we have to show that
(2" =y )e "+ (y —a¥)e ¥ >0
for 0 <y <1<z <e ByLemma 2.1, we have
2" > 14 (z— 1)t
and
v > 1+ (y = Dev
Therefore, it suffices to show that
1+ (x=1)e" P —yPe ™ + (14 (y— e —a¥)e ¥ >0,
which is equivalent to
vy —2+(1—y")e "+ (1—a¥)el v >0.
For fixed y € (0, 1], write this inequality as f(z) > 0, where
f@)=az+y—2+0—y9)e "+ (1 —a¥)e'V, 1<z<e
If f'(x) >0, then f(z) > f(1) = 0, and the conclusion follows. We have
flr)=1—e"" —ya¥ e + y"(1 — Iny)e' ™
and, by Lemma 2.2, it follows that
Fl(x) > 1 — el — yablel oy o ey,
For fixed z € [1, €], let us denote
gly) =1 —e'™" —ya¥ eV L eV 0<y < 1.

O

(4.1)

We need to show that ¢g(y) > 0. Since g(1) = 0, it suffices to prove that ¢'(y) <0

for 0 <y < 1. We have
eV lg'(y) = (y — Da? ' —yzv 'Inz + (zy”
and, by Lemma 2.3, we get
eVl (y) < (y — D)ab~! + (ya¥~! — ya¥ + ay®! — el

If yzv=! — ya¥ + 2y* ' — y* < 0, then clearly ¢’(y) < 0. Consider now that

yr¥=! —ya¥ + zy® ! — y® > 0. Since e!7* < —, we have
T
-1 r—1 T
- T

_ oy —a)

and, by Lemma 2.4, it follows that ¢’(y) < 0. Thus, the proof is completed.
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5. OTHER RELATED INEQUALITIES
We posted in [1] the following two open inequalities.
Proposition 5.1. If a,b are nonnegative real numbers satisfying a + b = 2, then
a4 <2,
with equality for a =0 =1.
Proposition 5.2. If a,b are nonnegative real numbers satisfying a +b =1, then

a2b+b2a S ]‘7
1
with equality for a =b = o fora=0andb=1, and fora=1 and b = 0.

A complicated solution of Proposition 5.1 was given by L. Matejicka in [4]. We
will give further a much simpler proof of Proposition 5.1, and a proof of Propo-
sition 5.2. However, it seems that the following generalization of Proposition 5.2
holds.

Conjecture 5.1. Let a,b be nonnegative real numbers satisfying a +b = 1. If
k> 1, then
a®* L pa)t <1

6. PROOF OF PROPOSITION 5.1

Without loss of generality, assume that a > b. For a = 2 and b = 0, the desired
inequality is obvious. Otherwise, using the substitutionsa =14z and b=1—x,
0 <z < 1, we can write the inequality as

63(1—1) In(14x) + e3(1+a¢) In(1—x) < 2.
Applying Lemma 6.1 below, it suffices to show that f(z) < 2, where
f(ZL‘) _ 63(1—3})(3}—%4—%) + e—3(1+z)(m+§+§)‘

If f'(x) <0 for x € [0,1), then f(x) is decreasing, and hence f(z) < f(0) = 2.
Since

3
5z .4
B} T

15 .
f/(ZL') :(3 — 9z + 71’2 — 4553)6333_9?"’_
15 .
—(3+ 97 + 5562 + 4x3)e’3x*97*7*w 7
f'(x) <0 is equivalent to

o505 0= 187 + 1522 — 8
~ 6+ 18z + 1522 + 8x3

For the nontrivial case 6 — 18z + 1522 —8x2 > 0, we rewrite the required inequality
as g(x) > 0, where

g(xr) = —6x — 52® — In(6 — 187 + 152% — 82°) + In(6 + 18z + 152* + 8z?).
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If ¢'(z) > 0 for x € [0,1), then g(x) is increasing, and hence g(x) > ¢(0) = 0.
From
2 2

%gl(x) =252 4 o (165;8—37 ()189513:68953) 6+ <165:28f ()1;91:14(2:68353)’
it follows that ¢’(x) > 0 is equivalent to
2(6 + 822)(6 + 1522) — 20x(18x + 8x3) > (2 + 52%)[(6 + 1527%)% — (18z + 8z%)].
Since

(6 + 152%)* — (187 + 82%)* < (6 + 152%)? — 3242” — 288z < 4(9 — 362?),
it suffices to show that

(3 +42%)(6 + 152%) — 5x(18z + 82°) > (2 + 52%)(9 — 3622).

This reduces to 622 + 200z* > 0, which is clearly true. 0

Lemma 6.1. Ift > —1, then
2 t3
In(l+¢t) <t——+ —.
n(l+1t) < 2—|—3

Proof. We need to prove that f(¢t) > 0, where

t2 3

(@) :t—§+§—1n(1+t).
Since
/ £’
)= —
1O =7

f(t) is decreasing on (—1,0] and increasing on [0, 00). Therefore, f(t) > f(0)
0.

Ol

7. PROOF OF PROPOSITION 5.2

Without loss of generality, assume that

—_

0<b< 5
Applying Lemma 7.1 below for ¢ = 2b, 0 < ¢ < 1, we get
a® < (1 —2b)* + 4ab(1 — b) — 2ab(1 — 2b) Ina,

IN
IN

a < 1.

which is equivalent to
a®® <1 — 4ab® — 2ab(a — b)Ina. (7.1)
Similarly, applying Lemma 7.2 for d = 2a — 1, d > 0, we get
v < 4a(l —a) +2a(2a — 1) In(2a + b — 1),

which is equivalent to
b** < 4ab* + 2ab(a — b) Ina. (7.2)
Adding up (7.1) and (7.2), the desired inequality follows. O
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Lemma 7.1. If0 < a <1 and c >0, then
a® < (1—c)* +ac(2—c)—ac(l —c)lna,
with equality for a =1, for c =0, and for c = 1.

Proof. Using the substitution a = e~*, = > 0, we need to prove that f(z) > 0,
where

f@)=(0—=c)%"+¢(2—-c)+c(1—c)x — 797,

f(z)=0—-0)[1—-c)e" +c— e(l_c)x].

If f'(x) > 0 for > 0, then f(x) is increasing, and f(z) > f(0) = 0. In order
to prove this, we consider two cases. For 0 < ¢ < 1, by the weighted AM-GM
inequality, we have

(1—c)e” +c> e,
and hence f’(z) > 0. For ¢ > 1, by the weighted AM-GM inequality, we have
(c—1)e" + 1797 > ¢
and hence f'(z) > 0, too. O
Lemma 7.2. If0<b<1 andd >0, then
b <1 —d*>+d(1+d)In(b+d),
with equality for d =0, and for b=0, d = 1.
Proof. Excepting the equality cases, from
l—d+dn(b+d)>1—d+dlnd >0,
we get 1 —d+ dIn(b+ d) > 0. So, we may write the required inequality as
In(1+d)+In[l —d+dIn(b+d)] > dlnb.

Using the substitution b = e™* — d, —In(1 + d) < x < —Ind, we need to prove
that f(x) > 0, where

f@)=In(1+d)+1n(l —d—dx)+dr—dln(1 — de”).

Since
d*(e* — 1 — ) 0
(1—d—dx)(1—de*) = 7

f'(x) =
f(z) is increasing, and hence
f(z) > f(—=In(14+d)) = In[l — d*+ d(1 + d) In(1 + d)].
To complete the proof, we only need to show that —d* + d(1 + d) In(1 + d) > 0;
that is,
(1+d)In(1+d) > d.
—d

This inequality follows from e* > 1+ x for x = T7d O
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