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SOME NEW ESTIMATES FOR DISTANCES IN ANALYTIC
FUNCTION SPACES OF SEVERAL COMPLEX VARIABLES
AND DOUBLE BERGMAN REPRESENTATION FORMULA

ROMI SHAMOYAN! AND MEHDI RADNIA?

ABSTRACT. Using double Bergman representation formula we provide new sharp estimates
for distances from fixed analytic functions to some subspaces of holomorphic functions in
unit polydisk and unit ball. We will enlarge the list of previously known assertions of this
type obtained recently by R. Zhao and W. Xu.

1. INTRODUCTION AND NOTATIONS

Let D be, as usual, the unit disk on the complex plane, dms(z) the normalized Lebesgue
measure on D so that ms(D) = 1 and d¢ be the Lebesgue measure on the circle 7' = {¢ :
|€] = 1}. Let further H (D) be the space of all holomorphic functions on the unit disk D.

For f € H(D) and f(z) = Y, axz", we define the fractional derivative of the function f
as usual in the following manner

Def(z) = Z(k +1)%, 2", a € R.
k=0
We will write Df(z) if @« = 1. Obviously, for all « € R, D*f € H(D).
For a € D, let g(z,a) = logm be the Green’s function for ID with pole at a, where

Pa(z) = ==. For 0 < p < o0, =2 < g < 00,0 < 5 <00, =1 < g+ s < 00, we say that
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f € F(p,q,s),if f € HD) and
F gy =510 [ IDFCIP(L = |2P)ig (2, a)dma() < .
a€ D

As we know [14], if 0 < p < o0, =2<¢<00,0< s<00, -1 <qg+s<oo, f€F(pgq,s), if
and only if

/D IDFIP( = 521 = [g(2)])*dma(z) < o0,

It is known also that F'(2,0,1) = BMOA.
We recall that weighted Bloch class B*(D), o > 0, is the collection of the analytic functions
on the unit disk satisfying

1flm= = sup | DF(2)}(1 - |2*)* < oo.

B“(D) is a Banach space with the norm ||f||ge. Note B*(D) = B(D) is a classical Bloch
class(see [2] and the references there).

The well-known so called ”duality” approach to extremal problems in theory of analytic
functions leads to the following general formula

disty(g,X) = sup |l(g)| = inf [lg — ]y,
lexL <1 peX
where g € Y, X is subspace of a normed space Y, Y € H(D) and X% it is ortogonal
complement in Y*, the dual space of Y and [ is a linear functional on Y (see [6]). Various
extremal problems in Hp Hardy classes in D based on duality approach we mentioned were
discussed in [3, Chapter 8]. In particular for a function K € L%(T) the following equality
1,1 _
holds (see [3]), 1 <p < oo, ; + =1,
1
distra(K, HY) = inf  ||K —gllga=  sup  ——| FE)K(§)dE].
' geHt,Kelt U remniflavst 27 Jigmn

It is well known if p > 1 then inf-dual extremal problem in analytic H? Hardy classes has
a solution, it is unique if an extremal function exists (see [3]). Note also that extremal
problems for H? spaces in multiply connected domains were studied before in [1] , [7] and
[8]. Various new results on extremal problems in A? Bergman class and it is subspaces were
obtained recently by many authors (see [5] and the references there). In this paper, we will
provide direct proofs for estimation of

disty (f, X) :giél)f(Hf—gHy,X cCY,feY, X, Y C HD)

in higher dimension.

Let further QF . = {z € D : |D"f(2)[(1 — |2*)* > €}, Q0 . = Qa..

Applying famous Fefferman duality theorem, P. Jones proved the following.
Theorem A.([4], [14]) Let f € B. Then the following are equivalent:

(2) dy = inf{e : xou E(Z)sz(f?) is a Carleson measure},
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where y denotes characteristic function of the mentioned set.

Recently, R. Zhao (see [14]) and W. Xu (see [13]) obtained results on distances from Bloch
functions to some Mdbius invariant function spaces in a relatively direct way. The goal of
this paper is to develop further their ideas and present new theorems in analytic function
spaces in higher dimension.

In next sections various assertions for distance function will be given. We will indicate proofs
of some assertions in details, short sketches in some cases will be also provided.

Throughout the paper, we write C' ( sometimes with indexes) to denote a positive con-
stant which might be different at each occurrence (even in a chain of inequalities) but is
independent of the functions or variables being discussed.

We will write for two expressions A < B if there is a positive constant C such that A < C'B.

2. MAIN RESULTS

In this section applying rather unusual ”double” Bergman representation formula, we indi-
cate a precise formula for "dist” function that allows to estimate distances from any function
from certain analytic BMOA type class to certain weighted Bergman space. The simple na-
ture of our proof allows to consider more general weighted Bergman classes, but we restrict
ourselves to standart weights. We assume in advance that inf of any set below and the set
itself can not be empty. We denote below everywhere by D" as usual the unit polydisk (see
for example [2] and references there) and use below all standart notations of function theory
in polydisk that can be found for example in [2].

Let a > r,r > 1, > 1. Then obviously

n

£l = sup [ . [ s U BB g ) T~ fauly

a;eD Hk 1(|1 a’ksza k=1

scwmbzc/Wﬂ%mﬁlxﬂl—m|cmm>
]D)n

where D" is a unit polydisk, f € H(D"), H(D") is a space of holomorphic functions in D"

and dmeo,(z) is a Lebesque measure on D". So we have a natural exremal problem in polydisk
to find

diStQT,a<f7 Ai*Q) = lnlf ||f - gHQT,a? f e QT,OL'
geAr72

For f € H(D"), we define a set

ar n [/ (21, 20) Ty (1 — [26))* -
Ny=N;7={aeD :/n Hk_1(|1k—;k:2k:|)°‘ dmap(z H 1 —|ag])" > e},

e>0,a>1,r>0.

Remark. Note A!_, is a standard Bergman class in polydisk D" studied before by var-
ious authors (see for example [2]). Classes ()., in disk D are so called BMOA type spaces
were also under investigation by many authors recently (see [11], [12]).



SOME NEW ESTIMATES FOR DISTANCES IN ANALYTIC FUNCTION SPACES 51

Appling classical Bergman representation for the unit disk n times by each variable we get
Bergman representation formula in polydisk.

fwy, oo wn) [Ty (1 — )
21y ey 2n) = C = dma, (w),
o) =6 T L (g )
where C., is constant, z; € D, j = 1,...,n, v > —1, f € H(D"). Choose 73 > —1, then
applying Bergman representation formula twice we have a double Bergman representation
for analytic f function in polydisk

[ Ly (1 = Jn)”

Dn HZ:1(1 — Wrzy)' 2

dma, (W)dmap(w) = fi1(z1, ..y 2n) + fa(21, 0y 20),

f(z1, . 2) = C,C,,

[Ty (1 = Jwie]) f (wn, ..., w,)
D [Ty (1 — whwy )7 +2

and
fi(o, . / / Hk 1 (1 — [wg])? %
T n Jomay, [liey (1 — Wiy )72
[Ty (1 — Jawi ) f(wn, ...
[Ty (1 — wrwg ) +?

)dmgn( w)dma, (w),

[[o (X — Jwrl)?
y ey 2 C’/ / ! X
f2<Z1 o, Hk ) 1_wkzk)7+2
Hk 1(1_ ‘wk‘)% wla" wn)d

Ty (1 — W) +2
where dmg, (w) = dma(wy)...dmse(w,), C = C, .
Fix some £ > 0. Our task to show fi € Q,.q, || fillo,. < Ce, fo € A;_,. Then we will have

diStQT,a(f7 A71'72> S C”f - f2||QT,a = C“fl”Qr,a S Cs? f e QT,Q'

Moreover it turns out the reverse estimate is also true and we have the following sharp
theorem. We assume also that all inf everywhere in paper are taken from not empty sets.

Map (W) dmay, (w),

Theorem 2.1. Letr <a—1,r>1, a>1, f € Q,,, then the following are equivalent:

(1) [distq, . (f, Ar_5)];
(2) inf{e > 0, [.(xn,) (@1, oy an) [Timy (1 = |a]) "*dman(a) < oo}, where xar is charac-
teristic function of a set M, M C D";

Proof. Let us show first the implication (2) — (1) using arguments we provided above. We
have for v > r — 2

Il = / TT = 2l 21, o 20 o (2) <
" k=1
" (1= Juy])?
C/ 1_ > 7” 2/ / Hk 1 %
ng ’ kl oy, |Hk ) 1_wkzk)w+2‘
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n 1— o [\ We W,
Hk:l( . |wk|) j(wla ) wn) | den(,&;)deH(w)dm2n(2),
Dr [ Tl (1 — wiwy) 7142

Hence using Fubinis theorem and putting v; = a — 2, we will have

’f2 ‘Ai ) _C/n/N |f Wi, --ey wn)|Hk 1(1_ ’wk‘|) x H(1_|wk’)’7

| TTie (1= wkwk)“”’ kel

- Wi, ey Wy) [Tos, (1 — |wg])*2
x H 1 — |wg])"™7 2 dmay (W) dman (w) < SupC'/ |f (wr, oy w) [Ty (1 — [wi)
k=1 "

Wy HZ:1(|1 - @w_ﬂ)“

[Ja- Iwkl)r(/W(XNf)(wu wn) [T = we]) =2 dman (w))
We used that . )

[Ty (1 = Jwg|)" dmg, (w) - t+2—t
(3) — — =C (1—|2k’) 1+ 2,t1>—1,t2>t1+2726Dn.
oo lee [(1— wiz)[* IH

(See [2]). Now we show || fi]|q,. < Ce. We have using (3) and Fubinis theorem for v > r —1

n _ a— 2 n
Ifille,.. = (sup) [ HiCur 2l s (0l < I10 - ey

a;€D [Tz [(1 = aiz) |

[Tios (U — s ) T, (0 — J2eD)*®
(C'sup) — lax
b /" /n De\Ny EI =l

a;€D [Toei |(1 = Wrzy) |2

Hk (1= Jwg )~ 2|f(w1,,,,wn)|dm2 e (e
ITi, (1 — wrw)e] n(2)dmg, (@) dma, (w) <

ERY i o O )0 R )
B S [ T -

So we showed one part of our theorem. To show the reverse we assume the reverse to that
assertion is true. Hence by assumption there are ¢,&1, € > 0, &1 > 0 and there is f., € Al ,,
e> ey, |If = fallon. < evand K = [, (v, (@) (a1, s an) Tz (1 = Ja]) ~2dman(a) = occ.
Using this we arrive easily to contradiction. Indeed we have f: f—f,T>p, B—T+p=
r—2,p>1,0>-1,7>0,acD"

_ |f61(217”'72n)’HZ:1( |Zk| - .
Mio) = [ ) [T~ e 2

“ 21y ey 2Zn 1=z p
L1l [ e Rl o e

NPy RLCCE Gl LEICEIEY | A

n | [Ty (1 — @z |7
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Hence
M(a) = ((e = &1)(xn, (@)
and by (3) after choosing appropriate p > 1 and 5 > —1, we will have

[ @I a0 [l 2dman () 2 (6 = 20K,
Dn
So we have an obvious contradiction. Our theorem 2.1 is proved. O

Let us note that similar results holds with similar proofs in unit ball B of C" and classes
on subframes D" and expanded disk D?.

Df ={zeD" 2= (21, 2), 2 = |56, |2] € (0,1), € € T'= {|z[ = 1}.
={zeD" z=(21,...., 7)., 2, = |2|§;,& € T,j=1,....,n,|z] € (0,1)}.

Namely we consider Bergman classes AL (D") and AL (D") defined us

1 ny __ ny . - _
Aa(]D)*)—{fEH(]D)./O /0 /T|f(7“1§,...,7‘n£|]€1_[11 rE)dry...dr,d¢ < oo}.

BN = e B [ [ 106 r€)I(1 = )i, (©) < o0},

Where dm,,(§) is standard Lebesque measure in 7", o« > —1 and H(D"™) as above is a space
of holomorphic function in D" and Q,.o(D}) and @, ,(D") are defined by replacing polydisk

D" by D7 or D" accordingly Note analytic classes on subframes and expanded disk were
studied before in [9], [10]. We also note that proofs of mentioned assertions can be obtained
by small modification of proofs of our main theorem 2.1.

Let 7o, (w) and m*s,(w) be Lebesque measure in D" and D", obviously for o > Lor>4

a>r
[(1 = |w])™ 2 dmg, (w -
f . = (sup / / X a
” HQ}’Q(]D) . Hk . yl_akwk‘ ,!;[1 ‘ k|

a; €D

o [ [ o =i, @ < ¢ [ [l i)

|f () TTeey (1 = Jwi])*~ 2 -
u3 — 1_
1fllez . m) = S“P / / / [T (11 — @gw)) kHl )

<Ol =€ [ o [ [0 = =20 ol ),
a>r,r>1, a>1.
So the problem of finding estimate for (distqsz (f Al ,(DD)), f € (Q2,)(D7); or (distgr (f, A}, ,(D")),

fe@! )(D”) appears naturally in subframe D" and expanded dlsk D also.
We formulate a version of theorem 2.1 for unit ball, we use standard notations from [15].
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Let dv(z) volume measure on ball B, do(¢) standard Lebesque measure on S sphere.
We have for r >n, a >r, a>n

n — |w a—n—1
Il = (sup) [ LM EZ T ) (1~ faly

(1— <w,a> 1)

c / F@)[(1 = o)™ do(w) = [ flla @
B
Let

Ny={acB: / (I = o) dv(w)y gy s g,

|1—<aw>|)

Theorem 2.2. Letr >n, a>n,r <a—n, f € Q,.(B), then the following are equivalent:

(1) [distq, @) (f, A7 " 1(B))];
(2) inf{e > 0, fz[xg,)(@)](1 = |a]) ™"~ do(a) < oo}
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