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GENERALIZED FUZZY RANDOM SET-VALUED MIXED VARIATIONAL
INCLUSIONS INVOLVING RANDOM NONLINEAR (A,,n,)-ACCRETIVE
MAPPINGS IN BANACH SPACES

HONG GANG LI*

ABSTRACT. The main purpose of this paper is to introduce and study a new class of ran-
dom generalized fuzzy set-valued mixed variational inclusions involving random nonlinear
(A, n.)-accretive mappings in Banach Spaces. By using the random resolvent operator
associated with random nonlinear (A, 7, )-accretive mappings, an existence theorem of so-
lutions for this kind of random generalized fuzzy set-valued mixed variational inclusions is
established and a new iterative algorithm with an random error is suggested and discussed.
The results presented in this paper generalize, improve, and unify some recent results in this
field.

1. INTRODUCTION

Variational inclusions are an important and generalization of classical variational inequal-
ities which have wide applications to many fields including, for example, mechanics, physics,
optimization and control, nonlinear programming, economics, and engineering sciences and
in face, the problems for random variational inclusions(inequalities) are just so. Motivated
and inspired by the recent research works in these fascinating areas , the random varia-
tional inclusion(inequalities, equalities, quasi-variational inclusions, quasi-complementarity)
problems have been introduced and studied by Ahmad and Bazdn [1], Chang[5], Chang and
Huang [7], Cho et al. [8], Ganguly and Wadhwa[15], Huang [16], Haung and Cho[17], Huang
et al.[18], Khan et al.[24], Lan[25] Noor and Elsanosi[33]. Very recently, the problems of
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random fuzzy generalized variational inclusions involving Random nonlinear mappings have
been studied by Zhang and Bi[42] in Hilbert Spaces. On the other hand, Monotonicity
techniques were extended and applied in recent years because of their importance in the
theory of variational inequalities, complementarity problems, and variational inclusions. In
2003, Huang and Fang[19] introduced a class of generalized monotone mappings, maximal
n-monotone mappings, and defined an associated resolvent operator. Using resolvent oper-
ator methods, which is a very important method to find solutions of variational inequality
and variational inclusion problems, they developed some iterative algorithms to approximate
the solution of a class of general variational inclusions involving maximal n-monotone oper-
ators. Huang and Fang's method extended the resolvent operator method associated with
an n-subdifferential operator due to Ding and Luo[12]. In [13], Fang and Huang introduced
another class of generalized monotone operators, H-monotone operators, and defined an as-
sociated resolvent operator. They also established the Lipschitz continuity of the resolvent
operator and studied a class of variational inclusions in Hilbert spaces using the resolvent
operator associated with H-monotone operators. In a paper[14], Fang and Huang et al. fur-
ther introduced a new class of generalized monotone operators, (H,n)-monotone operators,
which provide a unifying framework for classes of maximal monotone operators, maximal 7-
monotone operators, and H-monotone operators. Recently, Lan et al.[27] introduced a new
concept of (A,n)-accretive mappings, which generalizes the existing monotone or accretive
operators, and studied some properties of (A, n)-accretive mappings and defined resolvent
operators associated with (A, n)-accretive mappings. They also studied a class of variational
inclusions using the resolvent operator associated with (A, n)-accretive mappings. For these
reasons, various variational inclusions have been intensively studied in recent years. For
details, we refer the reader to [1-23, 25-42] and the references therein.

Inspired and motivated by recent research works in this field, the main purpose of this
paper is to introduce and study a new class of random generalized fuzzy set-valued mixed vari-
ational inclusions involving random nonlinear (A, n)-accretive mappings in Banach Spaces.
By using the resolvent operator associated with random nonlinear (A, n)-accretive mappings,
an existence theorem of solutions for this kind of fuzzy set-variational inclusions is estab-
lished and a new iterative algorithm is suggested and discussed. The results presented in
this paper generalize, improve, and unify some recent results in this field.

2. GENERALIZED Fuzzy RANDOM SET-VALUED
VARIATIONAL INCLUSIONS

Throughout this paper, we suppose that (2, R, u) is a complete o-finite measure space
and X is a separable real Banach Space endowed with dual space X*, the norm || - || and the
dual pair (-, -), between X and X*. We denote by (X) the class of Borel o-fields in X. Let
2% and CB(X) denote the family of all the nonempty subset of X, and the family of all the
nonempty bounded closed sets of X, respectively. The generalized dual mapping J,:X — 2%
is defined by

Jo(@) ={f € X" (a, f*) = 2], I/l = =]|""*}, Vo € X,

where ¢ > 1 is a constant. In particular, J5 is the usual normalized duality mapping. It is
known that, J,(z) = ||z||7?Ja(x) for all z # 0, J, is single-valued if X™* is strictly convex,
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and if X = H, the Hilbert space, then J; becomes the identity mapping on H. The modulus
of smoothness of X is the function 7x : [0, 00) — [0, 00) defined by

1
mx(t) = supiz(lz +yll +lle —yl) =1+ flall < 1, llyll < ¢}
A Banach space X is called uniformly smooth if

t
lim mx(*)
t—0 t

=0.
X is called g-uniformly smooth if there exists a constant ¢ > 0 such that
mx(t) < ct! (g > 1).

Remark 2.1. That J, is single-valued if X is uniformly smooth, and Hilbert space and
L,(2 <p < o0) space are 2-uniformly smooth Banach space.In what follows we shall denote
the single-valued generalized duality mapping by J,.

Definition 2.2. A mapping © : Q — X is said to be measurable if, for any B € J(X),
{weQ:z(w) e BeR}.

Definition 2.3. A mapping f: Q x X — X is called a random mapping if, for any x €
X, flw,x) = y(w) is measurable. A random mapping f is said to be continuous (resp., linear,
bounded) if for any w € 2, the mapping flw,:) : X — X is continuous (resp., linear,
bounded).

Similarly, we can define a random mapping h : 2 x X x X — X. We shall write z = z(w),
y=1y(w), £, = f(w, z(w)) and h,(z,y) = b(w, z(w),y(w)) for all w € 2 and z(w),y(w) € X.
It is well-known that a measurable mapping is necessarily a random mapping.

Definition 2.4. A set-valued mapping Q : Q — 2% is said to be measurable if, for any
BeS3(X),Q'(B)={we:Qw)NB#£0} R

Definition 2.5. A mapping u : Q@ — X is called a measurable selection of a set-valued
measurable mapping @Q : Q@ — 2% if, for any w € Q, u(w) is measurable and u(w) € Q(w).

Definition 2.6. A set-valued mapping Q : Q x X — 2% is called a random set-valued
mapping if, for any x € X, Q(-,v) is measurable(denoted by Q,, ., or Q).

Let F(X) be a collection of all fuzzy sets over X. A mapping F:X — FF (X) is called
a fuzzy mapping. For each x € X, F(z)(denote it by F}, in the sequel) is a fuzzy set on X
and F,(y) is the membership function of y in F.

A

Let B € F(X),q € [0,1]. Then the set
(B)y={zr € X: B(x) > q}
is called a g-cut set of B.

Definition 2.7. A fuzzy mapping @ : Q — F(X) is called a measurable if, for any a €
(0,1],(Q(+))a : Q — 2% is a measurable set-valued mapping.
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Definition 2.8. A fuzzy mapping @ : QO x X — F(X) is a random fuzzy mapping if, for any
r€ X, Q(,x): Qx X — F(X) is a measurable fuzzy mapping(denoted by Q

Q). |

Let §w, ’/I\‘M éw and f’w : 2 x X — F(X) be four random fuzzy mappings satisfying the
condition (x):

(*) there exists four functions a,b,c,d : X — (0, 1] such that for all (w,z) € Q x X, we
have (Su)ag)s (To)bi) (Guwe), (Pu)a) € CB(X), where CB(X) denotes the family of all
nonempty bounded closed subsets of X.

By using the random fuzzy mappings Sw,’f‘w, G, and 13w, we can define four random
set-valued mappings S,,, T,,, G, P, : X — CB(X) by

Sw = (Sw)a(r)a Tw = (Tw)b(r)a Gw = (Gw)c(x)7 Pw = (Pw)d(:(;)a

for each x € X. In the sequel, S,,, T, G, and P, are called the set-valued mappings induced
by the fuzzy mappings §w, Tw, é and f’w, respectively.

Let A, : OxX — X, N - OxXxX — Xand F, : QxXxX — X be single-valued random
mappings, and Sw, Tw, G., and P,, be four random fuzzy set-valued mappings. Let a,b,c,d :
X — (0, 1] be four functions, and M,, : Q x X x X — 2% be a random set-valued mapping
such that for each w € Q,and v € X M, (u,-) : X — 2% is (A,,n,)-accretive mapping and
range(P,) (N dom(M,(u,-)) # (. We introduce and study the following problem for a new
class of random generalized fuzzy set-valued mixed variational inclusions.

For a given element g : 0 — X and any real-valued random variable k(w) > 0, finding
measurable mappings r = z(w),u = u(w),v = v(w), z = z(w),y = y(w) : 2 — X such that

short down

Su(u(w)) > a(x), Tu(v(w)) > b(x), Gu(2(w)) > c(x), Pu(y(w)) > d(x)
and
9(w) € Fy(u,v) + k(w)My(2,y), (2.1)

which is called generalized fuzzy random set-valued mixed variational inclusions involving
random nonlinear (A, n,)-accretive mappings in Banach Spaces.
ST, GP:OQOxX — CB (X ) are four random set-valued mappings, we can define four

random fuzzy mappings S, To, Go, Po 1 X — F(X) by
T XS, T XTyh ¥ XGys T > XP,,

where xs_, XT., Xc, and xp_ are the characteristic functions of gw, '/I\‘w, éw, l?’w, respectively.
Taking a(z) = b(x) = ¢(z) = 1 for all z € X, then problem (2.1) equivalent to the following
problem:
For a given element g : Q@ — X and any real-valued random variable k(w) > 0, finding
r = z(w) € X, and measurable mappings u = u(w) € S,,v =v(w) € Ty, z = z(w) € Gy,
y(w) € Gy, such that
9(w) € Fo(u,v) + k(w)My(z,9), (2.2)

which is called generalized random set-valued mixed variational inclusions involving random
nonlinear (A, 7, )-accretive mappings in Banach Spaces.
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For a suitable choice of A, 7, F.,, M, §w, Tw, éw, f’w, and S, T, G, P, and the space
X, a number of known classes of variational inclusions and variational inequalities can be
obtained as special cases of the general set-valued mixed quasi-variational inclusions (2.2).

Remark 2.9. (i)Some special case of the problem (2.1):

If k(w) =1, X = X* = E is a Hilbert space and M, (z,-) = 0¢(-)(Vz € E) is the subd-
ifferential of a lower semi-continuous and n-subdifferentiable function ¢ : E — R|J{+o0}.
Let for anyv € E, (v, g,) =v— g,(u,x),and F,(u,v) = f,(x) — p,(v) and (S’w)a(m) =1Tis
a identical mapping in Hilbert Space E, and taking g, = v € H(Nw € Q),then problem(2.1)
becomes the following problem:

Find measurable mappings u,x,y : Q@ — H, such that for each w € Q,v € H, hold

x(w> € Gw(u)a(u)ay(w) S Pw(u)b(u)a

and

(fol@) = pu(y), v — g, (u, 2)) = ¢(g,(u, 2)) — &(v), (2.3)
for all w € Q, and each measurable mappings u(w),v(w) € H, which is random generalized
nonlinear variational inclusions for random fuzzy mappings in Hilbert space. The form of the
problem (2.3) was studied by Zhang and Bi[42]. And a number of known classes of variational
inclusions and variational inequalities in [Chang[5], Cho and Lan|9], Wadhwa[l5], Huang
[16], Haung and Cho[l7]|, Noor and Elsanosi|33], Li[31]] can be obtained as special cases of
the problem (2.3) when the fuzzy random set-valued mappings all are taken as general random
set-valued mappings in the problem.

(ii)Some special case of the problem (2.2):

If F,(u,v) = f,(v(w)) + u(w), M,(-,w) = M,(w(w)), and S, = G, = L, is a identical
mapping, and P, = p,(x) is a single-valued mapping in Banach Space, then the problem
(2.2) becomes the following problem:

For a given element g : Q@ — X and any real-valued random variable k(w) > 0, finding
measurable mapping x : Q@ — X such that

g(w) € f(z) +u+ k(w)M,(z), (2.4)

(Vw € Qu = u(w) € S(w,x), the problem (2.4) was studied by Cho and Lan[9] which is
called generalized nonlinear random (A,n) equations with random relazed cocoercive map-
pings in Banach Spaces. A number of known classes of random variational inclusions and
variational inequalities, random quasi-variational inclusions, random variational-like inclu-
stons, random complementarity and random quasi-complementarity problems were studied
previously by many authors(see, Changl5]-Haung and Cho[17], Noor and Elsanosi[33], [9],
[42]), and for examples, [[16], [25], [3], [9], [11], [31]] can be obtained as special cases of the
problem (2.4).

(#3) If in the problem (2.4), P, = p,(x), M,(-,-) = 0¢(w,-) : Q@ x H— H is subdifferen-
tiable, and ¢(w, -) is the indicator function of a nonempty closed convex set K in H defined
in the form:

0 if ye K,

00 otherwise,
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then the problem (2.4) becomes the problem of finding measurable mappings x,u : Q@ — X
such that u € T, (x) and

(fo(@) + u(w) = g,y — pu(2)) = 0 (Vw € Q,y € K), (2.5)

Furthermore, these types of variational inclusions can enable us to study many important
nonlinear random problems arising in mechanics, physics, random optimization and random
control, nonlinear random programming, random economics, regional, structural, and ap-
plied sciences with respect random things and produce in a general and unified framework.
Let us recall the following results and concepts.

3. PRELIMINARIES

Definition 3.1. Let X be a q-uniformly smooth Banach Space, n, : 2 x X x X — X and
A, H,: Q)x X — X be random single-valued mappings. Then a random set-valued mapping
M, : Q x X — 2% is said to be: A

(i) H-continuous if, for any w € Q, M,,(-) is continuous in H(-,-)-continuous i.e.: there
exists a real-valued random variable o, > 0 such that

H(M,(21(w)), M, (23(w))) < aullz1(w) — 22(w)]| Vi (w), 22(w) € X,w € Q
where ﬁ(, -) is the Hausdorff metric on CB(X) defined as follows: for any A, B € CB(X),
H(A, B) = maxz{sup 1nf d(x,y),sup mf dz,y)};

zeAYEB yeB TEA

(ii) m,,-accretive if, for any w € Q,

(i (W) = uz(w), Jgn, (21(w), 22(w))) = 0,

for all z1(w), r2(w) € X, u1(w) € M, (21(w)), us(w) € M, (z2(w));
(i11) strictly n,-accretive if, for any w € €Q,

(ur(w) = uz(w), Jyny (1(w), 22(w))) = 0,
for all x1(w), z2(w) € X, u1(w) € M, (21(w)), us(w) € M, (x2(w)); and the equality holds if
and only if v1(w) = xa(w) for all w € Q;
(iv) r,—strongly n-accretive if there exists a real-valued random variable r(w) > 0 such
that

(i (W) = uz(w), Jgn, (21 (W), 22(w))) = 7(w)]|z1(w) — za(w)]|*
, for all 1 (w), x2(w) € X, uy(w) € M, (21(w)), us(w) € M, (x2(w));
(v) Yo-relazed n,,-accretive if there exists a real-valued random variable y(w) > 0 such that,
for any w € €,

(ur(w) — uz(w), Jgn, (21(w), 22(w))) = —y(W)[|z1(w) — z2(w)]]*
» Jor all (W), 22(w) € X, us(w) € My (21(w)), uz(w) € Myy(22(w));
(vi) H,-accretive, if the M, is accretive and (H,(-) + p(w)M,(-))(X) = X for allw € Q
and p(w) > 0;

(vii) ( w»%) accretive, if the M, is n,-accretive and (H,(-) + p(w)M,(-))(X) = X for
all w e Q and p(w) >0 ;
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(viii) (A, n,)-accretive, if the M, is y-relaxed n,-accretive and (A, (+)+p(w) M, (-))(X) =
X for all w € Q and p(w) > 0.

In a similar way, we can define the strictly 7, -accretivity and strongly 7, -accretivity of
the single-valued mapping A.,.

Definition 3.2. Let X be a q-uniformly smooth Banach Space, A, : Q2 x X — X and
F,:Q x X x X — X be random single-valued mappings, and S,,, P, : Q x X — 2% be two
random set-valued mappings.
(i) A random set-valued mapping S, is said to be my-relaxed accretive in the second
argument, if there exist a real-valued random variable m(w) such that
(ur(w) = uz(w), jo(21(w) — 22(w))) < —m(w)||21(w) — z2(w)]|,
Vi (w), ze(w) € X, ui(w) € Su(z1(w)), uz(w) € Su(z2(w)), Yw € Q.

(i1) A random set-valued mapping S, is said to be s,-cocoercive in the second argument,
if there exist a real-valued random variable s(w) > 0 such that

(1 (w) = ua(w), jg(21(w) — T2(w))) < s(w)l[ur(w) — ua(W)]|,
Vg (w), xe(w) € X, ur(w) € Su(z1(w)), us(w) € Sy(z2(w)), Yw € Q.

(11i) A random set-valued mapping S, is said to be t,-relazed cocoercive with respct to A,
in the second argument, if there exist a real-valued random variable t(w) > 0 such that

(U (W) = us(w), Jg(Au(11(W)) = Au(22(W)))) < —t(w)lur(w) — ua(W)[|*,
Vi (w), 2a(w) € X, uy(w) € Sy(21(w)), us(w) € S, (x2(w)), Vw € Q.

(iv) A random set-valued mapping S, is said to be (<, k,)-relazed cocoercive in the second
arqument, if there exist two positive real-valued random variables ¢(w) and k(w) such that

(w1 (W) —uz(w), Jg(Au(21(W)) — Au(22(w)))) < —c(W)lJur(w) —ua(W)||*+r(W)[|21 (W) —z2(w) ||,
Vi (w), ra(w) € X, ui(w) € S, (21(w)), uz(w) € S, (x2(w)), Vw € Q.

(v) A random single-valued mapping F,, is said to be (pi,, v, )-Lipschitz continuous, if there
exist two random variables ., v, : @ — (0,+00) such that

[Fo(z1(w), 11(w)) = Fulzz(w), 12(w))|| < pollz1(w) = z2(w)|| + vollyr(w) — ya(w)]],
vmi(w)vyi(w) € X7Z =1,2
(vi) A random single-valued mapping F,, is said to be (@, ,)-S,-relaxed cocoercive with

respect to A, P, in the second argument of F(-,-,-), if there exist two random variables
0, Q — (0,400) such that

(Fo(ur, ) = Fulu, ), Jo(Au(yr) = Au(2))) 2 —@ull Fulur, ) = Fu(uz, )" + ooy — zaf|,
Vo (w) € X, u;(w) € Sy(zi(w)), yi(w) € Py(z;(w))(i =1,2),w € Q;

Definition 3.3. The random mapping 1, : @ x X x X — X is said to be 7,-Lipschitz
continuous if there exists a real-valued random variable T(w) > 0 such that

17, (z(w), y(W)I| < Tollz(w) —yW)l, Ve(w),yw) e X, and Vwe Q.



70 HONG GANG LI

Definition 3.4. Let X be a Banach Space , 1, : 2 x X x X — X be a random single-valued
mapping, A, : Q@ x X — X be a strictly n,-accretive random single-valued mapping and
M, : Qx X — 2% be a (A,,n,)-accretive random mapping, and p, : Q — (0,+00) be a
random variable. The random resolvent operator Ri“’% :Q x X — X is defined by

R (4) = (Au + pu L) (y),
forallwe Q,y=ylw) e X, and{w e N:0<p, € B} € k.

Lemma 3.5. ([10])Let X be a Banach Space, M,, : Q x X — CB(X) be a H-continuous
random set-valued mapping. then for any measurable mapping x : 0 — X, the random
set-valued mapping M, (z(w)) : Q@ — CB(X) is measurable.

Lemma 3.6. ([10]) Let M, Q,, : Q2 x X — CB(X) be two measurable set-valued mappings,
e > 0 be a constant and x : Q@ — X be a measurable selection of M. Then there exists a
measurable selection y : 1 — X of Q, such that for any w € €2,

[2(w) —y(W)[ < (1+e)H(M.(-), Q,()).
Lemma 3.7. ([27])Let X be a q-uniformly smooth and real separable Banach Space, 1, :
QO x X x X — X be 7,-Lipschtiz continuous mapping, A, : Q x X — X be an r,-strongly
n-accretive mapping, and M,(-,y) : Q@ x X x X — 2X(Vy € X) be an (A.,n,)-accretive
mapping. Then the generalized random resolvent operator Rﬁw“’,’]\%} X — Xias i (r, —
My Pw)-Lipschitz continuous, that is,
A A 74!
IR, v () — R, “pp ()] < #Hx — | for all x,y € X,w € Q.

where Py, Tw, My, : & — (0,400) are real-valued measurable, and 0 < p,, < ;l—“;

Lemma 3.8. [38]Let X be a real uniformly smooth Banach space. Then X is q-uniformly
smooth if and only if there exists a constant ¢, > 0 such that for all z,y € X,

2+ yl|* < llz[|” + gy, Jo(x)) + cqlly]|*
4. ITERATIVE ALGORITHM WITH AN RANDOM ERROR OF SOLUTIONS

We first transfer the problem (2.1) into a fixed point problem.

Lemma 4.1. Measurable x,u,v,z,y : Q@ — X is a system solution of random generalized
set-valued mized variational inclusions the problem (2.1) if and only if for each w € €2, holds
the following relation

y(w) = By [Au(y) + puge — puFulu,v)], (4.1)

where u € S,,v € T,z € G,,y € P, pu, ks : Q2 — (0,+00) are two real-valued random
Auhnw

variables, and Rpwkme = (A, + pok, M) is a resolvent operator in Banach Space X.
Proof. The proof directly follows from the definition of Ri“,f’Zwa and so it is omitted.
Based on Lemma 4.1 and Nadler [32], we can develop a new iterative algorithm for solving

the random generalized fuzzy set-valued mixed variational inclusions (2.1) with random

nonlinear (A, n,)-accretive mappings as follows:
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Algorithm 4.2. Let gw, irw, E:w, P, OxX— F(X) be random fuzzy mappings satisfying
condition (%) and S“,7 Tw, Gw, P,:Qx X — CB(X) be the set-valued mappings induced by
the fuzzy mappings Sw, s Gw, IAJM respectively. Let A, - Qx X — X, n ,F,: QxXxX —
X be single-valued mappings and let M, : ) x X x X — 2% be a random set-valued mapping
such that for each fized w € Q, and for any a measurable mapping z : A x X — X, M(z,-) :
O x X x X — 2% be a (A,,n,)-accretive mapping and range(P,,) (domM,(-,t) # 0.
For any given z¢ : Q — X, the set-mappings S, (o), T (o), Go(x0), Po(x0) : 2 x X —
CB(X) all are measurable by lemma (3.6). We know that, for any xo € X, the set-mappings

S.(x0), Tw(z0), Gu(x0), Py(x0) are measurable and there exists measurable selections uy €
Su(x0),v0 € Ty(xo), 20 € Gu(xo(+)), Yo € P(-, o) (see [22]). Set

21(w) = (1 — @)z0 + @[r0 — Yo + B0 0 (Au(¥0) + puge — puFuluo, v0))] + eo,

where kg, po, Aw, M, F,, are the same as in Lemma (4.1), 1 > w > 0 is a constant, and
eo = ep(w) : Q — X is a measurable function which is an random error to take into account a
possible inexact computation of the proximal point. Then, it is easy to know that x1 : ) — X
is a measurable mapping. Since ug € S,(x0),v0 € To(x0),20 € Gu(x0),%0 € Pu(z0), by
Lemma (3.7) ,there exists measurable selections uy € S, (x1), v1 € T,(x1),21 € Go(x1),11 €
P, (zq such that , for allw € €,

g — ]l < (14 1) (S ln), Sue),

lvo = vl < (1+ 7)H(Tu(wo), Tula)),

Sy RN

20 = 21l < (1+ ) H(Gu(x0), Guln)),

— |
—_

lvo = w1l < (1+ T)H (Po(x0), Po(21)),

By induction, we can define a measurable sequences x,, Uy, Uy, 2,, and y, : Q — X inductively
satisfying

Tny1 = (1 — @)xy + @20 — Yo + Rp:’kZ”Mw( w(Un) F Pufo — PuFu(tn, v3))] + €n,

Un € Su(®n), |un — tnpal] < (1 + n_—H> (Su(n), Su(Tny1)),
v, € T, (xn)a an - Un-i-l” < (1 + n+1)H(Tw(9§n) (xn-i-l))a (42)
Zn € Gu(Tn), |20 — 2ol < (1T + m)H(GW(fEn) w(Tnt1)),
L Yn € P, (xn) “yn - yn-i-l” < (1 + n_+1) (Pw xn) (xn—f—l))
wheren =0,1,2,--+, 0 < w < 1 is a constant, e, = e,(w) : @ — X(n > 0) is an random

error to take into account a possible inexact computation of the proximal point.
From Algorithm 4.2, we can get algorithm for solving problems (2.2) as follows:

Algorithm 4.3. For any given for any xo(-) € X, the set-valued mappings S, (xo), T, (xo),
G.(x), P,(xg) are measurable and there exists measurable selections ug € S, (xg), vy €
T.(z0), 20 € Q,(x0),y0 € P,(x0), we can get the measurable iterative sequences {x,}, {un},



72 HONG GANG LI

{vn}, {2z} and {y,} : Q@ — X as follows:

([ Tpp1 = (1 — @)z + [T — Yn + Rpw“’k’Zwa(Aw(yn) + pogo — PuFo(tun,v,))] + en,
Un € Su(wn),  |un — tna|| < (1 + n_H)H(Sw(xn) o (Tnt1)),
Un € To(@n), |lvn —vppa|| S (1 + n__|_1) (Tw(2n), Tu(Tntr)), (4.3)
20 € Gu(®n), |20 — 2opal| < (1 + n_+1>H( Go(n), Su(Tni1)),

( Yn € Pu(@n)  lyn — Yl S (1 + W) (Po(wn), Po(Tnt1)),

wheren =0,1,2,--+, 0 < w < 1 is a constant, e,(w) : @ — X(n > 0) is an random error to
take into account a possible inexact computation of the proximal point.

Remark 4.4. If we choose suitable n, A, F, S, T, G, P and M, then Algorithm 4.3 can be
degenerated to a number of algorithms involving many known algorithms which due to classes
of variational inequalities, and variational inclusions (see, for examples, [4], [11], [16], [25],
[31], [35]).

Now we prove the existence of solutions of problem (2.1) and the convergence of iterative
sequences generated by Algorithm 4.2.

5. EXISTENCE AND CONVERGENCE

In this section, we will prove the existence of solution for problem (2.1) and the convergence
of the iterative sequences generated by Algorithm 3.2.

Theorem 5.1. Let X be a q-uniformly smooth and real separable Banach Space, n,, :
QO x X x X — X be 7,-Lipschtiz continuous random mapping, A, : Q X X — X be
ry-strongly (-, -)-accretive random mapping and o,-Lipschitz continuous. Let Sw, Tw, Gw,
G,: QOx X — F(X) be fuzzy random mappings satisfying condition (x) and S, T, G,
P, Q x X — C’B(X) be random set-valued mappings induced by the fuzzy random mappings
Sw, Tw, Gw, and Pw, respectively. suppose that S,,, T, G, P,, be ]:I-Lipschitz continuous
with random variables Y, &y, (o, Xw, respectively. Let P, be (<, ky)-relaxed cocoercive in the
second arqument of P, (-). Let F, : Q x X x X — X be Lipschitz continuous random map-
ping with random variables (pu,,vy), and F, be (¢, V,)-S,-relaxed cocoercive with respect
to A, P, in the second argument of F,(-,-), and let g, : Q — X be a real random variable.
Suppose M, : Q x X x X — 2% such that for each measurable y € X, M,(-,y) : X — 2% be
(A, n,)-accretive random mapping and range(P,,) (domM,(-,y) # 0. If for any x,y,z €
X there exists a random real-valued variable o, > 0 such that:

IR0 ) (2) = Boil < Bl =y, (5.1)
and

L = wXw + [1 + ng(cq + qgw) - q/{w]% < 17

Pt + (QBXT + Copt 1978 + qpupupln®)i < (1 — L)(ry — kupom)r=e,  (5:2)

To > kupomy;
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And

n—oo

lim |le,(w)|| =0, Z len(w) — en—1(w)|| < 0o, Vw € Q. (5.3)
n=1

Then the random wvariable iterative sequences {x,}, {un},{vn}, {zn} and {y,} : @ - X
generated by Algorithm 4.2 converge strongly to random wvariables x*,u*,v*, 2*, and y* :
QO — X, respectively, and (x*,u*,v*, z* y*) is a solution of problem (2.1).

Proof.. From Algorithm 4.2, Lemma 3.7 and (5.1), for any w € , and 0 < @ < 1, we
have

[n41 — n|

<A =@)|zn — zpall + [len — enaall + @llzn — Tp1 = (Yn — Yn-1)|
+ RS 0 o (A (Un) — puF (10, 1))
—Ri“gfwa(zn,.)(Aw(yn_l) — pFo(tp_1,00-1))]|

+@ R 0 oy (A (Un1) = puFu(tn—1,v01))
_RZWIQZ:JMM(Z”_I,.)(Aw(yn—l) — puF o (Un_1,0n1))|

< (L=@)fen = 2ol +llen = enall + @{ll2n = 201 = (Yo = gl

a1
+m[‘|Aw(yn) = Au(Yn-1) = pu(Fulun, vn-1) = Fo(un-1,vp-1))]|
Fp(W)[F o (tn, vn) = Fo (i, vn )| + 0ul[yn = ynall}- (54)

Since P, is the H -Lipschitz continuous with y, and is (g, k)-relaxed cocoercive in the
second argument of P, (-), and by Lemma (3.8)[38] and Algorithm 4.2, we obtain

[Zn = Tn1 = (Y — Yn- )| = |70 — Tpa ||

—q(Yn = Yn-1,Jg(Tn — Tn-1)) + CgllYn — Yn-1|*

< lwn = a1 [|? + co(1 + n_l)qﬁq(Pw<xn)v P (zn-1))

—q(=sollyn — Yn-1ll" + Kull2n — 20l

< 14+ (14 n7) (e + a) = aru] [z — 2aoa]”. (5.5)

Since F, is H-Lipschitz continuous with (Hes Vo), and is (@, 1, )-S,-relaxed cocoercive with
respect to A, P, in the second argument of F,(+,-) and S, is H-Lipschitz continuous with
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Yo, We have
”Aw(yn) - Aw(yn—l) - pw(Fw(una Un—l) - Fw(un_l,vn_l))”q
< [ A (Yn — Aw(yn)|1! + cgpL 1 Fo(tin, vn-1) — Fo(tin-1,v5-1)]*
—q(pu(Fo(tn, 1) = Fo(tn-1,vn-1)), Jo(Au(tn) = Au(yn-1)))
< afllyn = ynall” + coplpdllun — un ]|
—Pu(—PullFu(tn, va-1) = Fo(ttn-1, 0n-1)||* + thu||zn — 2n1]|)
< alllyn = Y|+ co(1 4+ 01 plp(w) HU(S (), Sul(wn-1))
+qu90w73;||un - un—1||q - quwwHIn - xn—1||q
< [l (1 +n7)IXE + cg(1+n7") plpl s
+qpupuptl, (1 + 0 ) "] |2 =z |- (5.6)

Further, By assumptions

||Fw(unyvn) - Fw(una Un—l)” S ngw(l + nil)Hl‘n - xn—l”u (57)
Hyn - yn—lH < (1 + n_l)Xwan - xn—IH‘
From (5.4)~(5.8), It follows that

[Znt1 — 2ol < (1 =@+ @h)||2n — Tpoal| + [len — enil|

= Onllzn — o]l + llen — enl] (5.9)
where
0,=1—w+ wh,,
B = G147+ [L+ (14 0T (0 + gs) — gra]
+%[pwyw§w(l +n ) 4+ (@l (1 +n"h)7y
gL+ n ) 08 ptnd + gpupupd (1 +nt)iyl)al.
Letting
0=1—A+Mh
h= 8uxw + [1+ X5 (cg + a50) — gkl
b (X il + apuparitn) ]

Tw — kwpw my

we have that h, — h and 6,, — 6 as n — oco. It follows from condition (5.2) and 0 < w < 1
that 0 < 6 < 1 and hence there exists Ny > 0 and 0, € (0,1) such that 6, < 6, for all
n > Ny. Therefore, by (5.9), we have

”xn—l—l - xn” S Q*Hwn - xn—l” + ||6n - 6n—1||7vn Z NO~
Without loss of generality we assume

Hanrl - :EnH S Q*Hxn - xnflu + Hen - enfluavn Z 17
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Hence, for any m > n > 0, we have
m—1 1
[€m — 2| < Z [@ip1 — | < 29’ s = ol + ) ) 07 — el
i=n j=1
It follows from condition (4.3) that ||z,, — z,|| — 0, as n — oo, and so {z,} is a Cauchy
sequence in X. Let z, — z* as n — oo. By the Lipschitz continuity of S, (-), T, (), Gu(*)
and P, (-), we obtain

lunsr = wall < (140 ) H(Su(@ni1),Sul@n)) < (1 + 07201 — 2,

oner —vall < (4 n ) E (o), Talr)) < Ea(L 0 70ss — ],
[2nt1 — 2zl < (1 + n_l)ﬁ(Gw(xn-i-l) w(Tn)) < (1 + n_l)Hxn-i-l — Zn|,
lynst = gall < (40 YHPu(wn11), Pu(@n)) < Xo(1+ 17" [|l0g1 — 2.

It follows that {u,}, {v.}, {2z}, and {y,} are also Cauchy sequences in X. We can assume
that u, — u*, v, — v*, 2, — 2%, and y,, — y* respectively. Note that u, € S, (z,) , we have

d(u”,8u(x7)) < [Ju” = unl| + d(un, S (27))
< v = unll + H(Sw(zn), Sw(z?))
< v’ = unll +ulln — 2% — 0(n — o0).
Hence d(u*, S, (z*)) = 0 and therefore u* € S, (z*). Similarly, we can prove that v* € T, (z*),
2" € Gy (z), and y* € P, (z%)).

By the Lipschitz continuity of S,(-), T, (:),Gu,(-) and P,(-), and Lemma 4.1, condition
(5.1) and lim ||e,(w)|| = 0, we have

7t (w) = (1 — @w)r*(w) + w[r*(w) — ¥* (w)
+R:,wk M, )() nfw) .)(Aw(y*(w)) + puge — puFo(u*(w), v (w)))].

)
By Lemma 3.1, we know that (z*, u*, v*, z*, y*) is a solution of problem (2.1). This completes
the proof. From Theorem 5.1, we have the following theorem.

Theorem 5.2. Let A, 9., 1, Fo,, M,,, X be the same as in Theorem 5.1, and S, T, G, P, :
Q2 x X — CB(X) be D-Lipschitz continuous with random variables 7., &y, Cw, Xw, TESPEC-
tively, and let P, be (<, Kk, )-relaxed cocoercive in the second argument of P,(-). Let F,

O x Xx X — X be Lipschitz continuous with random variables (., v,), and F,, be (¢,,1,)-
S, -relaxed cocoercive with respect to A, P, in the second argument of F,(-,). If conditions
(5.1)~(5.3) of Theorem 5.1 hold, then the random variable iterative sequences {x, }, {u,}, {vn},
{z,} and {y,} : Q@ — X generated by Algorithm 4.3 converge strongly to random variables
x* ut vt 20 and y* 0 Q — X, respectively, and (z*,u*,v*, 2%, y*) is a solution of the problem
Remark 5.3. For a suitable choice of the mappings A, 9us My, Fo, M, S, Tw, G, P, and
X, we can obtain several known results [[4], [11], [16], [25], [31], [35] et al.] as special cases
of Theorem 5.2.
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