Tue JournaL or NonLinear Sciences anp A ppricaTions
http://www.tjnsa.com

COUPLED FIXED POINTS OF SET VALUED MAPPINGS IN
PARTIALLY ORDERED METRIC SPACES

ISMAT BEG'* AND ASMA RASHID BUTT?

ABSTRACT. Let (X, =) be a partially ordered set and d be a metric on X
such that (X, d) is a complete metric space. Let F: X x X ~» X be a mixed
monotone set valued mapping. We obtain sufficient conditions for the existence
of a coupled fixed point of F.

1. INTRODUCTION AND PRELIMINARIES

Let (X,d) be a complete metric space and C'B(X) be the class of all nonempty
closed and bounded subsets of X. For A, B € CB(X), let

D(A, B) := max{supd(b, A), supd(a, B)},
beB

acA

where

d(a,B) := ggg d(a,b),

D is said to be a Hausdorff metric induced by d.

Banach’s contraction principle [14, Theorem 2.1] assures the existence of a unique
fixed point if a self mapping on a complete metric space X is a contraction. Nadler
[16] in 1969, proved a set valued extension of the Banach’s contraction principle
in complete metric spaces. He proved the following result:

Theorem 1.1. [16] Let (X, d) be a complete metric space and F': X ~~ X be a
set valued mapping such that F'(z) is a nonempty closed bounded subset of X .
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If there exists x € (0,1) such that
D(F(x), F(y)) < kd(z,y), for all z,y € X,

then F' has a fixed point in X.
Afterward many fixed point theorems have been proved by various authors as
generalization of the Nadler’s theorem where the nature of contractive mapping
is weakened along with some additional requirements, see for instance [2, 8, (9] 10,
15),122] 24, 226] and references cited there in. Mixed monotone mappings have been
discussed by different authors due to its wide applications. The theory of mixed
monotone single valued mappings in ordered Banach spaces has been investigated
in [1, 16, 11,25, 27]. Ran and Reurings [23] established the existence of unique fixed
point for the monotone single valued mapping in partially ordered metric spaces.
Their result was further extended in [3, 4, 5, [7, 12, 13|, 17, 18, 19, 20, 21]. By
following the trend initiated by Ran and Reurings, Bhaskar and Lakshmikantham
in [7] studied the existence and uniqueness of a coupled fixed point in partially
ordered metric space with assumption that the single valued mapping satisfy the
weaker contraction condition. The aim of this paper is to obtain results on the
existence of a coupled fixed point for set valued mappings in partially ordered
metric spaces by following the technique of Bhaskar and Lakshmikantham [7].
Let F': X x X ~» X be a set valued mapping i.e., X > (z,y) — F(z,y) is a
subset of X.
Definition 1.2. A point (x,y) € X x X is said to be a coupled fixed point of the
set valued mapping F if x € F(x,y) and y € F(y, z).
Definition 1.3. A point x € X is said to be a fized point of the set valued
mapping F if x € F(z,x).
Definition 1.4. A partial order relation is a binary relation < on X which
satisfies the following conditions:

i) =< x (reflexivity),

ii) if x <y and y < x then x =y (antisymmetry),

iii) if x < y and y < z then x < z (transitivity),
for all z, y and 2z in X.
A set with a partial order < is called a partially ordered set .
Definition 1.5. Let (X, <) be a partially ordered set and x,y € X. Elements z
and y are said to be comparable elements of X if either x <y or y <X .
Definition 1.6. Let X be a partially ordered set and F' : X x X ~» X be a
set valued mapping. F' is said to be a mized monotone mapping if F is order-
preserving in z and order-reversing in y i.e., 1 X Ta, Y2 S Y1, T, ¥ € X (i = 1,2)
implies for all u; € F(xq,y;) there exists uy € F(x2,y2) such that u; < uy and
for all v; € F(y1,x1) there exists vy € F(ya, x2) such that vy < vy.
Lemma 1.7. [16] If A, B € CB(X) with D(A, B) < € then for each a € A there
exists an element b € B such that d(a,b) < e.
Lemma 1.8. [16] Let {A,,} be a sequence in CB(X) and lim D(A4,,A) =0 for

n—oo

Ae(CB(X). If z, € A, and lim d(z,,z) =0, then = € A.
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2. CouPLED FIXED POINTS

Let (X, <) be a partially ordered set and d be a metric on X such that (X, d) is a
complete metric space. We define the partial order on the product space X x X
as:

for (u,v), (xz,y) € X x X, (u,v) < (x,y) if and only if u < z,v > y.
The product metric on X x X is defined as:

d(($17y1)7 (x27y2)) = d(%;@) + d<ylay2)7for all z;,y; € X(i = 172)‘

For notational convenience we use the same symbol d for the product metric as
well as for the metric on X.

We begin with the following theorem that gives the existence of a coupled fixed
point (not necessarily unique) in partially ordered metric spaces for the set valued
mappings.

Theorem 2.1. Let F': X x X ~» X be a set valued mapping with non empty
closed bounded values satisfying:

(1) There exists k € (0,1) with
D(F(x,y), F(u,v)) < gdﬂxay%(uavD,fOTtﬂl(xay)iiﬁhv)

(2) If 21 2o, y2 Sy, x5, y; € X (i = 1,2) then for all uy € F(xq,y;) there
exists ug € F(x9,y2) with u; < up and for all v; € F(yy, z1) there exists
Vg € F(ya,x) with ve < vy provided d((u1,v1), (ug,v9)) < 1.

(3) There exists xg,yo € X, and some x; € F(xo,%), 11 € F(yo,xo) with
xo = x1, Yo = y1 such that d((zo,yo), (x1,71)) < 1 — Kk, where k € (0, 1).

(4) If a nondecreasing sequence z,, — x in X then z,, < z, for all n and if a
nonincreasing sequence y, — y in X then y, = y, for all n.

Then F' has a coupled fixed point.
Proof. Let xg,y0 € X then by assumption 3 there exists x; € F(xo,%0), 11 €
F(yo,x0) with zo < 1, yo = y1 such that

d((l’o,y()), (Ihyl)) <l1l-k. (1)

Since (zg,yo) = (z1,y1) by using assumption 1 and inequality 1, we have

D(F (o, o), Fer, ) < 5 d((@0.30). (x1,0)) < 51— ).

and similarly
K
D(F(y07x0)7 F(ylaxl>) S §

Using assumption 2 and Lemma 1.7, we have the existence of x5 € F(21,y1),y2 €
F(y1,21) with 1 < x5 and y; = y2 such that

(1— k).

d(xy,29) < g (1—k). (2)

and

d(yr,y2) < 5 (1 = K). (3)

| =
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From inequalities 2 and 3,
d((z1,91), (T2, 92)) < K(1 = k). (4)

Again by assumption 1 and inequality 4 we have,
D(F(x1,y1), F(22,12)) < %2(1 — k)
and
D(F(y1, 1), F(y2, 2)) < 5 (1 — )
Further from Lemma 1.7 and assumption 2 we have the existence of x3 € F(z2,y2),
y3 € F(ya, e) with z9 < 3,y > y3 such that

(w2, 23) < S (1 — k).
and
d(yQay3) S %2(1 - KJ)-
It follows that,
d(($2792)7 (953»93)) S KJQ(l - H)'
Continuing in this way we obtain z,+1 € F(Zn,Yn), Yns+1 € F(Yn, ) with x, <
Tnal, Yn >~ Yns1 such that,
d(xnvrn—‘rl) S %(1 - ’{)
and
d(ymyn—i-l) S %(1 - ’i)'
Thus
Ad((Tn, Yn)s (Tnt1s Ynt1)) < K1 = K). (5)
Next we will show that (x,) is a Cauchy sequence in X. Let m > n. Then
d(xp, ) < d(@p, Tns1) + d(@pi1, Toa2) + A(Tpao, Togs) + oo + A1, Ti)
(1—k)
2

IA

[ e e N e R Ry

(1—~)
2

KM+ k4 K2 R

1—/<;m_”] (1—k)
11—k 2
K" K"

= 2 (1= m—n v

R

because k € (0,1),1 — ™" < 1.

Therefore d(x,, ) — 0 as n — oo implies that (z,) is a Cauchy sequence and
hence converges to some point (say) x in the complete metric space X.
Similarly, we can show that (y,) is also a Cauchy sequence in X. Since X is a
complete metric space, there exists z,y € X such that x, — z and y, — y as
n — o0o. Finally we have to show that x € F(z,y) and y € F(y, z).

Since x,, is a nondecreasing sequence and ¥, is a nonincreasing sequence in X
such that x,, — x and y,, — y therefore we have x,, < x and y, = y for all n.
From assumption 1, it follows that

D(F (xn, yn), F(x,y)) < & d((2n, yn), (2, y)) — 0.
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Now because x,1 € F(x,,y,) and lim d(x,,1,2) = 0, it follows by using Lemma
1.8 that x € F(x,y). Again by 1,

D(F(Yn, 20), F(y,2)) < K d((Yn, 20), (y, 7)) — 0.
Since yYpi1 € F(Yn,,) and lim d(y,41,y) = 0, it follows by using Lemma 1.8

that y € F(y,z). Hence (x,y) is a coupled fixed point of the set valued mapping
F. O

The contraction condition given by Nadler [16] is stonger than the contraction
condition used in our Theorems 2.1. Also Theorem 2.1 generalize the result of
Bhaskar and Lakshmikantham [7]

Corollary 2.2. Let X be a partially ordered set and d be a metric on X such
that (X,d) is a complete metric space. Let f: X x X — X be a single valued
mapping satisfying

(1) there exists k € (0,1) with

D(f(,y), f(u,0)) < 5 [dle,u) + (,0)], Jor all (2,y) = (u,v).

(2) fis a mixed monotone mapping.

(3) there exists xg,yo € X with xg =< f(zo,%) = 1 and yo > f(vo,20) =
Y1 (say).

(4) if a nondecreasing sequence x,, — z in X, then z,, < z, for all n and if a
nonincreasing sequence y, — y in X then y, > y , for all n.

Then f has a coupled fixed point.
Remark 2.3. If in assumption 4 of Theorem 2.1, x and y are comparable then
r=vyand z € F(z,z):
Let x <y or x = y. Then

D(F(z,y), F(y,z) < §ld(z,y) + d(y, )] = rd(z,y).

Because x € F(z,y) and y € F(y,x) by Lemma 1.8, d(x,y) < rd(x,y). This
implies that d(x,y) = 0, since k € (0,1). Thus z =y and = € F(z, ).
Example 2.4. Let X = {—0.1,0,0.1} be a subset of R with usual order. Let d
be a metric on X defined by d(z,y) =|  — y | for each z,y € X so that (X,d)

is a complete metric space. Consider X x X with partial order (u,v) <X (z,y) if
and only if u < x,v > y.Now the product metric d is given by

d((z1,91), (X2,92)) =l z1 — 2 | + |1 — 92 | -
Let F': X x X ~ X be a set valued mapping defined as:

0 ifx=y
F(z,y) =< {0,0.1} ifzx>y.
X ife<y
Now since (0,0.1) < (O 1,0), therefore D(F(0.1,0), F(0,0.1)) = 0 and
d((0.1 0) (0.0.1)) =
Also (0,0.1) < (0.1, 1) D(F(0,0.1), F(0.1,—0.1)) = 0.1

and d((0,0.1), (0.1, —0.1)) = 0.3,
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Similarly for other comparable elements contraction condition is satisfied with
Kk =0.5.
All the conditions of Theorem 2.1 satisfied and F has a coupled fixed point at
(0,0.1).
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