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ABSTRACT. We study the incompressible Navier-Stokes equations in the entire
three-dimensional space. We prove that if dsus € Li* L' and uq,uq € L{2L2,
then the solution is regular. Here % + % <1,3<r <oo % + % <1 and
3 < ry <oo.

1. INTRODUCTION AND PRELIMINARIES

In this paper, we consider Cauchy problem for the incompressible Navier-Stokes
equations

%+u~Vu+Vp = vAu

Veu = 0 (1.1)
u(z,0) = wup(x)
in which u = (ui(x,t),us(x,t),us(x,t)) is the unknown velocity field, ug =

(u1(z,0),us(x,0), us(x,0)) is the initial velocity field with V - uo = 0, and p(z,t)
is a scalar pressure. While v is the kinematic viscosity coefficient, we will assume
that v = 1 for simplicity in this paper. Here we use the classical notations

3 3 3
Vu = (Oyu,0yu, Osu), Au=Y u, V-u=Y Oy, u-Vu=Y udu.
i=1 i=1 j=1
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In 1934, Leray proved the existence of a global weak solution
u € L(0,00; L*(R?)) () L*(0, 00; H'(R?)),

on the condition that uy € L? and V - ug = 0. It is called the Leray-Hopf weak
solution which satisfies the energy inequality [1]. If ||u(t)|| g1 is continuous, then
we say that u(t) is regular. Up to the present, the regularity and uniqueness of
the weak solutions is still an open problem. On the other hand, there are already
many criterions which ensure that the weak solution is regular [2, 3].

In this paper, we give a regularity criterion concerning one derivative of one
component of the velocity and other components of velocity.

2. MAIN RESULTS

Our main result can be stated as follows.

Theorem 2.1. Let

2 3
Osuz € L' LY where — + — <1, 3 <r; < o0, (2.1)
S1 T

and

2 3
uy, ug € L?L?, where — 4+ — <1, 3 <1y < 00.
S22 T2
Then u is regular.
At first, let us recall the definition of the Leray-Hopf weak solution.

Definition 2.2. (Leray-Hopf weak solution) If a measurable vector u satisfies
the following properties in 0 < T' < oo:

(1) w is weakly continuous in [0,7) x L*(R?),
(2) w verifies (1.1) in the sense of distribution

T P
/ / (a—+u~VCI>+Aq))-udxdt+/ ug -+ ®(z,0)dzr =0,
o Jrs O R3

Vo € C°(R3 x [0,T)), V-® =0, & is a vector function,
(3) u satisfies the energy inequality

t
lu(- Ol + 2/0 IVu(, s)ll72ds < uollzo, 0<t<T,

then u is called a Leray-Hopf weak solution of the Navier-Stokes equations.
We give three lemmas for the proof of the theorem.
Lemma 2.3. (The estimate for the pressure in L(RR?))
Ipllza(t) < CllullZ2(t), 1< g < oo
Proof. See [2]. O
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Lemma 2.4. (Interpolation inequality) Assume u € LL2(R3 x I) and Vu €
LIL2(R3 x I), where I is an open interval. Then w € LiL"(R3 x I) for all r,s

such that 5
+-<
T

w | Do
N o

and 2 < r < 6. Moreover,

|
Proof. See [3]. O
By Lemmas 2.3 and 2.4, we get the following.

U<mw;yﬁwuﬁjm.

Lemma 2.5. (The estimate for the pressure in L{ L (R?® x 1))

2 3
Iplizrs < Cllugle, = +5 =3, 1<r <3

Proof. (Proof of Theorem 2.1) At first, let us multiply the equation for us of (1.1)
by |u3|u3 and integrate over [0, T x R3 te(0,7)

3u3 t
< Juslug — Aug luglus = — u - Vug - |ug|ug
R3 0 R3

t
—/ 83]9' |U3|U3
0 JR3

Il+[2 - [3+I4.

Calculating every term,

8|U3|3 1 . 1
h==‘// SluslZalt = 5l s — 3, )3,

E 8 t 5 8
b i1 /0 /R3 Outaluz|us = 9 ZZ—;/O /]1{3(81|U3’ )= 9HV|u3| HL%L%;

3 t 3 t
1 3
I3 = _Z/ /3 U¢81U3|U3|U3 = 52221:/0 /Ra 8zuz‘u3’ = 0,

u:l//p@wm3<mw%ﬂm%ﬂ%w+|Mﬁw%

Si+sj - 2
r r 3
242 1 2<s<00,3<m <oo
1.3 -3 1<s<23<n<

By Lemma 2.3, we get
Ipll ez < ClluolZe, (2.2)

and so
3/2

Iy < Clluo||72|Osus| o

o g lusle sy (23)
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Summarizing the above calculating of Iy, I, I3 and I, we get

1 8 3 3 3 3
6||U3('7t)||?i3 + I Vlus]? 2222 < Clluollzzl10suslFor ri + Clluol 22 Vol 7.

L
By (2.1), we get
3
lua Dl zers + 19l =l 22z < €,
moreover,

2
lus (Ol gz < CUIV Lus|2 (155 0,
and so
s (-, )| pgers + [lus(- )|l psre < C,
ie., ug € L;L?, where % +§ <1, 3 <r <9, so the solution is regular making
use of the regularity criterion [4, 5]:

2 3
ue L;L!, where —+—- <1, 3<r < o0,
s r
which completes the proof. O
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