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ABSTRACT. Recently, in [5], Najati and Moradlou proved Hyers-Ulam-Rassias
stability of the following quadratic mapping of Apollonius type

Qe —2)+Q(—y) = 30 —y) +20(= - 1Y)

in non-Archimedean space. In this paper we establish Hyers-Ulam-Rassias sta-
bility of this functional equation in random normed spaces by direct method
and fixed point method. The concept of Hyers-Ulam-Rassias stability origi-
nated from Th. M. Rassias stability theorem that appeared in his paper: On
the stability of the linear mapping in Banach spaces, Proc. Amer. Math. Soc.
72 (1978), 297-300.

1. INTRODUCTION AND PRELIMINARIES

The stability problem of functional equations originated from a question of Ulam
[10] concerning the stability of group homomorphisms. Hyers [4] gave a first
affirmative partial answer to the question of Ulam for Banach spaces. Hyers’s
theorem was generalized by Th. M. Rassias [6] for linear mappings by considering
an unbounded Cauchy difference.

Theorem 1.1. let f be an approximately additive mapping from a normed vector
space E into a Banach space E', i.e., f satisfies the inequality

1z +y) = f@) = F)ll < e(llzl” + [lyll")
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for all z,y € E, where € and r are constants with € >0 and 0 < r < 1. Then the
mapping L : E — E' defined by L(x) = lim,,_o, 27" f(2"x) is the unique additive
mapping which satisfies

2€

If@+y) - L@ < 5=

[l ]l”
forallz € F.

The paper of Th.M. Rassias [6] has provided a lot of influence in the devel-
opment of what we call generalized Hyers-Ulam stability or Hyers-Ulam-Rassias
stability of functional equations. A generalization of the Th.M. Rassias theorem
was obtained by Gavruta [3] by replacing the unbounded Cauchy difference by a
general control function in the spirit of Th. M. Rassias approach.

The functional equation

fle+y)+ fle—y) =2f(x) +2f(y), (1.1)
is called a quadratic functional equation. In particular, every solution of the
quadratic functional equation is said to be a quadratic mapping. The Hyers-
Ulam-Rassias stability problem for the quadratic functional equation was proved
by Skof [9] for mappings f : X — Y, where X is a normed space and Y is a
Banach space. Cholewa [1] noticed that the theorem of Skof is still true if the
relevant domain X is replaced by an Abelian group. Czerwik [2] proved the
Hyers-Ulam-Rassias stability of the quadratic functional equation.

A. Najati and F. Moradlou [5], introduced the following functional equation

Qe — )+ Q= —y) = 30 —y) +20(= - “1Y) (12)

and he established the general solution and the generalized Hyers-Ulam- Rassias
stability problem for the functional equation (1.2) in non-Archimedean spaces.
In this paper, we establish the Hyers-Ulam-Rassias stability problem of functional
equation (1.2) in random normed spaces.

In the sequel, we shall adopt the usual terminology, notions and conventions
of the theory of random normed spaces as in [8]. Throughout this paper, the
spaces of all probability distribution functions is denoted by A*. Elements of
AT are functions F': R U [—o0, +00] — [0, 1], such that F is left continuous and
nondecreasing on R and F(0) = 0, F(+00) = 1. It’s clear that the subset

Dt ={FeAt:I"F(—o0) = 1},
where [~ f(z) = lim;_,- f(t), is a subset of A*. The space AT is partially ordered

by the usual pointwise ordering of functions, that is for all t € R, F' < G if and
only if F(t) < G(t). For every a > 0, H,(t) is the element of DT defined by

0 if t<a
mo={ 785

One can easily show that the maximal element for A™ in this order is the distri-
bution function Hy(t).

Definition 1.2. A function 7" : [0,1]> — [0,1] is a continuous triangular norm
(briefly a t-norm) if T satisfies the following conditions:
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1) T is commutative and associative;

2) T is continuous;

3) T(x,1) =z for all z € [0, 1];

4) T(z,y) < T(z,w) whenever z < z and y < w for all z,y, z,w € [0, 1].

Three typical examples of continuous t—norms are T'(z,y) = zy,T(z,y) =
max{a +b— 1,0} and T'(z,y) = min(a,b). Recall that, if T"is a t—norm and
{z,} is a given of numbers in [0, 1], T/ ,z; is defined recursively by T}. ,z; and
T o = T(T vy, ) for n > 2.

Definition 1.3. A random normed space(briefly RN-space) is a triple (X, ¥, T),
where X is a vector space, T is a continuous t-norm and ¥ : X — D7 is a map-
ping such that the following conditions hold:

(1) W,(t) = Ho(t) for all t > 0 if and only if x = 0.
(2) Uou(t) = \Ijx(IfTI) foralla e R, a# 0,2z € X and t > 0.
(3) Wopy(t+5) > T (W, (), ¥y(s)), for all z,y € X and ¢, s > 0.

Every normed space (X, ||.||) defines a random normed space (X, ¥, T),) where
for every t > 0,
t
U, (t) =
t A+ ||ull
and T is the minimum ¢-norm. This space is called the induced random normed
space.

Definition 1.4. Let (X, ¥, T) be an RN-space.

(1) A sequence {z,} in X is said to be convergent to x € X in X if for all
>0, limy_oWUy, _o(t) = 1.

(2) A sequence {x,} in X is said to be Cauchy sequence in X if for all ¢ > 0,
limpy ooV, —a, (1) = 1.

(3) The RN-space (X, WV, T) is said to be complete if every Cauchy sequence
in X is convergent.

Theorem 1.5. If (X, W, T) is RN-space and {x,} is a sequence such that x, — z,
then lim,, .., U, (t) = W, ().
Definition 1.6. Let X be a set. A function d : X x X — [0,00] is called a
generalized metric on X if d satisfies

(1) d(x,y) =0 if and only if x = v,

(2) d(z,y) = d(y,z) for all x,y € X,

(3) d(z,z) < d(z,y) +d(y, z) for all x,y,z € X.

Theorem 1.7. Let (X,d) be a complete generalized metric space and let J : X —
X be a strictly contractive mapping with Lipschitz constant L < 1. Then for each
gwen element v € X, either

d(J"z, J"r) = o0 (1.3)

for all nonnegative integers n or there exists a positive integer ng such that
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(1) d(Jz, J"z) < oo for all ng > no;

(2) the sequence {J"x} converges to a fized point y* of J;

(3) y* is the unique fixed point of J in the set Y = {y € X| d(J™x,y) < oo},
(4) d(y,y*) < Zd(y, Jy) for ally €Y.

2. RN-stability of the functional equation (1.2): direct method

In this section, we use direct method to prove the Hyres-Ulam-Rassias stability
of quadratic functional equations (1.2).

Theorem 2.1. Let X be a real linear space, (Z,V,min) be an RN-space, C :
X3 — Z be a function such that for some 0 < o < 4,

\ch(zxygyygz) (t) Z \I/ag(%y’z) (t) Vx € X, t > 0, (2.1)
Q(0) =0 and for all x,y,z € X andt >0

Let (Y, u,min) be a complete RN-space. If Q : X — Y is a mapping such that
forallz,y,z € X andt > 0,

Q)+ @) -2y -20¢—=t1) (1) 2 Wey,2)(1), (2:2)
then there is a unique quadratic mapping R : X — Y such that
R(z) := lim 47"Q(2"x),
and

(4 — a)t).

Proof. Putting y = —x and z = x in (2.2) we see that for all z € X and all ¢ > 0,
M%_Q(@ (t) > \IJC(%*%I)(%)' (2.4)

Replacing z by 2"z in (2.4) and using (2.1), we obtain

n 2 x 4™
Pownitn o (£) > Upane g (2 X A7) > qfc(x,,x’x)( . ) (2.5)
an+1 an (0%
So
(n_l tak ) <n_1 tak )
ng = e k41, kg
HeG-ow\ £ 95 aF iy - L o
- tak
> Tk:olﬂc@(f::z),c?f:z) (2 X 4k> (2.6)
> 5 (Vee®)
- \Ijg(x,—x,x) (t)
This implies that
t
HQerz) - (t) 2 \Ilw(x7_$7x) <Tak . (27)
== —Q(z) ZZ:O 2
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Replacing z by 2Pz in (2.6)), we obtain

t
Heentrs)  Qps) t) > Ve (2ra,~2va,2v2) <_n—1 ok
anFp ap k=0 2x4F+p
t
> ‘I’w(x,—x,x)(m> (2.8)
k=0 2x4k+p
t
— \IJ x x:c (Zn+p 1 ak )
2 x4k
As
li 1\ t 1
11m ((z,—x,x) ( 1 ok ) =4
P,N—00 Zner 2§4k

then { (jn 2) } is a Cauchy sequence in complete RN-space (Y, 1, min), so there
n=1

exist some point R(z) € Y such that
lim 47"Q(2"z) = R(x).

n—oo

Fix z € X and put p =0 in (2.8). Then we obtain

t
e o)1) 2 Y@ ) (Ta_k) (2.9)
k=0 2x4F
and so, for every € > 0, we have
> ny ng .
HR@)-Q@)(t+e) = T (uR(I),Q% >(e),uQ<jn >,Q(x)(t)) (2.10)
t
> T(MR(CC)_%(E)»\PC(I,—z,x)<w>>
k=0 2x4Fk
Taking the limit as n — oo and using (2.10), we get
(4—a)t
KR (z)-Q(=z) (t + E) Z ‘;[Jd)(x,fx,z) < 5 ) . (211)
Since € was arbitrary by taking e — 0 in (2.11), we get
(4—a)t

Replacing x, y and z by 2"z, 2"y and 2"z, respectively, in (2.2), we get for all
x,y,z € X and for all ¢t > 0,

H L [Q(an—2m2) 4+ Q(2n2—2ny) - LQ(na—2my) ~2Q(an— i) (E) 2 Wi (anz any o) (471).
(2.13)
Since limy, o0 We(ang,2ny 2nz)(4"t) = 1, we conclude that

R(z—x)—i—R(z—y):%R(x—y)jLQR(z—x;y).

To prove the uniqueness of the quadratic mapping R, assume that there exist
another quadratic mapping S : X — Y which satisfies (2.3). By induction one
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can easily show that for all n € N and every x € X, R(2"x) = 4"R(x) and
S(m"z) = 4"S(z). So

PR@)-5@)(1) = 1 paens  sens (1) (2.14)
. . t t
>  lim ml’n/{MR(Q"z)iQ(Z”z) (—) , s@nz)  Q(2na) (—)}
n—00 an an 2 an qn 2
. 4"(4 — a)t
> nh_{glo V¢ (ang,—2nz,2n2) (%)
4"(4 — a)t
Z lim \Ifc(x7_x7x) (%)
n—oo o
Since lim,,_.o 4n§;‘)‘)t = 00, we get
4"(4 — a)t
i (U
nl—%lo (@,~z,z) 4™
Therefore, it follows that for all ¢ > 0, pir@)-s@) (t) = 1 and so R(x) = S(x).
This complete the proof. 0

Corollary 2.2. Let X be a real linear space, (Z,V,min) be an RN-space, and
(Y, u, min) a complete RN-space. Let 0 <p <l andz € Z. If @ : X — Y isa
mapping that for all x,y € X and t > 0,

HQ(e—2)+Q (=)~ L Qa—y)—2Q(e— 252y (E) = Wilyjipyo (1), (2.15)
then there is a unique quadratic mapping R : X —'Y such that
R(z) = HILI& 47"Q(2"x), (2.16)
and
HQ@)—R()(t) 2 V= ((4—742’)15)_ (2.17)
Proof. Let a =47 and ( : X — Z be defined by ((z,v, 2) = ||y|["20. O

Corollary 2.3. Let X be a real linear space, (Z,V,min) be an RN-space, and
(Y, ,min) a complete RN-space. Let 0 <p<1landz € Z. IfQ: X —Y isa
mapping that for all x,y,z € X and t >0,

HQ(z—2)+ Q) - 2 Qa—y) 20— 252) () = W (llal -t lylir-+1]27)20 (£); (2.18)
then there is a unique quadratic mapping R : X — Y such that
R(z) = lim 47"Q(2"x), (2.19)
and

(4= 4p>t>. (2.20)

HQ)—R@) () = Vjalrz <T

Proof. Let a = 47 and ¢ : X® — Z be defined by ((z,y,2) = (||z||P + ||y||P +
[12117) zo- O
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Corollary 2.4. Let X be a real linear space, (Z, ¥, min) be an RN-space, and
(Y, u, min) a complete RN-space. Let zo € Z. If Q : X — Y is a mapping that
forallz,y,z € X andt > 0,

Q-2+ Q) 3@y —2(=— 1) (1) = Wz (1), (2.21)

then there is a unique quadratic mapping R : X — Y such that for all x € X and
t>0,

R(z) = lim 47Q(2") (2.22)
and
3t
HQ@)-R() (1) = Vs <§> (2.23)
Proof. Let a =1 and % : X3 — Z be defined by ¢ (x,y) = dz. 0

3. RN-Stability of the functional equation (1.2): fixed point method

Theorem 3.1. Let X be a linear space, (Y, u, Tyr) be a complete RN-space and A
be a mapping from X® to D" (A(z,vy, 2) is denoted by A, .) such that, for some
0<a<i,

A2172y72z(t) S ALy,Z(Oét) (31)
forallz,y,z € X and allt > 0. Let Q : X — Y be a quadratic mapping satisfying
HQ(e—a)+Q(—y)— 2 Qa—y) 20— 252 (1) = Doy (1) (3.2)

for all x,y,z € X and allt > 0. Then
R(z) := lim 4”@(%) (3.3)

exists for each v € X and defines a unique quadratic mapping R : X — Y such
that

(1 —4a)t
HQ(z)—R(x) <t> > ANy —aa (T> (3.4)

forall x,y,z € X and all t > 0.
Proof. Putting y = —x and z = z in (3.2), we have

1) -20@) (1) 2 Av—aa(t), (3.5)
for all x € X and all t > 0. Consider the set
S={g: X =Y} (3.6)

and introduce the generalized metric on S :
d(f,q) = in f{u ERY ¢ figay-nioy(Ut) > Ay —oo(t), Vo € X, Vit > o}, (3.7)

where, as usual, inf() = +oo. It is easy to show that (.5, d) is complete. Now we
consider the linear mapping J : S — S such that

Th(z) == 4h<g> (3.8)
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for all x € X and we prove that J is a strictly contractive mapping with the
Lipschitz constant 4«. Let g, h € S be given such that d(g,h) < e. Then

Mg(x)—h(x)(Et) > Aa:,—a:,x(t) (39)
for all z € X and all ¢t > 0. Hence

Hag(a)—Ih(z)(daet) = [lag(z)—an(z)(dact)
= ug(%),h(%)(aet) (3.10)

AV,

for all z € X and all t > 0. So d(g,h) < € implies that d(Jg, Jh) < 4ae. This
means that

d(Jg, Jh) < 4ad(g,h) (3.11)
for all g, h € S. It follows from (3.5) that
1Q()-aQ(z)(at) = Ng s 4 (t) (3.12)
for all z € X and all t > 0. So
d(Q,JQ) < 2a < 1. (3.13)

By Theorem (1.7), there exists a mapping R : X — Y satisfying the following:
(1) R is a fixed point of J, that is

x 1
for all z € X. The mapping R is a unique fixed point of J in the set
Q={heS:dg,h) <oo} (3.15)

This implies that R is a unique mapping satisfying (3.14) such that there
exists a u € (0, 00) satisfying

,uQ(x)_R(x)(ut) Z AI,—Lm(t) (316)

for all x € X and all t > 0;
(2) d(J"Q, R) — 0 as n — oo. This implies the equality

lim 4%2( ) R(z) (3.17)

for all x € X
(3) d(Q,R) < Q ‘]Q with @ € ), which implies the inequality
2cv
d < 1

@) <22 (3.18)

from which it follows
20t

Q@) R() (1 - 40) > Mo —aalt) (3.19)
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for all z € X and all ¢ > 0. This implies that the inequality (3.4) holds.
Replacing z,y and z by 2"z, 2"y and 2"z, respectively in (3.2)), we obtain

t
Pan(QU— QG — ) -3 — 2@ -z () 2 A 2 <4—n> (3.20)
> A:c,y,z(
for all z,y,2 € X, all t > 0 and all n € N. Since lim,,_,o A%y,z((l) t) =1 for
all z,y,2z € X and all ¢ > 0, then we deduce that

luR(z—at)—i-R(z—y)—%R(m—y)—QR(z—%)(t) =1,
for all z,y,2 € X and all ¢ > 0. Thus the mapping R : X — Y is quadratic. [J

Corollary 3.2. Let 0 > 0 and let p be a real number with p > 1. Let X be a

normed vector space with norm ||.||. Let Q : X — 'Y be a mapping satisfying
t
’LLQ(Z—QT)-‘!'Q(z—y)—%Q(x—y)—%?(z—%)(t) > t+ e(Hpr + Hpr + ”ZHp) (321)
forall x,y,z € X and allt > 0. Then
R(z) := lim 4”Q<2£n> (3.22)
exists for each x € X and defines a quadratic mapping R : X — Y such that
(4P — 4)t
1Q)—R(x) (1) = TR R (3.23)
Proof. The proof follows from Theorem (3.1) by taking
t
Apy(t) (3.24)

Ol + [yl + [1z]P)
for all x,y,2z € X and all t > 0. Then we can choose @ = 477 and we get the
desired result. 0

Similarly, we can obtain the following. We will omit the proof.

Theorem 3.3. Let X be a linear space, (Y, u, Tyr) be a complete RN-space and A
be a mapping from X? to D" (A(z,y, 2) is denoted by A, .) such that, for some
0<a<d4,

Az w2 () < Ayy.(at) (3.25)
forallx,y,z € X and allt > 0. Let Q : X — Y be a quadratic mapping satisfying
HQe—2)4Q(—y)— 1Q—y)-20(— 1) (1) 2 Ay 2(1) (3.26)
forall z,y,z € X and allt > 0. Then
277/
R(z) == lim % (3.27)

exists for each x € X and defines a unique quadratic mapping R : X — Y such
that
(4— @)t)

. (3.28)

,UQ(x)fR(a:) (t) Z A:v,—x,a:(
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for allx € X and all t > 0.
Corollary 3.4. Let 6 > 0 and let p be a real number with 0 < p < 1. Let X be

a normed vector space with norm ||.|. Let Q : X — Y be a quadratic mapping
satisfying
t
’U/Q(z—x)-&-Q(z—y)_% (x—y)—2Q(z_%)(t> = t+ 6’(”1‘”17 + Hpr + ||Z||p) (329)
forall x,y,z € X and allt > 0. Then
2n
R(z) == lim % (3.30)
exists for each x € X and defines an quadratic mapping R : X — 'Y such that
(4 —4P)t
/“LQ(Z’)—R(»’C)(t) > (4 — 4p)t + 69||$||p (331)

Proof. The proof follows from Theorem (3.3) by taking
t
Ay (t) =
! t+0([l [P+ llyll” + 1[=]1)
for all x,y € X and all ¢t > 0. Then we can choose av = 4”7 and we get the desired
result. OJ
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