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J. M. RASSIAS PRODUCT-SUM STABILITY OF AN
EULER-LAGRANGE FUNCTIONAL EQUATION

MATINA J. RASSIAS

ABSTRACT. In 1940 (and 1964) S. M. Ulam proposed the well-known Ulam
stability problem. In 1941 D. H. Hyers solved the Hyers-Ulam problem for lin-
ear mappings. In 1992 and 2008, J. M. Rassias introduced the Euler-Lagrange
quadratic mappings and the JMRassias “product-sum” stability, respectively.
In this paper we introduce an Euler-Lagrange type quadratic functional equa-
tion and investigate the JMRassias “product-sum” stability of this equation.
The stability results have applications in Mathematical Statistics, Stochastic
Analysis and Psychology.

1. INTRODUCTION AND PRELIMINARIES

In 1940 (and 1964) Stanislaw M. Ulam [9] proposed the following stability
problem, well-known as Ulam stability problem:

“When s true that by slightly changing the hypotheses of a theorem one can
still assert that the thesis of the theorem remains true or approximately true?”

In particular he stated the stability question:

“Let G be a group and Gy a metric group with the metric p(.,.). Given a con-
stant 6 > 0, does there exist a constant ¢ > 0 such that if a mapping f : Gy — Gs
satisfies p(f(zy), f(x)f(y)) < ¢ for all z,y € Gy, then a unique homomorphism
h: Gy — Gy exists with p(f(x),h(z)) <0 for allz € Gy 27

In 1941 D. H. Hyers [3] solved this problem for linear mappings as follows:
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Theorem 1.1. (D. H. Hyers, 1941: [3]). If a mapping f : E — E’ satisfies the
approximately additive inequality

1f(z+y) = ) = Fyll <e, (1.1)

for some fized ¢ > 0 and all x,y € E, where E and E' are Banach spaces, then
there exists a unique additive mapping A : E — E', satisfying the formula

() = lim 277 f(2"%), (1.2)

and inequality
1f(z) — Alz)|| < e (1.3)

for some fired € > 0 and all x € E.

No continuity conditions are required for this result.
In 1992, Euler-Lagrange functional equations were introduced ([5],[6]).

Theorem 1.2. (J. M. Rassias, 1992: [5]). Let X be a normed linear space, Y a
Banach space, and f: X — Y. If there exist a,b: 0 < a+b < 2, and co > 0 such
that

1f(x +y) + flz —y) = 2[f (=) + FWII < eallal 1[Iy, (1.4)

for all x,y € X, then there exists a unique non-linear mapping N : X — Y such
that

1f(z) = N(@)]| < e+ (1.5)
and
N(z+y)+ Nz —y)=2[N(z)+ N(y)] (1.6)
for all z,y € X, where ¢ = cy/(4 — 2070).
Note that a mapping N : X — Y satisfying (1.6) is called Euler-Lagrange map-
ping, and a mapping f : X — Y satisfying (1.4) is approximately FEuler-Lagrange
mapping.
In 2008, the JMRassias “product-sum” stability was investigated for the first
time ([1],[2],[7],[8])-
For the theorem that follows, let (E, L) denote an orthogonality normed space
with norm ||.||g and (F,||.||r) is a Banach space.

Theorem 1.3. (K. Ravi, M. Arunkumar and J. M. Rassias, 2008: [7]) Let f :
E — F be a mapping which satisfies the inequality

If(mx +y) + f(mz —y) = 2f(x +y) — 2f(x —y) — 2(m* = 2) f(z) + 2f (v)||F
< e{ll=l1%lyl% + (|=12) + [|=12) ¥1.7)

for all x,y € E with x L y, where ¢ and p are constants with €,p > 0 and
eitherm > 1:p>1orm < 1;p > 1 withm # 0;m # +1; m # £v2 and
—1# |mPt <1

Then the limit
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exists for all x € E and QQ : E — F s the unique orthogonally Fuler-Lagrange
quadratic mapping such that

1) = Q) < g Il (18)
forall x € E.

Note that the mixed type product-sum function

(2,y) = e[l llyllE + (|2 + [yl1F)]
was introduced by J. M. Rassias ([1],[2],[7],[8]).

In this paper we introduce an Euler-Lagrange type quadratic functional equa-
tion and investigate the JMRassias “product-sum” stability of this equation. The
stability results have applications in Mathematical Statistics, Stochastic Analysis
and Psychology.

2. JMRASSIAS PRODUCT-SUM STABILITY OF AN EULER-LAGRANGE TYPE
FUNCTIONAL EQUATION

Let X be a real normed linear space and Y a real Banach space.

Definition 2.1. A mapping f : X — Y is called approximately Euler-Lagrange
type quadratic, if the approximately Euler-Lagrange quadratic functional inequal-

ity
||f(f€+y)+%[f(fv—y)+f(y—x)]—2[f(l‘)+f(y)]|| < e(llz /12 llyll% + ][+ lyl1*)

(2.1)
holds for every z,y € X with ¢ > 0 and o # 2.

Lemma 2.2. Mapping QQ : X — Y satisfies the Fuler-Lagrange type quadratic
equation

Qe +) + 5 — ) + QU — )] = 20Q() + QW)

for all x,y € X if and only if there exists a mapping T : X — Y satisfying the
FEuler-Lagrange quadratic equation

Tx+y) +T(x—y)=2T(x)+T(y)
for all x,y € X such that Q(z) = T(x) for all x € X.

Proof. (=) Let mapping @ : X — Y satisfy the Euler-Lagrange type quadratic
equation

Qe +y) + 50—y + Q- 0] =20 + QW) (22)

for all x,y € X. Assume that there exists a mapping 7' : X — Y such that
Q(z) = T(z) for all x € X. Observe that for x =y =0 and z = z, y = 0 from
(2.2) we obtain respectively

T(0)=Q(0) =0 (2.3)

and
T(—z) =Q(—z) =Q(z) =T(x), for ze€X. (2.4)
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From (2.2) and (2.4) it is obvious that

T(+y) + 5T~ 9) + Ty - 2] = 2T() +T(y),or
T(x+y) + 5T —y) + T(~(z ~v)] = 2AT()+ T, or

Tty +T(x-y) = 2[T()+T(y)]

Hence, T satisfies the Euler-Lagrange quadratic equation.
(<) Let mapping 7' : X — Y satisfy the Euler-Lagrange quadratic equation

T(x+y) +T(x—y)=2T(z)+T(y)] (2.5)

for all x,y € X. Assume that there exists a mapping ) : X — Y such that
Q(z) = T'(z) for all x € X. Observe that for z = y = 0 and z = 0,y = x from
(2.5) we obtain

QO)=T0)=0 (2.6)
and
Q(zr)=T(z)=T(-x) = Q(—x), for zeX. (2.7)
Thus, from (2.5) - (2.7) one gets
20Q(x) +Qy)] = 2[T(x)+T(y)] =T(x+y) +T(x—y)

= T(z+y)+ %T(l‘ —y)+ %T(—@ — )

= Qe +y)+ 3[R0 ) +Qly — )]

Hence, @) satisfies the Euler-Lagrange type quadratic equation.
Thus the proof of Lemma 2.2/ is complete.

Theorem 2.3. Assume that f : X — Y is an approximately Euler-Lagrange type
additive mapping satisfying (2.1).

Then, there exists a unique Fuler-Lagrange type quadratic mapping @ : X — Y
which satisfies the formula

Q) = lim f,(x), (2.)
where
272 f(27g), —oco<a<2
o) = {
2nf(2-nz),  a>2
forallz € X andn € N ={0,1,2,...}, which is the set of natural numbers and
3e o
1£(x) = QI < g7l (29)

for some fired e > 0, a # 2 and all x € X.
Q : X — Y is a unique Fuler-Lagrange type quadratic mapping satisfying equation

Q) + 50 — 1) + QU — 0] =2Q) + Q). (210
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Proof. We start our proof considering: —oo < v < 2.
Step 1. By substituting z = y in (2.1), we can observe that

1f(22) + f(0) — 4f (2)]| < 3ef|=(|%,

from which for x = 0 it occurs that
F(0) =0 (2.11)
and in extension
1) — 272 20)l| < Sellall® (212)

Hence, for n € N — {0}

If(@) =272 f2"0)|| < |If(z) = 272f(22)]] + 1272 f(22) — 27" f(2%)[| + ..
+ |27V ) - 27 (20|
< SO 2 D)
_ 3 _ on(a—2) «
. UL
Thus,
1£(z) =272 f(2"2)]| < 5 (1 = 2" el fa]]", (2.13)

forn e N — {0} and —oo < v < 2.

Step 2. Following, we need to show that if there is a sequence {f,} : fn(x) =
272 f(2"g), then {f,} converges.

For every n > m > 0, we can obtain

1fa(@) = fu(@)Il = (127" f(2"2) — 277" f(2"2)]|
= 27| f(27) — 2720 2 )|
< 2m(a—2) 3 (1_2(n—m)(a—2))||x||oc

- 4 — 2¢
3e
< 2m(a—2)4_2a||x||a N O,

for m — oo, as a < 2. Therefore, {f,} is a Cauchy sequence. Since Y is complete
we can conclude that {f,,} is convergent. Thus, there is a well-defined @ : X — Y
such that Q(z) = lim,, ., 272" f(2"x), for a < 2.

Step 3. Observe that

3
1£@) = fal@)ll = If(@) =272 f(2"0)|| £ 75 (1 = 22 a1,
from which by letting n — oo we obtain
3
1(2) — Q)| < = |l2]| (2.14)

4 — 2«
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Step 4. Claim that mapping @ : X — Y satisfies (2.10). In fact, by letting
x — 2"z and y — 2"y, from (2.1), we have:

1F@ @ +9) + 512" — ) + £ — )] — 207 (2%) + F(2")]]
<e(12°l[2][2"yl|% + |12l +]12"]|%).
Next, by multiplying with 272" we obtain

0 < |27 f(2"(x+y)) + %[Q‘Q”f(Z”(x —y)) + 27" (2" (y — 2))]

= 227 f(2m) + 27 f (2|
< 2O e (|| 3 |lyllF + [l + llyl1*)

and by letting n — oo, for @ < 2 we can conclude that an ) : X — Y truly exists
such that: Q(z) = lim,, ., 272" f(2"x) satisfies the Euler-Lagrange type quadratic

property

Q +9) + 5[0 — ) +Qy — 1] =2[Q(@) + Q). (215)

Therefore, existence of Theorem holds.

Step 5. We need to prove that Q is unique.
Observe, from (2.15)), that for a)z =y = 0, b))z = z,y = 0 and ¢)x = y, we
obtain:

a)Q(0) =0, b)Q(~z)=Q(zx) and c)Q(2z)=2Q(x),
respectively. Therefore, by induction, by claiming that Q(2" 'z) = 22""DQ(x),
we can show that

Q(2"r) = 2°Q(2"'x) = 27" Q(x)
or equivalently
Q(z) = 272Q(2"x). (2.16)
Assume, now, the existence of another Q" : X — Y, such that Q'(z) = 272"Q'(2"x).
With the aid of the (2.14)-(2.16) and the triangular inequality, one gets

0<IQ(x) = Q@) = [27"Q(2"x) —27"Q'(2"x)|
< [l2TQEMr) — 27 (M) + (1277 f(20) — 27 (27|
n(a—2) 6e o
< 2l g
— 0,

as n — 00, (a < 2). Thus, the uniqueness of @ is proved and the stability of
FEuler-Lagrange type quadratic mapping Q : X — Y is established.
The proof for the case of @ > 2 is similar to the proof for —co < o < 2.
In fact, we can find the general inequality
3e

- 22n 9—n <
1) — 2 (2] < oo
for all n € N — {0}. Thus from this inequality (2.17) and the formula
Q) = lim 2" f(27"z),

(1= 2"z |*, (2.17)
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n — oo, we get the inequality

3e N
1f(x) — Qx)]] < 5 _4||xH , for a>2.
The rest of the proof for o > 2 is omitted as similar to the above mentioned proof
—o00 < a < 2. 0
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