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COUPLED FIXED POINTS OF SET VALUED MAPPINGS IN
PARTIALLY ORDERED METRIC SPACES

ISMAT BEG1∗ AND ASMA RASHID BUTT2

Abstract. Let (X,¹) be a partially ordered set and d be a metric on X
such that (X, d) is a complete metric space. Let F : X ×X Ã X be a mixed
monotone set valued mapping. We obtain sufficient conditions for the existence
of a coupled fixed point of F.

1. Introduction and preliminaries

Let (X, d) be a complete metric space and CB(X) be the class of all nonempty
closed and bounded subsets of X. For A,B ∈ CB(X), let

D(A,B) := max{sup
b∈B

d(b, A), sup
a∈A

d(a,B)},

where

d(a,B) := inf
b∈B

d(a, b),

D is said to be a Hausdorff metric induced by d.

Banach’s contraction principle [14, Theorem 2.1] assures the existence of a unique
fixed point if a self mapping on a complete metric space X is a contraction. Nadler
[16] in 1969, proved a set valued extension of the Banach’s contraction principle
in complete metric spaces. He proved the following result:
Theorem 1.1. [16] Let (X, d) be a complete metric space and F : X Ã X be a
set valued mapping such that F (x) is a nonempty closed bounded subset of X .
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If there exists κ ∈ (0, 1) such that

D(F (x), F (y)) ≤ κd(x, y), for all x, y ∈ X,

then F has a fixed point in X.
Afterward many fixed point theorems have been proved by various authors as
generalization of the Nadler’s theorem where the nature of contractive mapping
is weakened along with some additional requirements, see for instance [2, 8, 9, 10,
15, 22, 24, 26] and references cited there in. Mixed monotone mappings have been
discussed by different authors due to its wide applications. The theory of mixed
monotone single valued mappings in ordered Banach spaces has been investigated
in [1, 6, 11, 25, 27]. Ran and Reurings [23] established the existence of unique fixed
point for the monotone single valued mapping in partially ordered metric spaces.
Their result was further extended in [3, 4, 5, 7, 12, 13, 17, 18, 19, 20, 21]. By
following the trend initiated by Ran and Reurings, Bhaskar and Lakshmikantham
in [7] studied the existence and uniqueness of a coupled fixed point in partially
ordered metric space with assumption that the single valued mapping satisfy the
weaker contraction condition. The aim of this paper is to obtain results on the
existence of a coupled fixed point for set valued mappings in partially ordered
metric spaces by following the technique of Bhaskar and Lakshmikantham [7].
Let F : X × X Ã X be a set valued mapping i.e., X 3 (x, y) 7→ F (x, y) is a
subset of X.
Definition 1.2. A point (x, y) ∈ X×X is said to be a coupled fixed point of the
set valued mapping F if x ∈ F (x, y) and y ∈ F (y, x).
Definition 1.3. A point x ∈ X is said to be a fixed point of the set valued
mapping F if x ∈ F (x, x).
Definition 1.4. A partial order relation is a binary relation ¹ on X which
satisfies the following conditions:

i) x ¹ x (reflexivity),
ii) if x ¹ y and y ¹ x then x = y (antisymmetry),
iii) if x ¹ y and y ¹ z then x ¹ z (transitivity),

for all x, y and z in X.
A set with a partial order ¹ is called a partially ordered set .
Definition 1.5. Let (X,¹) be a partially ordered set and x, y ∈ X. Elements x
and y are said to be comparable elements of X if either x ¹ y or y ¹ x.
Definition 1.6. Let X be a partially ordered set and F : X × X Ã X be a
set valued mapping. F is said to be a mixed monotone mapping if F is order-
preserving in x and order-reversing in y i.e., x1 ¹ x2 , y2 ¹ y1, xi, yi ∈ X (i = 1, 2)
implies for all u1 ∈ F (x1, y1) there exists u2 ∈ F (x2, y2) such that u1 ¹ u2 and
for all v1 ∈ F (y1, x1) there exists v2 ∈ F (y2, x2) such that v2 ¹ v1.
Lemma 1.7. [16] If A,B ∈ CB(X) with D(A,B) < ε then for each a ∈ A there
exists an element b ∈ B such that d(a, b) < ε.
Lemma 1.8. [16] Let {An} be a sequence in CB(X) and lim

n→∞
D(An, A) = 0 for

A ∈ CB(X). If xn ∈ An and lim
n→∞

d(xn, x) = 0, then x ∈ A.
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2. Coupled Fixed Points

Let (X,¹) be a partially ordered set and d be a metric on X such that (X, d) is a
complete metric space. We define the partial order on the product space X ×X
as:

for (u, v), (x, y) ∈ X ×X, (u, v) ¹ (x, y) if and only if u ¹ x, v º y.
The product metric on X ×X is defined as:

d((x1, y1), (x2, y2)) := d(x1, x2) + d(y1, y2), for all xi, yi ∈ X(i = 1, 2).

For notational convenience we use the same symbol d for the product metric as
well as for the metric on X.
We begin with the following theorem that gives the existence of a coupled fixed
point (not necessarily unique) in partially ordered metric spaces for the set valued
mappings.
Theorem 2.1. Let F : X ×X Ã X be a set valued mapping with non empty
closed bounded values satisfying:

(1) There exists κ ∈ (0, 1) with

D(F (x, y), F (u, v)) ≤ κ

2
d((x, y), (u, v)), for all (x, y) º (u, v).

(2) If x1 ¹ x2 , y2 ¹ y1, xi, yi ∈ X (i = 1, 2) then for all u1 ∈ F (x1, y1) there
exists u2 ∈ F (x2, y2) with u1 ¹ u2 and for all v1 ∈ F (y1, x1) there exists
v2 ∈ F (y2, x2) with v2 ¹ v1 provided d((u1, v1), (u2, v2)) < 1.

(3) There exists x0, y0 ∈ X, and some x1 ∈ F (x0, y0), y1 ∈ F (y0, x0) with
x0 ¹ x1, y0 º y1 such that d((x0, y0), (x1, y1)) < 1− κ, where κ ∈ (0, 1).

(4) If a nondecreasing sequence xn → x in X then xn ¹ x, for all n and if a
nonincreasing sequence yn → y in X then yn º y, for all n.

Then F has a coupled fixed point.
Proof. Let x0, y0 ∈ X then by assumption 3 there exists x1 ∈ F (x0, y0), y1 ∈
F (y0, x0) with x0 ¹ x1, y0 º y1 such that

d((x0, y0), (x1, y1)) < 1− κ. (1)

Since (x0, y0) ¹ (x1, y1) by using assumption 1 and inequality 1, we have

D(F (x0, y0), F (x1, y1)) ≤ κ

2
d((x0, y0), (x1, y1)) <

κ

2
(1− κ).

and similarly

D(F (y0, x0), F (y1, x1)) ≤ κ

2
(1− κ).

Using assumption 2 and Lemma 1.7, we have the existence of x2 ∈ F (x1, y1), y2 ∈
F (y1, x1) with x1 ¹ x2 and y1 º y2 such that

d(x1, x2) ≤ κ

2
(1− κ). (2)

and

d(y1, y2) ≤ κ

2
(1− κ). (3)
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From inequalities 2 and 3,

d((x1, y1), (x2, y2)) ≤ κ(1− κ). (4)

Again by assumption 1 and inequality 4 we have,

D(F (x1, y1), F (x2, y2)) ≤ κ2

2
(1− κ)

and

D(F (y1, x1), F (y2, x2)) ≤ κ2

2
(1− κ)

Further from Lemma 1.7 and assumption 2 we have the existence of x3 ∈ F (x2, y2),
y3 ∈ F (y2, x2) with x2 ¹ x3, y2 º y3 such that

d(x2, x3) ≤ κ2

2
(1− κ).

and

d(y2, y3) ≤ κ2

2
(1− κ).

It follows that,

d((x2, y2), (x3, y3)) ≤ κ2(1− κ).

Continuing in this way we obtain xn+1 ∈ F (xn, yn), yn+1 ∈ F (yn, xn) with xn ¹
xn+1, yn º yn+1 such that,

d(xn, xn+1) ≤ κn

2
(1− κ)

and

d(yn, yn+1) ≤ κn

2
(1− κ).

Thus
d((xn, yn), (xn+1, yn+1)) ≤ κn(1− κ). (5)

Next we will show that (xn) is a Cauchy sequence in X. Let m > n. Then

d(xn, xm) ≤ d(xn, xn+1) + d(xn+1, xn+2) + d(xn+2, xn+3) + .... + d(xm−1, xm)

≤ [κn + κn+1 + κn+2 + .... + κm−1]
(1− κ)

2

= κn[1 + κ + κ2.... + κm−n−1]
(1− κ)

2

= κn [
1− κm−n

1− κ
]

(1− κ)

2

=
κn

2
(1− κm−n) <

κn

2
,

because κ ∈ (0, 1), 1− κm−n < 1.
Therefore d(xn, xm) → 0 as n → ∞ implies that (xn) is a Cauchy sequence and
hence converges to some point (say) x in the complete metric space X.
Similarly, we can show that (yn) is also a Cauchy sequence in X. Since X is a
complete metric space, there exists x, y ∈ X such that xn → x and yn → y as
n →∞. Finally we have to show that x ∈ F (x, y) and y ∈ F (y, x).
Since xn is a nondecreasing sequence and yn is a nonincreasing sequence in X
such that xn → x and yn → y therefore we have xn ¹ x and yn º y for all n.
From assumption 1, it follows that

D(F (xn, yn), F (x, y)) ≤ κ d((xn, yn), (x, y)) → 0.



COUPLED FIXED POINT 183

Now because xn+1 ∈ F (xn, yn) and lim
n→∞

d(xn+1, x) = 0, it follows by using Lemma

1.8 that x ∈ F (x, y). Again by 1,

D(F (yn, xn), F (y, x)) ≤ κ d((yn, xn), (y, x)) → 0.

Since yn+1 ∈ F (yn, xn) and lim
n→∞

d(yn+1, y) = 0, it follows by using Lemma 1.8

that y ∈ F (y, x). Hence (x, y) is a coupled fixed point of the set valued mapping
F . ¤
The contraction condition given by Nadler [16] is stonger than the contraction
condition used in our Theorems 2.1. Also Theorem 2.1 generalize the result of
Bhaskar and Lakshmikantham [7]

Corollary 2.2. Let X be a partially ordered set and d be a metric on X such
that (X, d) is a complete metric space. Let f : X × X → X be a single valued
mapping satisfying

(1) there exists κ ∈ (0, 1) with

D(f(x, y), f(u, v)) ≤ κ

2
[d(x, u) + (y, v)], for all (x, y) º (u, v).

(2) f is a mixed monotone mapping.
(3) there exists x0, y0 ∈ X with x0 ¹ f(x0, y0) = x1 and y0 º f(y0, x0) =

y1 (say).
(4) if a nondecreasing sequence xn → x in X, then xn ¹ x, for all n and if a

nonincreasing sequence yn → y in X then yn º y , for all n.

Then f has a coupled fixed point.
Remark 2.3. If in assumption 4 of Theorem 2.1, x and y are comparable then
x = y and x ∈ F (x, x):
Let x ¹ y or x º y. Then

D(F (x, y), F (y, x) ≤ κ
2
[d(x, y) + d(y, x)] = κd(x, y).

Because x ∈ F (x, y) and y ∈ F (y, x) by Lemma 1.8, d(x, y) ≤ κd(x, y). This
implies that d(x, y) = 0, since κ ∈ (0, 1). Thus x = y and x ∈ F (x, x).
Example 2.4. Let X = {−0.1, 0, 0.1} be a subset of R with usual order. Let d
be a metric on X defined by d(x, y) =| x − y | for each x, y ∈ X so that (X, d)
is a complete metric space. Consider X ×X with partial order (u, v) ¹ (x, y) if
and only if u ¹ x, v º y.Now the product metric d is given by

d((x1, y1), (x2, y2)) :=| x1 − x2 | + | y1 − y2 | .
Let F : X ×X Ã X be a set valued mapping defined as:

F (x, y) =





∅ if x = y
{0, 0.1} if x > y

X if x < y
.

Now since (0, 0.1) ¹ (0.1, 0), therefore D(F (0.1, 0), F (0, 0.1)) = 0 and
d((0.1, 0), (0, 0.1)) = 0.2.
Also (0, 0.1) ¹ (0.1,−0.1), D(F (0, 0.1), F (0.1,−0.1)) = 0.1
and d((0, 0.1), (0.1,−0.1)) = 0.3.
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Similarly for other comparable elements contraction condition is satisfied with
κ = 0.5.
All the conditions of Theorem 2.1 satisfied and F has a coupled fixed point at
(0, 0.1).
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